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Abstract

Using the Maxwell}Stefan approach, expressions have been derived for the di!usion of mixtures of hydrocarbons in zeolites
wherein the individual components have di!erent saturation loadings. This Maxwell}Stefan di!usion model, in combination with the
Ideal Adsorbed Solution (IAS) theory and the single-component adsorption isotherms, provides a superior, qualitative and
quantitative, prediction of the permeation #uxes of ethane/methane and propane/methane mixtures through a silicalite-1 membrane.
The di!erence in adsorption saturation loadings becomes apparent in the entropy e!ects in the mixture adsorption. ( 2000 Elsevier
Science Ltd. All rights reserved.
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1. Introduction

The Generalized Maxwell}Stefan (GMS) equations
have successfully been applied to many systems to de-
scribe di!usive transport phenomena in multicomponent
mixtures (Krishna & Wesselingh, 1997). The GMS model
is based on the principle that in order to cause relative
motion between individual species in a mixture, a driving
force has to be exerted on each of the individual species.
The driving force exerted on any particular species i is
balanced by the friction this species experiences with all
other species present in the mixture. Each of these friction
contributions is considered to be proportional to the
corresponding di!erences in the di!usion velocities. Dif-
fusion in porous solid materials, relevant in adsorption,
catalysis and separation processes, is incorporated in the
formulations (Krishna, 1993b).

Krishna (1990,1993a,b) extended this approach to de-
scribe the surface di!usion of adsorbed molecules, start-
ing from Eq. (1) for an n-component mixture.
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where !+k
i
is the force acting on species i tending to

move along the surface with a velocity u
i
. The "rst term

on the right-hand side re#ects the friction exerted by
adsorbate j on the surface motion of species i, each
moving with velocities u

j
and u

i
with respect to the

surface, respectively. The second term re#ects the friction
between the species i and the surface.ns

ij
and ns

i
represent

the corresponding Maxwell}Stefan surface di!usivities.
The ns

i
is also called the corrected di!usivity in the

literature; cf. Ruthven (1984). The fractional surface occu-
pancies are given by h

j
.

The GMS formulation (1) has been applied success-
fully to describe transient uptake in zeolites and carbon
molecular sieves, and in zeolitic membrane permeation
(Van de Graaf, Kapteijn & Moulijn, 1999). Generally,
a multicomponent Langmuir-type adsorption model is
used to describe the fractional occupancies. For thermo-
dynamic consistency, however, the saturation loading
for all species must be equal in the multicomponent
Langmuir model (Sircar, 1991), hence we de"ne the
fractional occupancies as

h
i
"

q
i

q4!5
. (2)

Recently, much work has been done on the single-com-
ponent adsorption on MFI-type zeolites, silicalite-1 and
ZSM-5, both experimental (Guo, Talu & Hayhurst, 1989;
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Nomenclature

B
ij

elements of matrix [B], de"ned in Eq. (13),
s/m2

B@
ij

elements of matrix [B@], de"ned in Eq. (12)
n

i
Maxwell-Stefan zeolite di!usivity for species i,
m2/s

n
ij

Maxwell-Stefan di!usivity describing inter-
change between i and j, m2/s

K
A

adsorption coe$cient for site A, Pa~1

K
B

adsorption coe$cient for site B, Pa~1

n number of components in the mixture
N

i
molecular #ux of species i, molecules/m2/s or
mol/m2/s

p
i

partial pressure of species i, Pa
q
i

loading of component i in zeolite, molecules per
unit cell or mol/kg

R gas constant, 8.314 J/mol/K
¹ temperature, K
u
i

velocity of species i with respect to zeolite,
m/s

Greek letters

C
ij

elements of matrix of thermodynamic correc-
tion factor, [C], dimensionless

+ gradient operator, m~1

h
i

fractional loading of component i, dimensionless
k chemical potential, J/mol
o density of membrane, number of unit cells per

m3 or kg/m3

Subscripts

A referring to site A
B referring to site B
1 component 1 in binary mixture
2 component 2 in binary mixture

Superscripts

s referring to surface di!usion
sat referring to saturation loading

Fig. 1. Saturation loadings (molecules per unit cell) of alkanes in
silicalite-1: ( ) experimental data of Sun et al. (1996) and Sun et al.
(1998) ; (v, ,r) CBMC data from Vlugt et al. (1999) and Du et al.
(1998). Vlugt recalculated a higher saturation loading for methane than
in the Du et al., paper.

Sun, Talu & Shah, 1996; Sun, Shah, Xu & Talu, 1996;
Takaishi, Tsutsumi, Chubuchi & Matsumoto, 1998; Song
& Rees, 1997; Zhu, Graaf, Broeke, Kapteijn & Moulijn,
1998) and molecular simulations (Vlugt, Krishna & Smit,
1999; Du, Manos, Vlugt & Smit, 1998; Smit, 1995; Smit
& Maesen, 1995). In the MFI structure straight channels
are connected via zig-zag channels, which forms a pore
network, where di!erent adsorption locations can be
distinguished. Generally speaking one distinguishes be-
tween two distinct sorption sites: within the channel
interiors and at the intersections of the straight and
zig-zag channels (Ashtekar, Hastings & Gladden, 1998).

Single-component adsorption of linear and branched
hydrocarbons in MFI-type zeolites can be well described
by single- or dual-site Langmuir models, Eq. (3) (Micke,
BuK low, Kocirik & Struve, 1994; Song & Rees, 1997; Zhu
et al., 1998), where the di!erent sites A and B may be
represented by channel interiors and the intersections.
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Con"gurational-Bias Monte-Carlo (CBMC) simulations
nicely demonstrate not only the adsorption isotherm
behaviour but also the siting of the molecules, in agree-
ment with the classi"cation into channels and intersec-
tions (Vlugt, Zhu, Kapteijn, Moulijn, Smit & Krishna,
1998; Vlugt et al., 1999). The total saturation loading
q4!5
i

of the various molecules, Eq. (4), may di!er signi"-
cantly. For alkanes q4!5

i
depends on the chain length and

the degree of branching (Fig. 1). Linear alkanes occupy

both channel and intersection space, while branched
molecules prefer to reside at the intersections (Vlugt et al.,
1999). Singly branched molecules may partly occupy the
channel space, while double-branched molecules only
occupy the intersections (Vlugt et al., 1999). The adsorp-
tion isotherm shows an in#ection corresponding with the
point where the "rst type of site becomes saturated,
re#ecting the step-wise "lling of the di!erent types of sites
(Krishna, Smit & Vlugt, 1999). Similar trends have been
observed for aromatic molecules (Guo et al., 1989; Shah,
Guo & Hazhurst, 1995; Rudzinski, Narkierwiez-
Michalek, Szabelski & Chiang, 1997).
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Fig. 2. Comparison of the binary adsorption of methane and ethane and of n-heptane and 2-methylhexane in silicalite-1 obtained by CBMC
simulation (Du et al., 1998; Krishna et al., 1998) and calculated by application of IAS theory using the dual-site Langmuir model for the individual
components: (a) methane ( ,£)* ethane (v,L) system at 250 K. Open symbols single components with lines a dual site Langmuir "t, solid symbols
equimolar mixture with lines IAS prediction; Isotherm parameters: methane q4!5

A
"16.3 molec./u.c., K

A
" 1.33]10~5 Pa~1, q4!5

B
"3.4 molec./u.c.,

K
B
"4.81]10~8 Pa~1; ethane q4!5

A
"12.3 molec./u.c., K

A
"1.124]10~3 Pa~1, q4!5

B
"3.9 molec./u.c., K

B
"1.88]10~6 Pa~1; (b) n-heptane (m) and

2-methylhexane ( ) equimolar mixture at 374 K with loading in molecules per unit cell (molec./u.c.); (c) same mixture, fractional loading as a function
of the partial pressure. Isotherm parameters: n-heptane q4!5

A
"4.0 molec./u.c., K

A
"0.15 Pa~1, q4!5

B
"2.9 molec./u.c., K

B
"3]10~5 Pa~1; 2-methyl-

hexane q4!5
A
"4.0 molec./u.c., K

A
"0.17 Pa~1, q4!5

B
"0.7 molec./u.c., K

B
"2]10~9 Pa~1.

The di!erent saturation loadings for the di!erent mol-
ecules preclude the application of the multicomponent
Langmuir isotherm for mixtures and, hence, the applica-
tion to the GMS equations derived for this condition
(Krishna, 1993b; Krishna et al., 1999).

The objective of this communication is to present an
extension of the multi-component di!usion equations for
the case depicted above, where individual molecules have
di!erent saturation loadings.

2. The Maxwell}Stefan theory for zeolite di4usion

To develop expressions for the di!usional #uxes from
Eq. (1), the driving force, the gradient of the thermodyn-
amic potential of a component is related to gradient in
loading through the partial pressure and the mixture
adsorption isotherm. The fractional occupancies are con-
verted into #uxes using Eq. (5).

N
i
,oq4!5

i
h
i
u
i
"oq

i
u
i

(5)

which includes the de"nition of fractional occupancy
by

h
i
"

q
i

q4!5
i

. (6)

This implies that for di!erent molecules di!erent
amounts are needed to obtain similar levels of fractional
occupancies. For di-branched molecules saturation is
reached at lower loadings than for linear ones, since their
packing is less e$cient. This results in a situation that at
high pressures molecules with the largest saturation load-
ing will be preferentially adsorbed for entropic reasons,
i.e. the largest number of molecules are "lling the pore
space. This is theoretically demonstrated for mixture
adsorption of hard rods of di!erent size (Bakaev
& Steele, 1997) and through CBMC simulations for bi-
nary mixture adsorption of linear and branched alkanes
in silicalite-1 (Du et al., 1998; Krishna, Smit & Vlugt,
1998; Vlugt et al., 1999). Examples are given in Fig. 2a for
a mixture of methane and ethane and in Fig. 2b for an
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n-heptane and 2-methylhexane mixture. For the meth-
ane}ethane mixture the stronger adsorbing component is
preferentially adsorbed but at higher pressures the higher
saturation capacity of methane becomes important. The
methane loading gradually increases while the ethane
loading passes through a maximum with increasing pres-
sure. For the n-heptane and 2-methylhexane mixture the
e!ect of a packing e$ciency di!erence is more pro-
nounced. High, entropy controlled, adsorption selectiv-
ities may be achieved at elevated pressures for mixtures of
branched and linear alkanes.

Essential for the further development is a thermodyn-
amically consistent model for the mixture adsorption.
Various approaches have been proposed for mixtures
(e.g. Myers & Prausnitz, 1965; Sircar, 1991; Sircar, 1995;
Maurer, 1997). Here the ideal adsorbed solution (IAS)
theory of Myers and Prausnitz (1965) will be used, which
is thermodynamically consistent and can be applied by
using the single-component isotherms. The other models
referred to are not able to describe the in#ection behav-
iour of the single-component isotherms. The IAS
approach requires the numerical solution of a set of
equations, which can be performed e$ciently by the
iterative &fast-IAS' approach, outlined by O'Brien and
Myers (1988). The correspondence of the IAS calcu-
lations with the CBMC simulations (Du et al., 1998;
Krishna et al., 1998), given in Figs. 2a and b is excellent.
The used adsorption parameters of the single-component
isotherms for methane, ethane, n-heptane and 2-methyl-
hexane were determined by nonlinear regression from the
single-component CBMC data on the dual-site Lang-
muir model. These were used as input for the IAS calcu-
lations. Recently, Macedonia and Maginn (1999) showed
the good correspondence of IAS and grand canonical
Monte Carlo simulations for lower alkane mixtures,
while Dunne, Rao, Sircar, Gorte & Myers (1997) showed
this for experimental data on methane}ethane, although
for lower pressures. Of course, at higher pressures the
ideality of the mixture will not be valid any more and
deviations may be observed, the current approach must
be considered as a good "rst approximation.

The de"nition of the fractional loading is illustrated in
Fig. 2c for the data of Fig. 2b. The lower saturation
loading of 2-methylhexane results in a higher fractional
loading in the pressure region of the in#ection, where the
absolute loadings (molec./u.c.) of both components are
about equal. The total fractional occupancy evolves with
increasing pressure to one, as is required by de"nition.

Dropping the superscripts for the surface di!usivities
in the GMS expression for convenience, multiplication
of both sides by h

i
/R¹ and application of Eq. (6), Eq. (1)

can be recast into
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Using the de"nition of the #uxes, Eq. (5), leads to
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The gradient of the thermodynamic potential can be ex-
pressed in terms of thermodynamic factors (Krishna, 1993b)
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It is noted that for calculation convenience in using the IAS
theory, the thermodynamic factors may be expressed in
absolute loadings (e.g. mol/kg or molecules per unit cell) by
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This includes the ratio of the saturation loadings of i and j,
which is unequal one for iOj, i.e. for the o!-diagonal terms.

Eq. (8) and Eq. (9) can be cast into a matrix}vector
notation:

!o[C](+h)"[B@](N)"[B][q4!5]~1(N), (11)

where [q4!5] is a diagonal matrix of saturation loadings
and the elements of [B@] and [B] are given by the follow-
ing equations
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The solution of Eq. (11) for the #uxes is given by

(N)"!o[B@]~1[C](+h)"!o[q4!5][B]~1[C](+h).

(14)

This result di!ers from the original formulation of Krishna
(1993b) by the presence of the diagonal matrix of saturation
loadings [q

4!5
]. Note also the scaling of the o!-diagonal

terms in the [C] matrix by the ratio of the corresponding
saturation loadings, if the elements of this matrix are cal-
culated from the absolute loadings, cf. Eq. (10).
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3. Two-component system expressions * application to membrane permeation

For a two-component system, which is most often used experimentally, the mathematical treatment is outlined more
extensively below. The matrices are
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and the inverted B-matrix can be written as
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Substitution of Eqs. (15)}(18) into Eq. (14) yields for the #uxes
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Alternatively, if gradients are expressed in absolute loadings, like mol/kg, the expressions become
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Table 1
Parameter values used in the membrane permeation modeling for 303 K (Van de Graaf et al., 1999; Zhu et al., 1998)

q4!5
i

(mol/kg) K
i
(10~6 Pa~1) n

i
(10~10 m2 s~1)

Methane 2.24 2.20 10.4
Ethane 1.85 56.7 1.50
Propane 1.58 650 0.34

Methane! (In mixture with ethane) 1.85 3.1
(In mixture with propane) 1.58 4.0

!These parameters were used in the extended Langmuir expression for mixtures to ensure thermodynamic consistency.

This result is nearly identical to that for an approach
where one saturation concentration is used, except for
the presence of the di!erent saturation capacities as
multiplier in Eq. (19a) and (19b), or, if real loading gradi-
ents are used in Eq. (20a) and (20b), the use of a kind of
scaling factor, the ratio of the saturation capacities of the
components under consideration. The latter can be
rationalised if one realizes that the absolute loading
gradients depend on these saturation capacities. To con-
vert the gradient of one component into that of the other
one needs this ratio to scale the interconversion.

The present result is consistent with the case that the
saturation capacities are equal, the diagonal matrix of the
saturation capacities becomes a scalar and (14) reduces to
the original two-component expression. Another simpli-
"cation that has been applied to the &full' GMS model
above, is the assumption that there is no interaction
between the components, i.e. the terms with the n

ij
van-

ish (numerically n
ij
PR). Matrix [B]~1 then reduces

to a simple diagonal matrix of the single-component's
Maxwell}Stefan di!usivities
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n

1
0

0 n
2
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and the #ux expression (20a) for component 1 becomes
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in which the de"nition of the thermodynamic factor,
Eq. (10), has been substituted. For this particular case the
factor of the ratio of the saturation loadings has disap-
peared (cf. Eq. (20a)), although the di!erent saturation
loadings are still present in the mixture adsorption
model. Van den Broeke, Bakker, Kapteijn and Moulijn
(1999) applied this model in combination with IAS for
weakly adsorbing gases.

As an example the outlined expressions have been
applied to the prediction of selectivities in the binary

permeation of methane/ethane and methane/propane
mixtures through a silicalite-1 membrane, components of
which the saturation loadings are di!erent (Van de Graaf
et al., 1999). The original parameters for the adsorption
were taken from Zhu et al. (1998), which had been used to
determine the Maxwell}Stefan di!usivity values on the
basis of unary permeation measurements. To remain
thermodynamically consistent and to apply the extended
single-site Langmuir isotherm in the mixture permeation
simulations, Van de Graaf et al. (1999) re-estimated the
methane adsorption parameters from the single-compon-
ent methane adsorption data by "xing the methane satu-
ration loading to that of the other component in their
calculation. The parameter values used for the calcu-
lations are given in Table 1. For the calculation of the
n

ij
the Vignes correlation as proposed by Krishna

(1993b) was employed.

n
12

"nh1@(h1`h2 )
1

nh2@(h1`h2 )
2

. (23)

Figs. 3a and b represent the simulations based on the IAS
approach outlined above for ethane/methane and
propane/methane, respectively. Included further are the
original experimental data and the extended Langmuir
isotherm simulations with equal saturation loadings for
either component. The total hydrocarbon permeate pres-
sure was kept "xed at 20 and 10 kPa, respectively, to
approach the experimental conditions, since these "nite
permeate pressures have a considerable in#uence (Van de
Graaf, Van der Bijl, Stol, Kapteijn & Moulijn, 1998).
These two examples were selected since the single-site
Langmuir approach gave the largest deviation for the
selectivity. In both cases the experimental data exhibit
a declining tendency for the selectivity, while the Lang-
muir model evolves to a limiting value. It is noted here
that an IAS calculation with the equal saturation load-
ings is the same as the extended Langmuir model. The
IAS approach with the di!erent saturation loadings is
clearly able to predict the decreasing trends of the experi-
mental data in both "gures. For the 1 : 1 ethane/methane
mixture the increasing total pressure is relatively more
favourable for the methane adsorption, see Fig. 2a, and
the ethane selectivity decreases. In the propane/methane
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Fig. 3. Comparison of selectivities for binary mixture permeation
through a silicalite-1 membrane; (a) ethane/methane equimolar feed
mixture at 303 K as a function of the total feed pressure, permeate
pressure 20 kPa; (b) propane/methane mixture at 303 K and 100 kPa
total feed pressure as a function of the propane pressure, permeate
pressure 10 kPa. Key: (v) experimental data Van de Graaf et al. (1999);
dashed curves Langmuir based model (equal saturation loadings); solid
curves IAS-based GMS model, Eq. (20a) and (20b). In Fig. 3b is
included the GMS model without interaction term, Eq. (22).

mixture a similar reason holds for the variation in com-
position. So, these subtle details in the permeation selec-
tivities only become apparent if the di!erent values of
the saturation loadings are taken into consideration in
the mixture adsorption, and, consequently, in the di!u-
sion equations. The model without the n

ij
interaction

terms is not capable of predicting the results for
propane/methane. Analysis of various simulation results
revealed that

(i) For mixtures of components with quite di!erent
di!usivity values the presence of n

ij
is necessary. If

the di!erences are small then the in#uence of this
term is negligible, which was about the case for the
results of Van den Broeke et al. (1999).

(ii) The mixture adsorption at the feed ("retentate) side
determines to a large extent the separation perfor-
mance. So a good mixture adsorption model that
accounts for the di!erences in saturation loadings in

combination with the GMS relations will perform
superior to other models for permeation predictions.

4. Conclusions

On the basis of the Maxwell}Stefan approach expres-
sions have been derived for the description of mixture
di!usion in zeolites of hydrocarbons with di!erent satu-
ration loadings. In combination with the IAS theory, that
can handle the mixture adsorption for this case, a su-
perior qualitative and quantitative prediction is obtained
for the mixture permeation of ethane/methane and pro-
pane/methane through a silicalite-1 membrane, using
only the single-component parameter values. The di!er-
ence in adsorption saturation loadings becomes apparent
in the entropy e!ects in the mixture adsorption.
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