
PENETRATION DEPTHS IN MULTICOMPONENT 
MASS TRANSFER 

RAMMANX KRISHNAt 
Department of Chemical Engmeermg. Umverstty of Manchester Insutute of Science and Technology, Manchester 

M60 lQD, England 

(Recaved 24 January 1978, accepted 14 March 1978) 

Abstrad-The concept of the depth of penetratton dunng mass transfer of a muttlcomponent mutture wltiun a fhud 
phase 1s exanuned It IS shown that for txuxtures exhtblttng strong dtBustonai mtetuct~ons, it IS not poaslble to 
ascnbe a sunple physical stgmficance to the penetration depth for each of the transfemng species tn the mixture 
Further, It IS shown that m the film model descrtptlon for multIcomponent mass transfer, the film thicknesses of 
each m&vtdual species must he taken to be dtfferent from one another 

The correct descnpnon of multlcomponent mass trans- species should be equal to one another In the film theory 
port phenomena IS of obvious Importance m chemical development for multtcomponent mass transfer It has 
engmeenng Thus there are many applications which been assumed that these film thicknesses are 
demand the use of a complete mass transfer formulation equal[l3,15,173 and It IS one of the objects of the 
takmg mto account the posslbfilty of dtiuslonal mter- present communication to examine this assumption Our 
acbons between the transfemng species, these ap- approach to the problem makes use of the penetration 
phcabons mclude dlstzllatron [ l-31, hqutd-hqmd model for mass transfer, with tius approach the Nm 
extractlon[4-61, gas absorption[7,8] and dtffuslon III thicknesses can be related to the penetration depths[l8] 
catalybc reacbon systems[% 101 The ramlficabons of We further aun to show that some basic concepts of 
dtiuslonal couphng effects m membrane separation pro- binary mass transfer do not have a slmllar sigmficance 
cesses are now becommg appreciated[l 1,121 when extended to multicomponent nurtures 

For a rabonal design of processing equipment carrying 
out multicomponent mass transport processes it is 
necessary to predict the values of the appropriate mass 
transfer coefficients Further, It IS desirable to have the 
capability of predlctmg multlcomponent mass transfer 
coe&lents from mformation on the transfer parameters 
of the correspondmg binary pars, such predrctlons are 
possible wlthm the framework of the lmeanzed theory of 
mulbcomponent mass transfer developed mdependently 
by Toor [13] and Stewart and Prober [ 141 The use of this 
theory requues the assumption that the matnx of 
dtiuslon coefficients [D] remams constant along the 
dtiuslon path and with the aid of this assumption a 
majonty of the mass transfer rate relations vahd for 
binary systems may be extended to n-component mut- 
tures by stratghtforward matnx generahzabon tech- 
mques The film. penetration and boundary layer theones 
of mass transfer have thus been extended to mulb- 
component mixtures [ D-171 
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The mstantaneous value of the mass transfer 
coefficient IS obtamed from the penetration theory ap- 
plied to a binary mutture as 

(1) 

which on combmatron of the film theory relation 

k=iX (2) 

yields the expression for the film thickness 

a = (dt)“* 

One of the questions which remams m the develop- 

ment of the theory of multlcomponent mass transfer 
concerns the film thcknesses of the mdlvldual species 
For a bmary system there IS only one Independent 
concentration measure and the film thickness of the 
constituent species 1 and 2 are necessardy equal to each 
other, for an n-component system there are n - 1 m- 
dependent concentrations m the system and there IS no 
requirement that the film tlucknesses of the individual 

Withm the framework of the penetrabon theory the 
thickness 6 IS the distance from the interface when the 
concentration increase (or decrease) reaches 80% of the 
maximum concentration dtierence[l8] 8 may be viewed 
as the depth of penetration of the transferring 
component 

For an n-component system, the proper descnptlon of 
the dtiuslon behavlour IS obtamed by use of a square 
matnx of dfiusion coefficients [D] of dunension n - 1 x 
n - 1 The dfiuslon Bux A 1s then gwen by the matnx 
generahzabon of FM&% law as 
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A = - r=l,2, n-l (4) 
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W&I the constdutlve relations for drffuslon gven by eqn 
(4), the penetration theory development gves under 
condmons of nemble bulk flow the matnx of mass 
transfer coefficients as 

[k] = (9)“’ (5) 

which IS the generahzatron of eqn (1) The matnx analo- 
gue of eqn (3) leads to a matnx of penetration depths 

[S] = (Ir[D]tP2 (6) 

which means that If we de$ne a film thickness for each 
component m an n-component nuxture & by the relation 

then the mdlvldual thicknesses 8, are necessanly 
dtierent from one another unless the matnx [D] is 
diagonal with the diagonal elements all Identical 

For the general case of non-Ideal muttures the matnx 
[al 1s non-dmgonal wrth sign&ant values for the cross- 
coefficients Dij (c# J)[12]. for such cases It IS not possl- 
ble to ascnbe a physical signrficance to the matnx of 
peaetratlon depths [S], gwen by eqn (6), as IS posstble for 
a two-component system (eqn 3) 

[kl = [Dl; = [Dl[Sl-’ 

c-cc, 
- = erf (z/(4ZX)“‘) 
co-cc, 

In order to understand fulIy the unphcatrons of eqn (6) 
it IS necessary to consider the transient concentratron 
profiles developed m the reaon adjacent to the mterface 
due to a step change m the concentratrons of the trans- 
ferrmg species 

For a bmary system the transient profiles are grven by 

where c IS the concentration at position z and tune t, co 
1s the Interfacial concentration. c, IS the concentration m 
the bulk flmd The left hand stde of eqn (8) represents the 
fractional unaccomplished change m concentration 

For an n-component system the generabzatlon of eqn 
(8) leads to the n - 1 dImensIonal relation 

where for convemence of compmson with the bmary 
relation (6) we have defined a dlmenslonless matNc of 
dfluslon coefficients [D’J whose elements are normahzed 
with respect to the leading dmgonal coefficient 4,. 1 e 

Wi, = SJD,,. i,~ = 1.2, R-l (10) 

The argument of the error function m eqn (9) IS a 
square matnx and this term may be evaluated by the use 
of Sylvester’s theorem[13,17] If the error functron term 
IS denoted by [3], I e 

then we find for example for a ternary system that the 
fractional unaccomphshed change for component 1 IS 
pven by 

Acn, 
x1= %I+%~ 

and slmdarly for component 2 we have 

(12) 

Acm x2=%2+%- 
Acm 

(13) 

where the concentration Merence Act0 are gven by 
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Ac,o = cio - ctec., 1= 1.2, n-1 (14) 

Equations (12) and (13) show how the concentration 
profiles of components 1 and 2 are coupled to one 
another through the cross coe5ctents 312 and %I The 
ratio AC&AC, serves to mcrease the interaction effects 
When this ratm IS large m magmtude, then the 
component 2 1s strongly mfluenced by component 1 (see 
eqn 13), on the other hand when the. ratio Ac,dAc, has a 
magnitude smaller than umty then eqn (12) shows that 
component 1 ~IU be strongly mfiuenced by component 2 

In order to tiustrate the lnAuence of dtiuslonal coup- 
hng on the concentratton profiles and on the penetration 
depths, we cons&r transfer m the system acetone (l)- 
benzene (2)-methanol (3) For this system the dtiuston 
coefficients in the liquid phase have been measured by 
Ahmadadntn and Colver[l9] The system exhibits strong 
delusional couplmg Over a range of cornposItIons we 
may represent the matrix of dtiuslon coe5clents. 
normahzed with respect to D,,, as 

D~,=l,D~~=O2,D~~=-OlS,Dh=O57 (15) 

Figure 1 shows the profiles for the unaccomplished 
change for the case Ac,dAcm = 4 5 For thts case the 
dtiustonal &era&on effects have a strong Influence on 
the benzene profile The unaccomplished change for 
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(11) . . . . _-. - 
Fu I Unaccomphshed change, ,y, as fun&on of drmensronless 

&stance oarameter zl14D., t)“* for ActJAcw, = 4 5 
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FIN 2 Unaccomphshed change, x, as function of dunensloniess 
&stance parameter .7/(4D,,t)‘” for Ac&Ac~ = 0 1 

benzene reaches negative values and shows a mmunum 
m the profile On the other hand Fu 2 shows that when 
AC&AC, = 0 1 the mteraction effects are strongly felt by 
acetone which now shows the unaccomplished change 
exceeds umty and exhrhts a maximum m the profile 

If we consider the distances z reached when the 
unaccomphshed change x = 0 2, It IS easy to see from 
Fqs I and 2 that the penetration depths for acetone and 
benzene are slgmficantly dtierent and show a depen- 
dence on the concentration drtvmg forces Act0 This 
means that the equivalent film thckness for mass trans- 
fer wffl be a function of the operating composition range 
as well as a function of the system properties In contrast 
for a bmary system the film thickness IS not a function of 
the concentration driving forces 

CoNcmG REMARK8 

The smct matnx generahzation of the binary concept 
of the penetration depth leads to the defimtlon of the 
matnx of penetration depths, mven by eqn (6) This 
formal mati generahzation IS without physical 
slgmficance except for the trivial case when the matnx 
CD] IS diagonal with all diagonal elements equal In order 
to gam more insight mto the concept of fifm thicknesses 
and penetration depths, the concentration prodles m the 
revon of the Interface have been considered The reason 
for the absurd definition for the mulhcomponent 
penetration depths, eqn (6), IS seen to be the strong 
dependence of the concentration profiles on the concen- 
tration Merence drwmg forces Thus unhke the sunple 
binary system, for an n-component system the dnvmg 
forces Ac,~ play a malor role III determmmg the concen- 
tration profiles and hence the penetration depths 

The commonly made assumpuon of equal film 

C. molar concentration of species I in mixture 
= c,,,-- q,, concentration dnvtng force 

binary dtiusion coefficrent 
leadmg dmgonai coefficient of dlffuslon matnx [D] 
matrtx of diffusion coefficients 
dunenslonless matrtx of diffusion coefficients 
elements of [D] 
elements of [D] 
ddfuston flux of species I in mixture 
binary mass transfer coefficient 
matnx of multicomponent mass transfer 

coefficients 
number of species in mixture 
time 
mamx defined by eqn (1 I) 
distance from interface 

Greek symbols 
8 Mm thrckness or penetration depth 

[a] matnx of penetration depths 
8 film thickness of component 1 m multlcomponent 

mixture 
x8 fraction unaccomplrshed change, = (cr - c&/ 

(GO - Cid 

Matnx notatton 

( 1 column matrut of dimension n - 1 
[ ] square matrrx of dimension n - 1 x n - 1 
r~ diagonal matnx with n - 1 non-zero elements 

indtces 

0 at interface 
= rn bulk tlmd 
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