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Abstract—With the aid of the film-penetraion model for mulucomponent mass transfer, i1t 1s shown that the
predictions for the miuing cases of the film and penetrauon theones will differ not only in magmtudes of the

transfer rates but also possibly 1n directions of transfer

INTRODUCTION

Chemical engineering interest in multicomponent mass
transport phenomena 1s relatively recent and most of the
theoretical and experimental work has been carned out
n the last two decades With the advent of the theory of
Irreversible Thermodynamics, correct flux expressions
for multicomponent diffusion in non-ideal mixtures have
become available The mathematical difficulties associ-
ated with the solution of the coupled differential equa-
tions describing n-component diffusion were overcome
by Toor[1] and Stewart and Prober[2] who indepen-
dently put forward a lineanzed theory which essentially
requires the assumption that the matnix of diffusion
coefficients [D] remains constant along the diffusion path
With this assumption the diffusion process 1s describable
by a set of coupled hinear differential equations which are
amenable to solution by use of matrix techmques The
matrix procedure has been venfied for gaseous ternary
diffusion[3] and is widely used for experimental deter-
munations of [D] for hiquid mixtures 4]

Many interesting mass transfer characteristics of
multicomponent systems have been poimnted 1n the
hterature[4,5] For example, recent experumental
measurements of ternary point efficiencies during dis-
tillation of ethanol—tert butanol—water have shown that
it 1s possible to obtain negative efficiencies [6], a practical
consequence of coupled diffusion phenomena pointed
out by Toor[5] in 1957 This interesting phenomena of
transfer of a component against its concentration driving
force anses out of couphng between the diffusing spe-
cies As pomnted out by Cussler in his book[4], there are
many consequences of n-component diffusion which are
yet to be appreciated Apart from bemng of intrinsic
interest, difftusion coupling phenomena has been harnes-
sed for accelerating transfers[7]

In the present communication we focus attention on
the film and penetration theories for multicomponent
mass transfer These two basic, idealized, mass transfer
models, together with therr many vanants, form the
bases for many design correlations used widely m chem-
ical engmmeering practice The extensions of these models
to multicomponent systems are already available 1n the
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hterature (see for example[l,2,8,9]) The objective 1n
this paper 1s to compare the predictions of these two
basic models and to point out the possibility that the
predictions by these two approaches give not only
different magmtudes of the transfer rates but also give
d:fferent directions of transfer

Our analysis 1s via the film-penetration model of Toor
and Marchello[10], suitably generalized to n-component
systems

ANALYSIS

For a non-reacting n-component system t}'re equations
of continuty for the n diffusing species takes the form
6c; _

_—_v N‘,

m 1=1,2, n )

where N, represents the molar flux of species ¢ with
respect to a stationary coordinate frame of reference
Thus flux can be further expressed as a sum of the
diffusive and bulk flow contnibutions

Nl=-,i+clu, ‘=152, n (2)

it which « represents the net velocity of the diffusing
mixture In our development we shall neglect the bulk
flow contribution, this neglect can be justified for small
transfer rates{11] If we further assume umdirectional
transfers, we may write the eqns (1) as

se_ _oNi_ _oJ;
at az az’

= =12, n-1 3
where we write only the n — 1 independent differential
equations

Now for n-component diffusion, the generalization of

Fick’s law gives

= de

[ Zl le _d-z—s

Combination of eqns (3) and (4) with the assumption

that the elements Dy, are independent of composition

(and hence of z and t) gives a set of n — 1 coupled Iinear

differential equations which may conveniently be
represented in matrix notation as

1=1,2, n-1 @
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The film-penetration boundary conditions are

t=0, (c) =(cs) ©6)
z=0, t>0, (€)= (co) @)
z=38, t>0, (€)= (cs) (8)

where the concentrations at the ends of the diffusion
path, (¢,) and (cs), are assumed independent of ¢

Following Toor([1], we find the modal matnix, [#], of
[D] which has the property that

(2] (DN PE[D] ®

where [D] represents a diagonal matrnix with elements
D., D,, D._, which are the eigenvalues of (D] Pre-
multiphication of eqns (5)—(8) by [#]™' reduces the set of
n—1 coupled differential equations to an uncoupled set
of n—1 equations each with its own characteristic
diffusion coefficient ), Each one of these uncoupled
equations 1s entirely equivalent to the binary system
considered by Toor and Marchellof10] The solution to
each of the uncoupled equations may therefore be wrnt-
ten straightforwardly Thus the average rates of transfer
of the psendo-species, defined by

(N) =[PT(N) (10)
1s given for short time convergence by
" lj 12 oo N6
= =L + f —n———)A ‘l El Au
N 2(1”,) (1 2V 3 rerfe o) as = ke
1=1,2, n-—-1 (§3)]

and equivalenitly in terms of a long time convergent series

2 8 (m? < ( 2 25‘),:')) .
o (7 z - #7255 ) )aé
+? D‘,t'(G =|exp 4 é A¢

=kAé, 1=12, n-1 (12)

In eqns (11) and (12), k., represent the time averaged
mass transfer coefficients for the n — 1 pseudo-species,
both eqns (11) and (12) of course give the same value for

The real fluxes N, may be recovered by the inverse
transformation given by eqn (10) giving

(N)=[kl(Ac) (13)
where the matrix of mass transfer coefficients[k] 1s given
by

[k1=[21[k][2T (14)

As an alternative to the evaluation of the mass transfer
coefficients by use of eqn (14) we may apply Sylvester’s
theorem giving

' {(D)- B
e

i

[k]= "g: L (15)

where II represents a product of n —2 factors Equations
(14) and (15) are exactly equavalent
We now consider the consequence of the above
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analysis in the himiting cases of the film (¢'—==) and
penetration (¢'—0) theories Thus from the film theory
we have

L=DJs, =12, n-1 (16)
and for the penetration theory
15’ 1/2
e-2(2)

Since the penetration theory predicts a square root
dependence of the mass transfer coefficients &, on the
molecular diffusion coefficients, 1t can be concluded that
coupling effects ansing due to the presence of non-zero
cross coefficients D, (1# ;) will have a smaller influence
on the k,, than the predictions of the film theory In order
to highhght an interesting difference 1 the predictions of
the two theones we consider a specific numerical exam-
ple of diffusion 1n the system acetone (1)-benzene (2)-
methanol (3) For this system, a typical non-ideal mixture
encountered in the petrochemical industry, sizable cross-
coefficients have been measured{12] The elements D,
vary with composition Over the range of compositions,
the structure of the matrix[D] 1s typically

[D] = D" [_(l) (1)5 8?7], Du =372x% 10_9 mzls
(18)

where we have nornalized the elements of[D] with
respect to the coeflicient D,

Figure 1 compares the predictions of the film, penetra-
tion and film-penetration models for the transfer flux of
benzene for the case Ac,/Ac.=4 The film theory pre-
dicts a constant invariant flux for benzene,
N2{(D11Ac2/8)=—003 On the other hand the penetra-
tion theory predicts a positive value for this flux
decreasing with time but always remaming postttve The
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Fig 1 Companson of film, penetration and film-penetration

.theories for diffusion 1n the system acetone-benzene-methanol
Figure shows the normahized flux of benzene, N2/(D1Ac2/8), as a
function of a characteristic ime parameter, (wD;,t')'/2/28, for the

case of Ac; = 4Ac,



Film and penetration models for multicomponent mass transfer

film-penetration theory predicts a positive flux for short
umes and negative flux for long exposure imes

The reason for the different directions of transfer of
benzene anticipated by the film and penetration theories
1s as follows From the film model, eqns (15) and (16), we
obtain the matrix of mass transfer coefficients as

ki kll]__D_!_l [ 10 02]
[kz. kel 8 “Ll-015 057 (19)
Therefore the flux of benzene 1s given by
Ns = kpiAcy + kasAcs = %{—o 15A¢, +0 S7Acs}
- -1% X (—0 03) (20)

which shows that the direction of transfer of benzene 1s
opposite to that dictated by 1ts driving force Ac; (reverse
diffusion)

On the other hand the penetration medel, described by
eqns (15) and (17), gives the matrix of mass transfer
coefficients as

[kn k.2]=2(&)"2[ 1005 0113]
k2 ki wt' -0085 0761
Due to the square root dependence of k,, on the D, the
penetration theory gives a reduced coupling effect, the
ratio kai/kz> = —0085/0 761 1s lesser than that predicted
by the film theory and insufficient to drive the benzene
molecule against its concentration driving force Ac»

The film-penetration theory predicts a smooth tran-
sition from the penetration theory prediction for short
contact times to the film theory prediction for large
contact times, '

1

CONCLUDING REMARKS

We have developed a film-penetration model for
multicomponent mass transfer 1 this paper and
compared the predictions of the film and penetration
theories For a typical non-ideal mixture, acetone-ben-
zene—-methanol, we have shown that 1t 1s possible to
obtain not only different magnitudes of transfer of ben-
zene predicted by the film and penetration theones but
also different directtons of transfer

The resulung analysis clearly underhnes the
differences between a simple two-component system
characteristics and the charactenistics displayed by a
non-1deal multicomponent mixture Apart from providing
a better insight into the transfer mechamisms of n-
component mixtures, the analysis presented here should
provide a means of discriminating between transfer
models Thus, by performing mass transfer expeniments
with non-ideal ternary mixtures tn distillation, absorp-
tion, extraction and other equipment, a clearer picture of
the transfer mechamsm 1n industnal contactors may be
obtained

NOTATION

¢, molar concentration of species ¢ In mixture
¢ molar concentration of mixture of n species
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D. Fick’s law diffusivities for multicomponent mix-
ture
[D] matrnx of diffusion coefficients with elements Dy

D, egenvalues of [D]
[ﬁj diagonal matnx of eigenvalues b,
[I] 1dentity matrix with elements §x
7, molar diffusion flux of species i with respect to
molar average reference velocity
ks mass transfer coefficients 1 multicomponent
mixture
[k] matrix of multicomponent
coeflicients with elements k,,
eigenvalues of [k]
diagonal matrix of eigenvalues £,
number of species in multicomponent mixture
N, molar flux of : with respect to stationary
reference frame
modal matrix of [D] defined by eqn (9)
t time
t’ contact time
z distance along diffusion path

mass transfer

Greek symbols
8 film thickness
&+ Kronecker delta

Operational symbols
A difference operator
2 summation operator
11 product operator

Matnx notation
[1 square matnx of dimension n —1xn—1
() column matnx of dimension n —1
[] diagonal matrix with 7 — 1 non-zero elements

Subscnipts
i, J, k 1ndices
0 parameter at z2=0
8 parameteratz=2§
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