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B
ubble column reactors, used widely in industry, often have large column diameters
(up to 6 m) and are operated at high super®cial gas velocities (in the range of 0.1 to
0.4 m s± 1 ) in the churn-turbulen t ¯ow regime. Experimental work on bubble column

hydrodynamics is usually carried out on a scale smaller than 0.3 m, at super®cial gas velocities
lower than 0.25 m s± 1 . The extrapolation of data obtained in such laboratory scale units to the
commercial scale reactors requires a systematic approach based on the understanding of the
scaling principles of bubble dynamics and of the behaviour of two-phase dispersions in large
scale columns. We discuss a multi-tiered approach to bubble column reactor scale up, relying
on a combination of experiments, backed by Computational Fluid Dynamics (CFD)
simulations for physical understanding . This approach consists of the following steps:
(a) description of single bubble morphology and rise dynamics (in this case both experiments

and Volume-of-Fluid (VOF) simulations are used);
(b) modelling of bubble-bubbl e interactions, with experiments and VOF simulations as aids;
(c) description of behaviour of bubble swarms and the development of the proper interfacial

momentum exchange relations between the bubbles and the liquid; and
(d) CFD simulations in the Eulerian framework for extrapolation of laboratory scale

information to large-scale commercial reactors.

Keywords: bubble columns; ¯ow regimes; scale up strategy; hold-up; bubble rise; bubble
interactions; CFD.

INTRODUCTION

When a column ®lled with a liquid is sparged with gas, the
bed of liquid begins to expand as soon as the gas is
introduced. As the gas velocity is increased the bed height
increases almost linearly with the super®cial gas velocity,
U, provided the value of U stays below a certain value Utrans.
This regime of operation of a bubble column is called the
homogeneous bubbbly ¯ow regime. The bubble size
distribution is narrow and a roughly uniform bubble size,
generally in the range 1±7 mm, is found. When the
super®cial gas velocity U reaches the value Utrans coales-
cence of the bubbles takes place to produce the ®rst fast-
rising `large’ bubble. The appearance of the ®rst large
bubble changes the hydrodynamic picture dramatically. The
hydrodynamic picture in a gas-liquid system for velocities
exceeding Utrans is commonly referred to as the hetero-
geneous or churn-turbulen t ¯ow regime1 . In the hetero-
geneous regime, small bubbles combine in clusters to form
large bubbles in the size range 20±70 mm2 . These large
bubbles travel up through the column at high velocities
(between 1±2 m s± 1 ), in a more or less plug ¯ow manner3 .
These large bubbles churn up the liquid phase and because
of their high rise velocities they account for a major fraction
of the gas throughput4 . Small bubbles, which co-exist with
large bubbles in the churn-turbulen t regime, are `entrained’
in the liquid phase and, as a good approximation , have the
same back-mixing characteristics of the liquid phase. The
two regimes are portrayed in Figure 1, which also shows

qualitatively the variation of the gas hold-up e as a function
of the super®cial gas velocity U. When the gas distribution
is very good, the regime transition region is often
characterised by a maximum in the gas hold-up5 . The
transition between homogeneous and churn-turbulent
regime is often dif®cult to characterize and it is not prudent
to design a reactor to operate in the transition zone. The
estimation of the gas hold-up in the bubble column reactor
of industrial scale is an important but extremely dif®cult
task.

The gas hold-up varies signi®cantly with liquid properties.
See data in Figure 2 for air±paraf®n oil (rL = 795 kg m± 3 ;
mL = 0.0029 Pa s; j = 0.029 N m± 1 ), air±water (rL = 1000;
mL = 0.001; j = 0.072) and air±Tellus oil (rL = 862;
mL = 0.075; j = 0.028) measured in a column of 0.38 m
diameter with a sintered plate distributor .

The gas hold-up appears to also depend on the column
diameter. See data in Figure 3 for air±paraf®n oil, air±water
and air±Tellus oil measured in a columns of 0.1 and 0.38 m
diameter, both with a sintered plate distributor . Literature
correlations for the gas hold-up bubble columns show a
wide spread in their capabilities to predict the variation with
respect to U and with respect to the column diameter DT .

Figure 4(a) compares air±water experimental data in a
0.38 m diameter column as a function of U with several
literature correlations6 ± 1 2 . Only the Krishna-Ellenberger3

correlation matches the data successfully but this is to be
expected because their correlation was developed including
the data set shown. Figure 4(b) compares air±water gas
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hold-up predictions from different correlations as a function
of column diameter for a constant super®cial gas velocity
U = 0.2 m s± 1 . Only two correlations, those of Zehner1 2 and
Krishna and Ellenberger3 , predict a decline in e with
increasing column diameter DT . For commercial processes
column diameters should be extrapolated up to 6 m! Figures
5(a) and (b) present the corresponding information for air±
Tellus oil; here we note that most literature correlations
perform even worse than for the air±water system.

Clearly, a proper understanding of bubble hydrodynamics
as a function of scale (column diameter and height) and
physical properties of gas and liquid phases is needed before
reliable procedures for scaling up a bubble column reactor

of industria l size can be developed. So we start with trying
to understand the behaviour of single gas bubbles in a liquid.

THE RISE CHARACTERISTICS OF GAS BUBBLES
IN A LIQUID

The morphology and rise characteristics of a bubble
depend strongly on the bubble size and system properties. A
generalized graphical representation1 3 ,1 4 of the rise char-
acteristics is given in Figure 6 in terms of three dimension-
less groups:

EoÈ tvoÈs number, EoÈ ; g(rL ± rG)d2
b /j

Morton number, M ; gm4
L(rL ± rG)/(r2

Lj
3)

Reynolds number, Re ; rLdbV
0
b /mL

where db is the bubble diameter, taken to be equal to the
diameter of a sphere with the same volume as that of the
actual bubble, and V 0

b is the rise velocity of a single,
isolated, bubble. For the system air±water, M = 2.63 ´
10± 11, log(M) = ± 10.6, we note that increasing the bubble
size from around 4 mm (corresponding to EoÈ = 2.2) to
20 mm (EoÈ = 54.4) the regime changes from `wobbling’ to
`spherical cap’.

Bubble shapes and rise dynamics determined from
Volume-of-Fluid simulations

The VOF model1 5 ± 2 6 resolves the transient motion of the
gas and liquid phases using the Navier-Stokes equations,
and accounts for the topology changes of the gas-liquid
interface induced by the relative motion between the
dispersed gas bubble and the surrounding liquid. The
®nite-difference VOF model uses a donor-acceptor algo-
rithm, originally developed by Hirt and Nichols1 9 , to obtain,
and maintain, an accurate and sharp representation of the
gas-liquid interface. The VOF method de®nes a fractional
volume or `colour’ function c(x, t) that indicates the fraction
of the computational cell ®lled with liquid. The colour
function varies between zero, if the cell is completely
occupied by gas, and unity, if the cell consists only of the
liquid phase. The location of the bubble interface is tracked
in time by solving a balance equation for this function:

¶c(x, t)

¶t
+ = ´(uc(x, t)) = 0 (1)
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Figure 2. Comparison of the total gas hold-up measured in a column of
0.38 m internal diameter. Measurements with air-paraf®n oil, air-water and
air-Tellus oil.

Figure 3. Comparison of the total gas hold-up measured in columns of 0.1 and 0.38 m internal diameters. Measurements with air-paraf®n oil, air-water and
air-Tellus oil.

Figure 1. Homogeneous and churn-turbulen t regimes in a gas-liquid bubble
column.



The liquid and gas velocities are assumed to equilibrate
over a very small distance and essentially uk = u for
k = L, G at the bubble interface. The mass and momentum
conservation equations can be considered to be homo-
genous:

= ´(ru) = 0 (2)

¶ru

¶t
+ = ´(ruu) = ± = p ± = ´t + rg + Fsf (3)

where p is the pressure, t is the viscous stress tensor, G is
the gravitationa l force. The density and viscosity used in
Equations (2) and (3) are calculated from

r = eLrL + eGrG; m = eLmL + eGmG (4)

where ek denotes the volume fraction of the phase k = L, G.
The continuum surface force model, originally proposed by
Brackbill et al.2 7 , is used to model the force due to surface
tension acting on the gas-liquid interface. In this model the

surface tension is modelled as a body force Fsf , that is non-
zero only at the bubble interface and is given by the gradient
of the colour function:

Fsf = jk(x)= c(x, t) (5)

where k(x) is the local mean curvature of the bubble
interface:

k(x, t) =
1

|n|
n

|n|
=́

³ ´
|n| ± = ´n

³ ´
(6)

where n is the vector normal to the bubble interface:

n = = c(x, t) (7)

The Equations (1)±(7) have been solved using dedicat-
ed1 5 ± 1 8 or commercially available codes2 0 ± 2 6 . The VOF
simulations of Krishna and Van Baten2 1 ± 2 4 for a two-
dimensional rectangular column ®lled with water into which
bubbles of various sizes were `inserted’ are shown in
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Figure 5. Comparison of literature correlations and experimental data for the total gas hold-up e for air-Tellus oil system in column of 0.38 m diameter.
Variation of e with super®cial gas velocity for a column of 0.38m diameter. (b) Variation of e with column diameter for a super®cial gas velocity of 0.2 m/s.
Same correlations3 ,6 ± 1 2 as speci®ed in the legend to Figure 4.

Figure 4. Comparison of literature correlations for the total gas hold-up e for air-water system in column of 0.38 m diameter. (a) Variation of e with super®cial
gas velocity for a column of 0.38 m diameter. (b) Variation of e with column diameter for a super®cial gas velocity of 0.2 m/s. The plotted correlations are
from the literature

3 ,6 ± 1 2
.



Figure 7. The 4 and 5 mm bubbles show meandering
trajectories. The 7 mm bubble oscillates from side to side
when moving up the column. The 9 mm bubble behaves like
a jelly®sh. The 12 mm bubble ¯aps its `wings’ like a bird.
The 20 mm bubble assumes a spherical cap shape and
has a vertical rise trajectory. These rich dynamic features
can be viewed by looking at the animations on the web site:
http://ct-cr4.chem.uva.nl/single_bubble /. As the bubble size
increases, the amplitude of the excursions in the x-directions
decrease; see Figure 8.

From the VOF simulations shown in Figure 7, the
transition between wobbling ellipsoidal-shaped bubble and
the spherical-cap bubbles appears to proceed gradually via a
scala of shapes and rise characteristics. The jelly®sh and
bird-like motions of the bubbles are particularly intriguing .
In order to verify these, we tracked the rise characteristics of
air bubbles in a 2D rectangular column of water, similar to
the one used in our earlier study2 . The column was made up
of two parallel glass plates 0.3 m wide and 4 m high. The
distance between the glass plates was 5 mm. Provision was
made to inject gas bubbles via a central tube of 2 mm
diameter in the distributor . The bubble trajectories were
recorded on video at 25 frames per second2 3 . The re-traced
video images for bubbles of 9.7, 12.3, 13.7 and 15.5 mm in
size are shown in Figure 9. The 9.7 mm bubble exhibits
jelly®sh like characteristics. Close observation of the
edges of the 13.7 mm bubble con®rms the vertical
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Figure 7. Snapshots obtained with two-dimensional VOF simulations of the rise trajectories of bubbles in the 4±12 mm size range. Animations of all these
VOF simulations can be viewed on our web site http://ct-cr4.chem.uva.nl /single_bubble

Figure 8. Comparison of the x-trajectories obtained with two-dimensional VOF simulations of bubbles in the 4±20 mm size range.

Figure 6. Shape regimes for bubble rising in a column of liquid. Adapted
from Clift, Grace and Weber

1 3
.

http://ct-cr4.chem.uva.nl/single_bubble
http://ct-cr4.chem.uva.nl/single_bubble


oscillation, analogous to the ¯apping of the wings of a bird.
When the bubble size increases to 15.5 mm, these vertical
oscillations vanish. Furthermore, our video recordings also
show that the excursions in the x-direction decreases with
increasing bubble size, in con®rmity with the VOF results of
Figure 7.

Having obtained qualitative con®rmation of the VOF
simulations as regards bubble shape and morphology , the
next step is to see if the rise velocities calculated from the
VOF simulations conform to experiment. The rise velocities
of the bubbles in the 4±12 mm size range, determined from
the average z-distance covered per unit time from the VOF
simulations, have been compared with measured data for
this size range in the 0.174 and 0.63 m diameter columns of
cylindrical cross-section by Krishna et al.2 0 ,2 2 ,2 4 . The
experimental data of Krishna et al.2 0 ,2 2 ,2 4 conform quite
well with the correlation of Harmathy2 8 :

V 0
b = 1.53

jg

rL

³ ´0.25

(8)

The Harmathy correlation for the bubble rise velocity
shows this to be independent of the bubble diameter for the
size range considered. Both VOF simulations and experi-
ments con®rm only a weak dependence of V 0

b on the bubble

diameter. The 2D VOF simulations give rise velocity values
that are roughly half those measured experimentally in
cylindrical columns. The VOF simulations were carried out
in two-dimensional columns with a maximum width of only
0.04 m; the bubble rise is therefore signi®cantly in¯uence by
wall effects. A complete three-dimensional simulation
would be required to determine the rise velocity quantita-
tively; such a simulation would require a grid with a few
million grid cells and the use of a massively parallel
computer.

VOF simulations can only provide a qualitative under-
standing of bubble morphology and rise characteristics. In
particular the transition from `wobbling’ to `spherical cap’
regime for water in Figure 6 is seen to be a smooth one
proceeding through a variety of intermediate regimes.

Behaviour of Swarms of `Small’ Bubbles

Consider the homogeneous regime of operation in an air-
water system containing a swarm of `small’ bubbles. A
single small bubble in this size range exhibits lateral
movement as shown in Figures 7 and 8. The behaviour of a
swarm of such bubbles is interesting because the lateral
motion of each bubble affects the neighbouring bubble. The
result swarm motion is best appreciated by viewing the
animations of VOF simulations of a swarm of 5 mm bubbles
in a column of water carried out by Krishna and Van
Baten2 4 . Snapshots of these simulations are shown in Figure
10. For 5-mm sized bubbles we have a small, closed, wake1 4

and there are not wake interactions between bubbles. Each
bubble in the swarm tends to `avoid’ each other. This
`avoidance’ can also be viewed as mutual `hindering’ of the
rise velocity. In the chemical engineering literature, the
hindered rise of gas bubbles is described by the Richardson-
Zaki2 9 relation:

Vb = V 0
b (1 ± e)n± 1 (9)

where the bubble swarm velocity V 0
b is obtained by

`correcting’ the single bubble rise velocity V 0
b for the

®nite gas hold-up of the gas bubbles, e. The exponent n is the
Richardson-Zaki index and for air bubbles in water has a
value of about 2, i.e. n < 2. As the gas hold-up e increases,
the bubble swarm velocity decreases. For a gas hold-up
e = 0.1, the decrease in the bubble swarm velocity about
10% when compared to the single bubble value V 0

b .
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Figure 9. Retraced video recordings of the rise characteristics of 9.7, 12.3,
13.7 and 15.5 mm bubbles observed in a 2D rectangular column.
Experimental data from

2 3
.

Figure 10. Rise trajectories of a swarm of 5 mm bubbles, eight in number, in a column of water. Animations of all these VOF simulations can be viewed on
the web site http://ct-cr4.chem.uva.nl /single_bubble

http://ct-cr4.chem.uva.nl/single_bubble


Rise Characteristics of a Single Spherical Cap Bubble

For values of EoÈ > 40 (for air-water system, this
corresponds to bubble sizes larger than 17 mm), bubbles
assume a spherical cap shape as seen in Figures 6 and 7. The
rise velocity of spherical cap bubbles is given by the classic
Davies and Taylor3 0 relationship:

V 0
b =

�����������
gdb/2

p
= 0.71

�������
gdb

p
(10)

The relationship (10) is remarkable in that the velocity
rise does not depend on the physical properties of either the
liquid or gas. The Davies-Taylor relationship Equation (10)
is found to be applicable provided the ratio db/DT < 0.125.

For values of db/DT exceeding 0.125, Collins3 1 introduced
a scale correction factor, SF, into the Davies-Taylor
relationship:

V 0
b = 0.71

�������
gdb

p
(SF) (11)

This scale correction factor was determined empirically to
be given by Collins3 1 as follows:

SF = 1 for
db

DT

< 0.125

SF = 1.13 exp ±
db

DT

³ ´
for 0.125 <

db

DT

< 0.6

SF = 0.496
�����������
DT /db

p
for

db

DT

> 0.6

(12)

The conditions wherein db/DT > 0.6 corresponds to the
special case of slug ¯ow for which the bubble rise velocity is
independent of the bubble diameter and is given by

V 0
b = 0.35

��������
gDT

p
(13)

The Davies-Taylor-Collins relations Equations (10)±(13)
also hold for bubble rise in gas-solid ¯uidized beds of
powders3 2 .

Extensive experiments carried out by Krishna et al.2 0 ,2 2 in
four different columns of diameters 0.051, 0.1, 0.174 and
0.63 m, with the air-water system con®rm the validity of the

Davies-Taylor-Collins relations Equations (11) and (12);
see Figure 11. The strong in¯uence of the scale factor on the
rise velocity is emphasised when we consider the rise of a
bubble of 0.038 m diameter as a function of column
diameter; see Figure 12. In the 0.051 m diameter column
we have slugging (cf. Equation (13)) and the bubble rise
velocity is 0.25 m s± 1 . For the 0.1 m diameter column the
rise velocity is 0.34 m s± 1 , increasing to 0.44 m s± 1 in the
0.63 m diameter column.

VOF simulations , assuming cylindrical axi-symmetry,
have been used by Krishna et al.2 0 to provide a physical
understanding of the scale (wall) effects for spherical cap
bubbles. Plotted in Figure 13 are z-coordinates of the nose of
21 mm bubbles rising in columns of 0.1 and 0.051 m
diameters ®lled with water obtained from VOF simulations.
Figure. 13 clearly shows that the bubble rises faster in the
wider column. The reason for this is the restraining effect of
the walls. The insets to Figure 13 show the liquid phase
velocity pro®les for these two simulations. The 21 mm
bubble assumes a ¯atter shape in the 0.1 m wide column and
is less in¯uenced by the wall than the same bubble placed in
a 0.051 m wide column. Put another way, the drag between
the bubble and the liquid is higher in the narrower column
due to the higher downward liquid velocity in the vicinity of
the bubble. For spherical cap bubbles, axi-symmetric VOF
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Figure 11. Rise velocity of air bubbles of varying diameters in columns of
0.051, 0.1, 0.174 and 0.63 m diameter ®lled with water; comparison of
experimental data with the predictions of the Davies-Taylor-Collins
Equations (11) and (12).

Figure 12. Rise velocity of spherical cap bubble of 0.038 m diameter as a
function of the column diameter.

Figure 13. VOF simulations of the rise trajectories of a 21 mm diameter
bubble in 0.051 and 0.1 m diameter columns. The insets show the liquid
phase velocity pro®les surrounding the bubble. Animations of these VOF
simulations can be viewed on the web site http://ct-cr4.chem.uva.nl/axissym

http://ct-cr4.chem.uva.nl/axissym


simulations yield values of the rise velocity that are in
excellent agreement with measured experimental data; see
Figure 14. They provide a physical explanation of wall
effects embodied in the Davies-Taylor-Collins relations
Equations (11) and (12).

In further discussions on the subject of bubble columns,
we shall be talking about `small’ and `large’ bubbles.
Roughly speaking, `small’ bubbles are taken to represent
bubbles smaller than about 10 mm. `Large’ bubbles are
taken to correspond to the requirement of EoÈ > 40,
corresponding to sizes larger than about 17 mm. It is
important to distinguish between these bubble classes
because `small’ bubbles have morphologies and rise
characteristics that are signi®cantly affected by system
properties. `Large’ bubbles on the other hand are relatively
insensitive to system properties. The rise characteristics of
large bubbles are however signi®cantly affected by scale as
demonstrated in this section.

Rise Velocity of Circular Cap Bubbles in
Two-dimensional Columns

Experimental work to study bubbling behaviour and
hydrodynamics is often carried out using two-dimensiona l
rectangular gas-liquid bubble columns2 and two-dimensiona l
rectangular gas-solid ¯uidised beds2 5 ,3 3 ,3 4 . A typical experi-
mental set-up is shown in Figure 15. In order to be able to
translate the information from 2D beds to columns of
cylindrical cross-section, it is important to be able to inter-
relate the single bubble rise velocity in these two column
con®gurations .

In Figure 16 we show experimental measurements of the
rise velocities of 2D circular cap bubbles in water, silica and
polystyrene in a 0.3 m diameter column2 5 . We see that the
Froude number, Vb/

�������
gdb

p
, appear to decrease signi®cantly

with increasing value of the ratio of the bubble diameter to
column width, db/DT ; see Figure 16(a). The experimental
data lie about 10±30% below the values calculated from the
Davies-Taylor-Collins Equations (11) and (12). Based on
the experimental data alone, it is not possible to set up a
relation to parallel Equations (11) and (12) because the

range of db/DT values in the experiments is restricted to
below 0.5.

Two-dimensional VOF simulations in Cartesian geometry
for a variety of bubble sizes in columns of varying width
can be used to supplement to experimental data; see
Figure 16(b). The 2D VOF simulations, and experiments in
2D rectangular columns, can be combined to yield the
following 2D analogue of the Davies-Taylor-Collins
relations:

Vb = 0.62
�������
gdb

p
(SF) (14)

with the scale factor given by

SF = 1 for
db

DT

< 0.07

SF = 1.1 exp ± 1.55
db

DT

³ ´
for 0.07 <

db

DT

< 0.4

SF = 0.38
�����������
DT /db

p
for

db

DT

> 0.4

(15)

Equations (14) and (15) hold equally for the bubble rise
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Figure 14. Rise velocity of air bubbles of varying diameters in columns of
0.051 and 0.1 m diameter columns ®lled with water. Comparison of
experimental data with the predictions of the Davies-Taylor-Collins
Equations (11) and (12) and VOF simulations.

Figure 15. Typical experiment set-up for measurement of rise velocities of
single gas bubbles in water and in ¯uidized beds

2 ,2 5
.

Figure 16. (a) Bubble rise velocities in two-dimensional rectangular
columns. Experimental data in 2D rectangular column (cf. Figure 15). (b)
2D and 3D VOF simulations.



velocity in 2D rectangular columns ®lled with a liquid or
powder.

In order to provide further veri®cation of the conclusion
that the rise velocity of circular-cap bubbles in 2D gas-solid
and gas-liquid systems is described by an identical
relationship let us compare CFD simulations of a the
formation and rise of a single gas bubble in a 2D rectangular
gas-solid ¯uidised bed and in an identical bed ®lled with
water. For simulation of a gas-solid system, the kinetic
theory of granular ¯ow was used [35±43]. The granular
theory simulations are shown in Figure 17 along with 2D
VOF simulations with the air-water system. The equiva-
lence of the bubble formation and rise phenomena is evident
in the initial stages. For a gas-solid system there is no
surface tension and the bubble break-up phenomenon is
different; this is evident towards the latter stages of bubble
rise (see snapshot at t = 0.48 s). The time trajectories of the
nose of the bubble in Figure 17 are compared in Figure 18. It
is clear that the rise velocity is identical in the initial stage of
bubble rise.

The results in Figures 17 and 18 underlines the analogies
in the bubble rise phenomena in powders and liquids and

goes some way in explaining the reason behind the
applicability of Equations (11)±(15) to both gas-liquid
systems and gas-solid systems3 2 . We shall demonstrate
later in this paper that the analogies can be exploited to
develop an analogous scale up strategy for gas-solid
¯uidized beds.

In-line Interaction of a Pair of Spherical Cap Bubbles

The next step in the understanding of bubble column
hydrodynamics is to consider in-line interaction between
two `large’ spherical cap bubbles. Consider two bubbles of
the same size db = 31 mm, separated vertically in a 0.051 m
diameter column (see video images of this experiment in
Figure 19). The trailing bubble is accelerated and gets
sucked into the wake of the leading bubble. It is clear that
the acceleration effect increases as the trailing bubble
approaches the leading bubble. The VOF simulation of
Krishna et al.2 0 of this experiment is shown in Figure 20.
The reason that the shape of the bubbles in the VOF
simulations appears to be hollower than in the experiment is
due to the fact that in the video recordings only the outer
periphery of the bubbles can be visualised. The contours of
the bubbles in Figure 20, on the other hand, are drawn for a
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Figure 17. Snapshots of the simulation of the formation of a gas bubble in a gas-solid ¯uidised bed of powder and water carried out respectively with the
granular theory and VOF technique. A gas jet enters a 0.57 m wide rectangular ¯uid bed consisting of water or a powder of mean particle size of 500 mm with
a skeletal density of 2660 kg m± 3 . The gas jet enters the bed with a velocity of 10 m s

± 1
and is maintained for 0.18 s from the start of gas injection. The system

geometry is the same as the one used by Kuipers et al.
4 0

. Note the change in the scales between the upper and bottom rows. For a gas-solid system the
contours of a bubble are de®ned by the requirement that the voidage is greater than 0.85. Animations of these simulations can be viewed on our web site
http://ct-cr4.chem.uva.nl/analogies

Figure 18. Comparison of the rise trajectories of the bubble in the granular
and VOF simulations shown in Figure 17.

Figure 19. Retraced video images of in-line interactions of 31 mm diameter
bubbles rising in a 0.051m diameter column ®lled with water.

http://ct-cr4.chem.uva.nl/analogies


slice in the r±z plane. The liquid phase velocity pro®les at
0.07 s before coalescence of the bubbles are indicated in the
inset in Figure 20. A comparison of the measured
trajectories for both leading and trailing bubbles with
VOF simulations shows very good agreement; see Figure
21.

VOF simulations provide a physical understanding of the
in-line interactions of large spherical cap bubbles. Such
interaction leads to an acceleration of the trailing bubble.
The acceleration factor AF increases as the trailing bubble
approaches closer to the leading bubble; see experimental
data in Figure 22. This acceleration effect needs to be
accounted for when modelling a swarm of large bubbles in a
bubble column operating in the churn-turbulent regime. The
large bubble swarm velocity can therefore be expected to be
much higher than that of a single, isolated, bubble, V 0

b . We
therefore assert that

Vb = V 0
b (AF) (16)

for a swarm of `large’ spherical cap bubbles in a liquid. It is
interesting to note that while `small’ bubbles suffer hindrance
in a swarm, large bubbles experience acceleration.

In large diameter columns, both in-line and out-of-line

interactions of bubbles can take place and the precise
mechanisms of bubble coalescence are discussed by Krishna
et al.2 0 .

Estimation of Large Bubble Swarm Velocity in Bubble
Columns

The acceleration factor AF determined from experiments
shown in Figure 22 is valid for a bubbling trailing another
bubble. We need to extend this concept to a swarm of `large’
bubbles in a bubble column operating in the churn-turbulent
regime. For this purpose we ®rst consider a simpli®ed
picture of the hydrodynamics in this regime, put forward by
Krishna and Ellenberger3 ,4 ,4 4 ± 4 6 ; see Figure 23. The
dispersion is assumed to consist of two bubble classes:
small and large. The dynamic gas disengagement technique
allows the experimental determination of the gas holdups in
the large and small bubble populations3 . The super®cial gas
velocity through the small bubble population is assumed to
equal that at the regime transition point, Utrans. The
remainder of the entering gas ¯ows up the column in the
form of large bubbles. The super®cial gas velocity through
the large bubble `phase’ is therefore (U ± Utrans). For
steady-state mode of operation in the churn-turbulent
regime, every `large’ bubble is a `trailing’ bubble because
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Figure 20. VOF simulations, using cylindrical axi-symmetry, of the experiment shown in Figure 19. The inset shows the liquid phase velocity pro®les for the
situation corresponding to 0.07 s before coalescence. An animation of this VOF simulation can be viewed on the web site http://ct-cr4.chem.uva.nl/axissym

Figure 21. Comparison between experiment and VOF simulation of the rise
trajectories of the leading and trailing bubbles in a 0.051 m diameter
column ®lled with water.

Figure 22. The acceleration factor for the trailing bubble as function of its
distance of separation from the preceding bubble. The measurements with
Tellus oil were made in a 0.1 m diameter column and those with water were
made in a 0.051 m diameter column.

http://ct-cr4.chem.uva.nl/axissym


there will be a bubble preceding it. The large bubble swarm
velocity can therefore be expected to be much higher than
that of a single, isolated, bubble V 0

b . From the data in Figure
22, we should expect the acceleration factor AF to increase
linearly with decreasing distance of separation of the
bubbles. With increasing values of (U ± Utrans) we should
expect the average distance of separation between the large
bubbles to decrease. We therefore assert that:

Vb = V 0
b (AF); AF = a + b(U ± Utrans) (17)

where V 0
b is given by Equations (11) and (12). The

experimental data on the large bubble swarm velocity Vb

as a function of (U ± Utrans) reported in Krishna and
Ellenberger3 ,4 comprising of more than 1000 measured
points with liquids of relatively low viscosity (less than
0.0029 Pa s) were used to obtain the following expressions
for the average large bubble diameter

db = 0.069(U ± Utrans)
0.376 (18)

and the acceleration factor, AF:

AF = 2.73 + 4.505(U ± Utrans);

for low viscosity liquids (19)

The ®tted bubble size correlation (Equation 18) matches
very well with the measured bubble size data of De Swart
et al.2 ; see Figure 24. In Figure 25 we compare the
experimental values of the large bubble swarm velocity Vb

for the air-water system measured in three different columns
with the predictions of Equations (11), (12), (17), (18) and
(19).

From the large bubble swarm velocity measurements
made with the system air±Tellus oil2 0 , the corresponding ®t
for the acceleration factor is

AF = 2.25 + 4.09(U ± Utrans); for Tellus oil (20)

while the ®t for the bubble size db remains the same as for
`low’ viscosity liquids, i.e. equation (18). Figure 25 testi®es
to the goodness of the ®t.

EULERIAN SIMULATION MODEL FOR BUBBLE
COLUMNS

There has been considerable activity in recent years in
the development of CFD model for bubble columns. Most
authors have adopted the Eulerian description of the
bubble and liquid phases, considering these as two,
interpenetrating, phases4 7 ± 6 4 . A few authors have chosen
the Lagrangian description of the bubbles, treating
these as discrete particles6 5 , 6 6 . From considerations of
computer load, only the Eulerian±Eulerian two-phase
model is suitable for the purpose of design and scale up of
individua l reactors. Our focus in this paper is on industrial
scale bubble columns with aspect ratios greater than say
®ve, operating at high gas velocities in the churn-turbulent
¯ow regime. For the cases under consideration, the
in¯uence of the gas distribution device will be negligibly
small3 .

For each of the three phases shown in Figure 23 the
volume-averaged mass and momentum conservation equa-
tions in the Eulerian framework are given by:

¶(ekrk)

¶t
+ = ´(rkekuk) = 0 (21)

¶(rkekuk)

¶t
+ = ´(rkekukuk ± mkek( = uk + (= uk)

T ))

= ± ek = p + Mkl + rkg (22)

where rk , uk , ek and mk represent, respectively, the
macroscopic density, velocity, volume fraction and viscos-
ity of the kth phase, p is the pressure, Mkl, the interphase
momentum exchange between phase k and phase l and g is
the gravitational force.

The momentum exchange between either bubble phase
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Figure 23. Three-phase model for bubble columns operating in the churn-
turbulent regime.

Figure 24. Correlation for the average bubble size of large bubble swarm
as function of the super®cial gas velocity through the large bubble
population. The experimental data is from Krishna et al.

2 , 5 5
, measured with

the systems air-water and air-paraf®n oil in a 2D rectangular column of
0.3 m width at different heights H above the distributor.



(subscript b) and liquid phase (subscript L) phases is given
by:

ML,b =
3

4
rL

eb

db

CD(ub ± uL)|ub ± uL | (23)

The liquid phase exchanges momentum with both the
`small’ and `large’ bubble phases. No interchange between
the `small’ and `large’ bubble phases have been included in
the present model and each of the dispersed bubble phases
exchanges momentum only with the liquid phase. The
neglect of the interactions between the small and large
bubble populations is due to the conclusion reached by
Vermeer and Krishna6 7 . The interphase drag coef®cient is
calculated from equation:

CD =
4

3

rL ± rG

rL

gdb

1

V 2
b

(24)

where Vb is the rise velocity of the appropriate bubble
population. For the small bubble population , the bubble rise
velocity Vb can be estimated from the Harmathy relation
(Equation 8). Since the rise velocity of `small’ bubbles is
relatively insensitive to the bubble diameter, the ®nal results
are also relatively insensitive to the choice of the bubble
diameter. The large bubble swarm velocity Vb is estimated
using the procedure outlined earlier, properly accounting for
bubble-bubble interactions.

The drag force contribution to ML,b is the dominant
one6 1 ,6 3 . In the literature other contribution s to ML,b such as
added mass and lift force have also been considered5 1 . The
concept of added mass does not hold for `large’ bubbles
because these bubbles do not have a closed wake. There is
considerable uncertainty in assigning values of the lift
coef®cients to the small and large bubbles. For the large
bubbles, for which EoÈ > 40 holds, data suggest the use of a
negative lift coef®cient, whereas for small bubbles for
which typically EoÈ = 2, the lift coef®cient is positive5 1 . In
the simulation results presented below only the drag force
contribution to ML,b is considered.

For the continuous (liquid-) phase, the turbulent contribu-
tion to the stress tensor is evaluated by means of k±e model,
using standard single phase parameters Cm = 0.09, C1e =
1.44, C2e = 1.92, jk = 1 and je = 1.3. The applicability of

the k±e model has been considered in detail by Sokolichin
and Eigenberger6 3 . No turbulence model is used for
calculating the velocity ®elds inside the dispersed `small’
and `large’ bubble phases. In this paper we shall compare
macroscopic experimental data on gas holdup, velocity
pro®les, dispersion of phases with Eulerian simulations; for
this purpose, the k±e model appears to be adequate.

2D AXI-SYMMETRIC SIMULATIONS

We simulated the following three sets of experiments.

´ Air-water experiments of Hills6 8 carried out in a column of
0.14 m diameter;

´ Air-water experiments of Krishna et al.5 2 carried out in
columns of 0.174, 0.38 and 0.63 m diameter; and

´ Air±Tellus oil experiments of Krishna et al.5 3 ,5 4 in
columns of 0.1, 0.19 and 0.38 m diameter.

General Simulation Strategy

Axi-symmetric cylindrical coordinates were assumed in
the simulations. For all three sets of simulations 30 grid cells
were used in the radial direction, 10 grid cells in the central
core and 20 grid cells towards the wall region. Smaller sized
cells were used in the bottom 0.2 m of the total column
height. Non-uniform cells were used because we expect
recirculatory liquid ¯ows in the wall region and near the
column bottom. An overview of the various grids used in the
simulations is shown in Figure 26.

Both homogeneous and heterogeneous ¯ow regimes were
simulated. From the Reilly et al.6 9 correlation it was
determined that the super®cial gas velocity at the regime
transition point for the air-water system, Utrans = 0.034 m s± 1 .
For operation at U < 0.034 m s± 1 , homogeneous bubbly ¯ow
regimewas taken to prevail. For operation at U > 0.034 m s± 1 ,
the complete three phase model was invoked. Following the
model of Krishna and Ellenberger3 we assume that in
the churn-turbulen t ¯ow regime the super®cial gas velocity
through the small bubble phase is Utrans = 0.034 m s± 1.
The remainder of the gas (U ± Utrans) was taken to rise
up the column in the form of large bubbles. This implies
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Figure 25. Comparison of model for large bubble swarm velocity given by Equations (11), (12), (17)±(20) with air-water measurement s (left ®gure) and air-
Tellus oil measurement s (right ®gure) in columns of 0.1, 0.19 and 0.38 m diameter.



that at the distributor the `large’ bubbles constitute a
fraction (U ± Utrans)/U of the total incoming volumetric
¯ow, whereas the `small’ bubble constitute a fraction
(Utrans/U) of the total incoming ¯ow. To test the sensitivity
of the results to assumption of the regime transition
velocity, some simulations were also carried out taking
Utrans = 0.045 m s± 1 .

A further assumption made is that the formation of the
large bubbles takes place immediately at the distributor ; this
is essentially a simpli®cation and the justi®cation for this is
that our experimental studies show that the `large’ bubbles
equilibrate within a distance of 0.1 m above the distribu-
tor4 4 . The diamter of the `small’ bubbles was chosen as
4 mm in all the simulations. The injection of the small
bubble phase was uniformly done over the central 24 of the
30 bottom grid cells. Based on visual observations of bubble
column operation in the churn-turbulent ¯ow regime, the
large bubbles tend to concentrate in the central core. In order
to re¯ect this the large bubble phase was injected over the
central 13 of the 30 grid cells.

We also carried out 2D axi-symmetric simulations for the
air-Tellus oil system. For the air-Tellus oil system, our
dynamic gas disengagement experiments showed that the
hold-up of the small bubble population was less than 2% and
so we decided to ignore this presence of the small bubbles
altogether in the CFD calculations. This is achieved by
setting Utrans = 0. The hydrodynamics of air-Tellus oil
system corresponds roughly to a situation in which large
(spherical cap) bubbles rise through the column in a chain.

The time stepping strategy used in the transient simula-
tions for attainment of steady state was typically: 20 steps at
5 ´ 10± 4 s, 20 steps at 1 ´ 10± 3 s, 460 steps at 5 ´ 10± 3 s,
4500 steps at 1 ´ 10± 2 s. The simulations were carried out on
a Silicon Graphics Power Indigo workstation with an R8000
processor. Each simulation was completed in about 36 h. In
all the runs steady state was reached within 40 s. Further
details of the Eulerian simulations, including animations of
the column start-up dynamics, are available on our web site:
http://ct-cr4.chem.uva.nl/euler2D.

The simulations were started as follows. The column was

initially ®lled with liquid to a speci®ed height. At time
t = 0, the gas was injected through the bottom distributor .
The parameters such as velocities of phases and volume
fractions were monitored at a speci®ed height (in Figure 27
this height was 1.6 m above the distributor) . A typical
transient approach to steady-state is shown in Figure 27 for
the 0.38 m diameter column operated with air-water at
U = 0.23 m s± 1 . When steady-state has been reached, the
parameters at the end of the run were taken as steady-state
values. The volume fractions and velocities were deter-
mined both at the monitoring height and along the column
height. As can be seen in Figure 27, the centre-line liquid
velocity VL(0) and cumulative gas hold-up e do vary along
the column height. In all cases the aspect ratios used in the
simulations were about 5 or more and there was no
signi®cant difference between the gas hold-up below the
monitoring height and that at the monitoring height itself. In
the following, the distributio n of velocities and volume
fractions of the phases are reported at the monitoring height.

Simulations of Hills68 Air-Water Experiments

The radial distribution s of gas hold-up obtained with 2D
simulations are compared in Figure 28 with the experi-
mental data of Hills6 8 . We note that the assumption of
cylindrical axi-symmetry prevents lateral motion of the
dispersed bubble phases and leads to an unrealistic gas
bubble hold-up distributio n wherein a maximum hold-up is
experienced away from the central axis. Later in this paper,
we shall see that a fully three-dimensional simulation will
be required to get a proper representation of the gas hold-up
distribution.

Figure 29 compares the gas hold-up averaged over the
cross-section at a height of 0.6 m above the distributo r from
the 2D simulations with the experimental values of Hills6 8 .
We see that though the 2D axi-symmetric simulation
predicts an unrealistic radial distribution of gas hold-up,
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Figure 27. (a) and (b) show start-up dynamics for the centre-line liquid
velocity and the centre-line gas hold-up for air-water simulation in a 0.38 m
diameter column running with U = 0.23 m s

± 1
. (c) and (d) show the

variation along the dispersion height in steady state.

Figure 26. Computational grid for 2D axi-symmetric simulations.

http://ct-cr4.chem.uva.nl/euler2D


the prediction of the average gas hold-up is reasonably
good. In order to emphasise the need for the including both
`large’ and `small’ bubbles, we carried out simulations of
the Hills experiments in which the `large’ bubbles were
ignored, i.e. assuming that the dispersion was made up only
of small bubbles. The simulated values of the gas hold-up
are seen to be extremely high, at variance with the
experiments; see Figure 29. Figure 30 compares the radial
distribution of the axial component of the liquid velocity,
obtained from the 2D simulations with experimental data of
Hills6 8 . The agreement must be considered to be very good
when we realise that no ®t parameters (expect perhaps Utrans)
have been employed.

Simulations of Krishna et al.52 Air-Water Experiments

Figure 31 compares the experimental data on total gas

hold-up, and small bubble hold-up, with those from the
simulations. We have shown simulation results both for
Utrans = 0.034 and 0.045 m s± 1 . Firstly, the right trends are
followed by the simulations. Furthermore, it is clear that
with a proper choice of Utrans a good match with
experimental data can be obtained.

The predictions of VL(0) from Eulerian simulations re¯ect
the strong column diameter dependence, observed experi-
mentally; see Figure 32. It is interesting to note that the
choice of Utrans has little or no impact on the calculated VL(0)
values. The match between simulated VL(0) and experi-
mental data with varying U is reasonable and more accurate
than most of the literature correlations. The Riquarts7 0

correlation

VL(0) = 0.21(gDT )1/2(U3/gnL)
1/8 (25)

represents the experimental data as well as our Eulerian
simulations do.

The measurements of Krishna et al.5 2 of the radial
distribution of liquid velocity (axial component) VL(r),
re¯ect the strong in¯uence of the column diameter; see
Figure 33. This column diameter in¯uence is also re¯ected
in the Eulerian simulations, shown on the right of the same
®gure. Figure 34 compares the normalised liquid velocity
pro®le VL(r)/VL(0) from 2D simulations with the experi-
mental data of Krishna et al.5 2 with air-water for a range of
conditions for three columns. The CFD predictions are
good, and certainly far superior to that of literature
correlations for the normalised liquid velocity pro®le
VL(r)/VL(0).

Simulations of Krishna et al.53,54 Air-Tellus Oil
Experiments

The 2D simulations also give good agreement with the
gas-hold-up and centre-line velocity data of Krishna
et al.5 3 ,5 4 for air-Tellus oil systems in three different
columns; see Figures 35 and 36.

The experiments of Krishna et al.5 3 ,5 4 in the 0.38 m
diameter column with either water or Tellus oil show very
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Figure 28. Comparison of radial pro®les of gas hold-up obtained from 2D simulations of a 0.14 m diameter column for air±water system with experimental
data of Hills

6 8
. Animations of the 2D simulations can be viewed our web site: http://ct-cr4.chem.uva.nl/euler2D

Figure 29. Comparison of experimental data of Hills
6 8

with Eulerian
simulations for a range of super®cial gas velocities: U = 0.019, 0.038, 064,
0.095 and 0.169 m s

± 1
. Also shown with dotted line are simulation results in

which the dispersion is assumed to consist only of 4 mm sized small
bubbles. The simulated values of the gas hold-up were determined by
averaging the radial hold-up pro®le over the column cross section at a
height of 0.6 m above the distributor.

http://ct-cr4.chem.uva.nl/euler2D
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Figure 30. Radial distribution of liquid velocities at a height of 0.6 m above the distributor. Comparison between Eulerian simulations with experimental data
of Hills

6 8
.

Figure 31. Comparison of experimental values of gas hold-up (total and small bubbles) with 2D Eulerian simulations with experimental data with air±water
obtained by Krishna et al.

5 2 ± 5 4
.



little in¯uence of liquid viscosity on VL(0); see Figure 36(a).
The Eulerian simulations of VL(0) for water and Tellus oil
systems give practically the same results for VL(0) over the
super®cial gas velocity range of 0.05±0.35 m s± 1 , in broad
agreement with experiment. Interestingly, the correlation of
Riquarts7 0 predicts a signi®cantly lowering of VL(0) when
the liquid viscosity is increased by a factor of 75, as is the
case when we switch from water to Tellus oil. Use of
Riquarts7 0 correlation with the dynamic viscosity of water
gives a much better representation the air-Tellus oil data.
The radial distribution of liquid velocity VL(r) is practically

identical for air-water and air-Tellus oil both in the
experiments and in the 2D simulations; see Figure 36(b).

2D AXI-SYMMETRIC EULERIAN SIMULATIONS
OF LARGE DIAMETER BUBBLE COLUMNS

Even for the air-water system, available literature
correlations give signi®cantly different results when
considering scaling up to large column diameters. This is
demonstrated by the predictions of the total gas hold-up for
air-water and air-Tellus oil in Figures 4 and 5. The
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Figure 32. Comparison of experimental values of centre-line velocity VL(0) with 2D Eulerian simulations with experimental data with air±water obtained by
Krishna et al.

5 2
. Also shown for comparison purposes is the Riquarts

7 0
correlation.

Figure 33. Comparison of radial pro®les of liquid velocity obtained from 2D simulations with experimental data with air±water system at U = 0.23 m s
± 1

for
three different columns obtained by Krishna et al.5 2 .

Figure 34. Normalised liquid velocity pro®les VL(r)/VL(0). Comparison between experiments of Krishna et al.5 2 on the left with Eulerian simulations on the
right.



predictions of the centre-line liquid velocity VL(0) for air-
water system, using a variety of literature correlations7 0 ± 7 8

is shown in Figure 37. We see from Figure 37 that the
predictions of VL(0) for a bubble column of diameter 6 m
diameter operating at U = 0.3 m s ± 1 varies between 0.9
and 4.5 m s± 1 using nine literature correlations. This
represents a variation of a factor of ®ve and so there is a
clear need for a reliable scale up strategy. We shall use
Eulerian simulations to predict the variation of hydro-
dynamic parameters of bubble columns with increasing
column diameter.

Simulations were carried out for air±water and air±Tellus
oil systems for column diameters ranging from 0.1 to 6 m,
operating at two different super®cial gas velocities,

U = 0.16 and 0.30 m s± 1 . In all the simulations the
column height to diameter ratio was kept at about ®ve.
For the 6 m diameter column the total column height was
35 m. Use of 10 mm grid cells, typically used in the
simulations of small column diameters, is not practical. For
columns larger than 2 m in diameter, we use 50 mm cells
along the height. For the 6 m column, 35 m high, a total of
75 ´ 710 = 53250 cells were used. Grid convergence was
con®rmed even for 50 mm cells. Simulations of columns
larger than 1 m were carried out on a Silicon Graphics
Power Challenge machine with three R10000 processors
running in parallel.

The most dramatic expression of the scale effect is
noticed when we compare the VL(r) as a function of the
column diameter for a particular case, that of air-water
operating at U = 0.3 m s± 1 ; see Figure 38. The centre-line
velocity for the 6 m diameter column VL(0) = 4.5 m s± 1 .
This goes part way toward choosing the proper correlation
amongst the nine shown in Figure 37. When comparing air-
water and air-Tellus oil simulations at the same value of U,
we note that the liquid velocity distribution VL(r) is virtually
the same; see Figure 39. A similar observation was reached
earlier in Section 4.

For super®cial gas velocities of 0.16 and 0.3 m s± 1 ,
Eulerian simulations were carried out to study the in¯uence
of column diameter. The results for air±water and air±Tellus
oil are shown in Figures 40 and 41. For air±water system the
predictions of VL(0) agree remarkably well with that of the
Riquarts7 0 correlation, Equation (25) and demonstrate
extremely strong scale dependence. The Riquarts correlation
can also be used for the air-Tellus oil results provided we use
the kinematic viscosity of water. The data for both systems
are compared to the Riquarts7 0 correlation in Figure 42.
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Figure 35. Comparison of experimental values of gas hold-up with air±Tellus oil system obtained by Krishna et al.
5 3 ,5 4

with Eulerian simulations. The
simulated values of the gas hold-up are cumulative values below 1.6 m dispersion height.

Figure 36. Comparison of experimental centre-line liquid velocity VL (0) and radial distribution VL(r) for air-Tellus oil and air-water with Eulerian
simulations.

Figure 37. Comparison of literature correlations for the centre-line velocity
VL(0) for air-water system. (a) Variation of VL(0) with superi®cial gas
velocity for a column of 0.38 m diameter. (b) Variation of VL(0) with
column diameter for a super®cial gas velocity of 0.3 m s

± 1
. The plotted

correlations are: (1) Ohki and Inoue
7 5

; (2) Ueyama and Miyauchi
7 6

; (3)
Joshi

7 2
; (4) Riquarts

7 0
; (5) Zehner

7 8
; (6) NottenkaÈmper et al.

7 4
; (7)

Ulbrecht et al.7 7 ; (8) Kawase and Moo-Young7 3 ; (9) Bernemann7 1 .



Due to the strong liquid circulations with increasing
column diameter, the bubbles will be accelerated. This
acceleration effect causes a signi®cant reduction in the large
bubble hold-up with increasing column diameter; see
Figures 40(a,b) and 41(a,b). Also shown are the calculations
of the large bubble hold-up using the correlation of Krishna
and Ellenberger3 :

eb,large = 0.268
1

D0.18
T

1

(U ± Utrans)
0.22

(U ± Utrans)
4/5

(26)

where we have used Utrans = 0 for air±Tellus oil system.
The decrease in the large bubble hold-up with column
diameter from the Eulerian simulations is stronger than
anticipated by Equation (26). Recent work5 7 has shown that
the scale up strategy advocated above for gas-liquid bubble
columns can be applied to gas-solid ¯uidized beds.

3D SIMULATIONS OF BUBBLE COLUMNS

In reality, the hydrodynamics of a bubble column is
chaotic in nature. Only the time-averaged pro®les of volume
fractions and velocities of the phases are axi-symmetric. At
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Figure 38. Scale effect on the radial distribution of liquid velocity.

Figure 39. Comparison of air-water and air-Tellus oil simulations.

Figure 40. In¯uence of scale on the hold-up of large bubbles and on the
centre-line liquid velocity for air-water.

Figure 41. In¯uence of scale on the hold-up of large bubbles and on the
centre-line liquid velocity for air-Tellus oil.

Figure 42. Comparison of Riquarts correlation (25) with Eulerian
simulations for air-water and air-Tellus oil. We take nL = 10± 6 m

2
s

± 1
for

both water and Tellus oil, when applying Equation (25).



any instant of time, the dispersion `sloshes’ from one side to
the other. We will try to capture this behaviour by
attempting fully three-dimensional simulation without
imposing the constraint of axi-symmetry.

The computational grid used for the 0.38 m diameter
column, 3 m tall column is shown, as an example, in
Figure 43. Anticipating steeper velocity gradients near the

wall region and in the bottom portion of the column, a non-
uniform grid was used. In the radial direction 30 grid cells
were used, 10 grid cells in the central core and 20 grid cells
towards the wall region. In the axial direction the ®rst 0.2 m
bottom portion of the column consisted of 10 mm cells and
the remainder 2.8 m height consisted of 20 mm cells. The
total number of cells in the azimuthal direction was 20. The
total number of cells was 30 ´ 160 ´ 20 = 96000. An
identical grid was used for the 0.174 and 0.63 m diameter
columns. The gas injection policy was the same as in earlier
sections.

The column was initial ®lled with pure liquid up to a
height of say 1.8 m and the transient simulations were
started with gas injection at time t = 0 s at the distributo r
plate. A typical time-stepping strategy for a 3D simulation
was: 100 steps at 5 ´ 10± 4 s, 100 steps at 1 ´ 10± 3 s, 19800
steps at 5 ´ 10± 3 s. Running on a Silicon Graphics Power
Challenge machine employing three R10000 processors in
parallel, this simulation took about 8 weeks to complete
20000 time steps. At the end of 11000 time steps, suf®cient
to attain quasi-steady state conditions, tracer was injected
into the entering gas phase, uniformly over the whole cross-
section, just above the bottom grid. At the same time step,
liquid tracer was injected near the top of the dispersion,
typically 2 m above the distributor plate. The transient
responses of the gas and liquid phases were monitored over
the entire grid cross-section at three monitoring stations,
h = 0.4, 1 and 1.6 m above the distributo r plate; see
Figure 44.

The start-up dynamics of a typical 3D simulation are
shown in Figure 45(a) and (b) for VL(0) and e(0). The system
evolves to a quasi-steady state. The variation of the time-
averaged cumulative gas hold-up e along the dispersion
height is shown in Figure 45(c). Furthermore, the 3D
simulation shows chaotic behaviour and this is illustrated by
the snapshots of the liquid velocity and bubble hold-up
pro®les, at an arbitrary vertical plane through the centre of
the column, at the three monitoring stations for three time
steps, separated by 2.5 s; see Figure 46. The liquid sloshes
from left to right and the chaotic motions can best be
appreciated by viewing the animations on our web site
http://ct-cr4.chem.uva.nl/oil-water. Figure 47 shows snap-
shots of the liquid velocity vectors at a height 1.6 m above
the distributor for the same three time steps. The non-
monotonic character of the liquid circulations is evident.
The time- and azimuthal-averaged pro®les for h = 1.6 m are
shown in Figure 48. The time-averaged VL(r) is in good
agreement with the measurements of Krishna et al.5 2 ± 5 4 . We
note in Figure 48 that the small bubbles tend to concentrate
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Figure 43. Sample grid for 0.38 m diameter column used for 3D
simulations.

Figure 45. (a) and (b) show start-up dynamics for the centre-line liquid velocity and the centre-line gas hold-up for air-water simulation in a 0.38 m diameter
column running with U = 0.23 m s

± 1
. (c) shows the variation of cumulative gas hold-up along the dispersion height.

Figure 44. Liquid and gas phase tracer injection strategies in Eulerian
simulations. The tracer concentrations are monitored at three stations over
the entire cross-section.

http://ct-cr4.chem.uva.nl/oil-water


near the wall region whereas the large bubbles predominate
in the central core.

The radial distribution of gas hold-up obtained with 2D
and 3D simulations are compared in Figure 49(a)±(e) with
experimental data of Hills6 8 obtained in a 0.14 m diameter
column. We note that the assumption of cylindrical axi-
symmetry prevents lateral motion of the dispersed bubble

phases and leads to an unrealistic gas bubble hold-up
distribution wherein a maximum hold-up is experienced
away from the central axis. The 3D simulations, on the other
hand, in which lateral motion in both radial and azimuthal
directions are catered for, yield physically realistic distribu-
tion of gas hold-ups, and are in reasonably good agreement
with experiment. Recent work of Bauer and Eigenberger4 7
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Figure 46. (a) Radial pro®les of liquid velocity. Snapshots at three time steps and at the three monitoring stations in Figure 44. Column diameter = 0.38 m;
air-water system, U = 0.23 m s

± 1
. The animations of this simulation can be viewed on our web site: http://ct-cr4.chem.uva.nl /oil-water

Figure 46. (b) Radial pro®les of total gas hold-up. Snapshots at three time steps and at the three monitoring stations in Figure 44. Column diameter = 0.38 m;
air-water system, U = 0.23 m s± 1 . The animations of this simulation can be viewed on our web site: http://ct-cr4.chem.uva.nl /oil-water

http://ct-cr4.chem.uva.nl/oil-water
http://ct-cr4.chem.uva.nl/oil-water


have underlined the impact of lateral ¯uxes of mass and
momentum, resulting from 3D simulations, in the proper
simulation of tracer dispersion.

Figure 50(a) compares the gas hold-up averaged over the
cross-section at a height of 0.6 m above the distributor , from
the simulations with the experimental values of Hills6 8 . We

see that though the 2D axi-symmetric simulation predicts an
unrealistic radial distributio n of gas hold-up, there is
practically no difference between the 2D and 3D simulation
results with respect to cross-section averaged hold-ups.
The agreement with the experimental data of Hills6 8 is
reasonable, though the simulations tend to systematically
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Figure 46. (c) Radial pro®les of large bubble hold-up. Snapshots at three time steps and at the three monitoring stations in Figure 44. Column
diameter = 0.38 m; air-water system, U = 0.23 m s± 1 . The animations of this simulation can be viewed on our web site: http://ct-cr4.chem.uva.nl /oil-water

Figure 46. (d) Radial pro®les of small bubble hold-up. Snapshots at three time steps and at the three monitoring stations in Figure 44. Column
diameter = 0.38 m; air-water system, U = 0.23 m s

± 1
. The animations of this simulation can be viewed on our web site: http://ct-cr4.chem.uva.nl /oil-water

http://ct-cr4.chem.uva.nl/oil-water
http://ct-cr4.chem.uva.nl/oil-water


under-predic t the gas hold-up. In order to emphasise the
need for the including both `large’ and `small’ bubbles, we
carried out simulations of the Hills experiments in which
the `large’ bubbles were ignored, i.e. assuming that the
dispersion was made up only of small bubbles. The
simulated values of the gas hold-up are seen to be extremely
high, at variance with the experiments; see Figure 50(a).

The cumulative values of the gas hold-ups (large + small)
are plotted in Figure 50(b) as a function of the height above
the distributor of a 0.38 m diameter column operating at
U = 0.3 m s± 1 . The cumulative gas hold-up values of the 2D
and 3D simulations do not differ signi®cantly and for a
dispersion height of 1.6 m these values agree well with the
experimentally determined value.
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Figure 47. Snapshots of the liquid velocity vectors at a height 1.6 m above the distributor for three time steps for the 3D simulation of a 0.38 m diameter
column with the air-water system operating at a super®cial gas velocity of 0.23 m s

± 1
. Animations of the column start-up dynamics for the 2D and 3D

simulations can be viewed on our web site: http://ct-cr4.chem.uva.nl /oil-water

Figure 48. Time- and azimuthal-averaged radial pro®les of liquid velocity (triangular symbols denote experimental data), total gas hold-up, large bubble
hold-up and small bubble hold-up. Column diameter = 0.38 m; air-water system, U = 0.23 m s

± 1
.

Figure 49. Comparison of radial pro®les of gas hold-up obtained from 2D and 3D simulations of a 0.14 m diameter column for air-water
system with experimental data of Hills

6 8
. Animations of the 2D and 3D simulations can be viewed on our web sites: http://ct-cr4.chem.uva.nl /euler2D and

http://ct-cr4.chem.uva.nl/euler3D

http://ct-cr4.chem.uva.nl/oil-water
http://ct-cr4.chem.uva.nl/euler2D
http://ct-cr4.chem.uva.nl/euler3D


Figure 51 compares the radial distribution of the axial
component of the liquid velocity, normalised with respect to
the centre-line velocity, VL(0), obtained from the 2D and 3D
simulations with experiments of Krishna et al.5 2 ± 5 4 in
columns of 0.174, 0.38 m and 0.63 m in diameter with air-
water and air-Tellus oil. We see that both 2D and 3D
simulated pro®les are reasonably close to each other and are
able to reproduce the experimental trends very well. For the
larger diameter columns, 0.38 m and 0.63 m in diameter,
operating at higher super®cial gas velocity (U = 0.3 m/s)
there are differences in the 2D and 3D simulated pro®les of
liquid velocity. The experimental data show that the 3D
simulations have a better predictive character, as might be
expected. The value of the centre-line liquid velocity
predicted by the 2D and 3D simulations, monitored at a
height 1.6 m above the distributor , are however close to each
other. For example for the 0.38 m column operating at
U = 0.3 m s± 1 , VL(0) = 0.88 and 0.89 m s± 1 for the 2D and
3D simulations respectively.

Figure 52 compares the experimental VL(r) pro®le for air-
water and air±Tellus oil, measured by Krishna et al.5 3 ,5 4

with the 3D simulations. Though the two liquids differ in
viscosity by a factor 75, both experiments and 3D
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Figure 50. (a) Comparison of gas hold-ups obtained from 2D and 3D simulations of a 0.14 m diameter column with air±water system with experimental
data of Hills

6 8
. Also shown are simulation results in which the dispersion is assumed to consist only of small bubbles. The gas hold-up value corresponds to

the average at a height of 0.6 m above the distributor. (b) Cumulative gas hold-up for a 0.38 m diameter column operating at a super®cial gas velocity of
0.3 m s± 1 . The 2D and 3D simulation results are compared with each other. Also indicated in the ®gure is the experimentally measured value below a
dispersion height of 1.6 m.

Figure 51. Comparison of normalised radial pro®les of liquid velocity obtained from 2D and 3D simulations with experimental data with air±water system
and air-Tellus oil by Krishna et al.

5 2 ± 5 4
.

Figure 52. Time-averaged radial distribution of liquid velocity. Experi-
mental data for air-water and air-Tellus oil compared with 3D Eulerian
simulations.



simulations show almost no in¯uence of liquid viscosity on
the distributio n VL(r).

Figure 53(a) shows a typical response to the liquid tracer
injection from a 3D simulation. The responses at the three
monitoring stations can be ®tted to a one-dimensiona l axial
dispersion model to obtain the value of Dax,L. Figure 53(b)
compares the response in the homogeneous ¯ow regime
(U = 0.034 m s± 1 ) with that in the heterogeneous ¯ow
regime. The latter shows a much stronger dispersion. The
values of Dax,L obtained by ®tting the response curves shown
in Figure 53(a) are compared with experimental data of
Krishna et al.5 2 ± 5 4 in Figure 54. There is reasonably good

agreement between the experimental data and the 3D
simulations. Both conform to a simple empirical formula:

Dax,L = 0.31 VL(0)DT (27)

which was derived earlier by Krishna et al.5 2 . The 2D axi-
symmetric simulations, however, yield Dax,L values about
one order of magnitude lower than those found experimen-
tally. This limitation of the 2D simulations to represent the
mixing characteristics in bubble columns has been under-
lined earlier by Bauer and Eigenberger4 7 .

The response to the gas tracer experiments is shown in
Figure 55, separately for (a) large bubbles, (b) small bubbles
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Figure 53. (a) Dimensionless tracer concentration in liquid phase from Eulerian simulations for air-water system in a column of 0.38 m diameter operating at
U = 0.23 m s

± 1
. (b) The tracer response for U = 0.23 m s

± 1
compared with that of a homogeneou s run at U = 0.034 m s

± 1
.

Figure 54. Axial dispersion coef®cient of the liquid phase. Comparison of experimental data of Krishna et al.
5 4

with 2D and 3D Eulerian simulations.

Figure 55. Dimensionless gas phase tracer concentrations a three monitoring positions. Eulerian simulations for 0.38 m diameter column. (a) Large bubble
response, (b) small bubble response and (c) total gas response.



and (c) total gas. In the churn-turbulent regime, the total gas
RTD shows a camel-hump shaped curve, reported earlier in
the experiments of Vermeer and Krishna6 7 . Such a curve is
not amenable to interpretation in terms of an axial
dispersion model. Figure 55(c) shows clearly the differences
between the gas phase RTD in the homogeneous
(U = 0.034 m s± 1 ) and churn-turbulent ¯ow regime. The
responses of the large and small bubble populations , ®tted
separately to obtain Dax,G,large and Dax,G,small, are compared
with the simulated Dax,L values in Figure 56. The Dax,G,small

are remarkably close to Dax,L, this assumption has been
incorporated into the bubble column slurry reactor model of
Maretto and Krishna7 9 . The dispersion of the large bubbles
is signi®cantly lower.

CONCLUDING REMARKS

Bubble column hydrodynamics is very complex and
offers considerable challenges to the engineer during scale
up. We have examined the utility of CFD as an
investigative , design and scale-up tool. The following
major conclusions can be drawn:

1. The Volume-of-Fluid (VOF) simulation technique is a
powerful tool for studying the rise characteristics of
single air bubbles in a column of liquid. Due to
limitations of computer memory and speed, fully 3D
simulations are not possible for `meandering’ bubbles
smaller than about 12 mm in size because of the necessity
to use grid cells of the order of a fraction of a millimetre.
Therefore, only 2D simulations can be attempted. For
`small’ bubbles in the 3±12 mm range, the bubble
dynamics is qualitatively captured but the quantitative
agreement with experiments in circular columns are not
good.

2. VOF simulations of rise of spherical cap bubbles
(corresponding to EoÈ > 40) in columns of circular
cross-section are in excellent agreement with experi-
ment. Similar excellent agreement is obtained when
simulating the rise of circular cap bubbles in 2D
rectangular columns.

3. A comparison of the VOF simulations and the Kinetic
Theory of Granular Flow for ¯uidised solids, shows
remarkable similarities in the rise characteristic of
bubbles in liquids and beds of powders.

4. VOF simulations provide a powerful tool to study in-
line interactions of pairs of spherical cap bubbles. This

insight leads to the development of appropriate relations
to predict the rise velocity of a swarm of large bubbles.

5. 2D axi-symmetric Eulerian simulations give a good
representation of gas hold-up and centre-line liquid
velocity, for both air-water and air-Tellus oil systems,
for a range of column diameters.

6. The predictions of 2D axi-symmetric simulations for the
radial distribution of gas hold-up are not realistic. The
assumption of 2D axi-symmetry gives rise to an off-
centre maximum in the gas hold-up.

7. Switching from water to Tellus oil as the liquid phase,
with a factor 75 increase in the liquid viscosity, does
not signi®cantly affect either VL(0) or VL(r). This is
found both experimentally and in 2D axi-symmetric
simulations.

8. 2D axi-symmetric Eulerian simulations are useful for
predicting the scale dependence of the centre-line
velocity VL(0). Simulations show that VL(0) can approach
values of about 4±5 m/s when the column diameter is
increased to 6 m. The simulations further show that the
liquid viscosity practically has no effect on VL(0). Based
on Eulerian simulations we are able to recommend the
use of the Riquarts correlation (25), provided we use the
kinematic viscosity of water for all systems.

9. The strong increase in VL(0) with scale has the effect of
accelerating the gas bubbles leading to signi®cant
reduction in the gas hold-up. The reduction in hold-up
is signi®cantly stronger than that anticipated by
published literature correlations. Experimental data in
the literature on gas hold-up and VL(0) in the churn-
turbulent regime are restricted to columns smaller than
1 m in diameter. Therefore, there is a need for
experimental veri®cation with larger column diameters
in order to verify the strong scale dependence
anticipated by the Eulerian simulations.

10. For realistic predictions of radial distribution of liquid
velocity and gas hold-up we must resort to fully three-
dimensional Eulerian simulations.

11. For estimation of average gas hold-ups in the dispersion
and circulating liquid velocities, typi®ed by the centre-
line velocity VL(0), 2D and 3D simulations are
comparable. This is good news because the computa-
tional effort for 3D simulations is excessively large at
the moment.

12. Both 2D and 3D simulations show a negligible in¯uence
of liquid viscosity on VL(r). This is in accord with
experiment.
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Figure 56. Axial dispersion coef®cients of the liquid phase and gas phase (small and large bubbles).



13. The liquid phase axial dispersion coef®cients Dax,L

predicted from 3D simulations are in good agreement
with experiment. 2D axi-symmetric simulations lead to
signi®cantly lower predictions. Mixing processes are
not properly captured when the constraint of axi-
symmetry is imposed.

14. In the churn-turbulent regime, the total gas phase RTD
is not amenable to interpretation in terms of an axial
dispersion model. The individua l bubble phase RTDs
have to be ®tted separately.

15. The small bubble axial dispersion coef®cient Dax,G,small

was found to be remarkably close in value to Dax,L

suggesting that the small bubbles are `entrained’ with
the liquid phase and have similar back-mixing char-
acteristics. The dispersion of the large bubbles is
signi®cantly smaller.

Based on the evidence presented in this paper we suggest
that CFD techniques are invaluable for design and scale up
of bubble column reactors.

NOMENCLATURE

c(X, t) colour function, dimensionless
AF wake acceleration factor, dimensionless
CD drag coef®cient, dimensionless
db diameter of either bubble population, m
dp particle size, m
Dax axial dispersion coef®cient, m

2
s

± 1

DT column diameter, m
EoÈ EoÈtvoÈs number, g(rL ± rG)d2

b /j
Fsf surface tension force, N m

± 3

g acceleration due to gravity, 9.81 m s
± 2

H dispersion height of the reactor, m
M Morton number, gm4

L(rL ± rG )/r2
Lj3

M interphase momentum exchange term, N m± 3

n Richardson-Zaki index, dimensionless
n vector normal to the interface, dimensionless
p pressure, Pa
r radial coordinate, m
Re Reynolds number, rLdbVb/mL

SF scale correction factor, dimensionless
t time, s
U super®cial gas velocity, m s

± 1

u velocity vector, m s
± 1

Utrans super®cial gas velocity at regime transition, m s
± 1

(U ± Utrans) super®cial gas velocity through the large bubbles, m s± 1

Vb bubble rise velocity, m s
± 1

VL(r) radial distribution of liquid velocity, m s
± 1

VL(0) centre-line liquid velocity, m s± 1

x position coordinate, m
x x-coordinate in cartesian geometry, m
z axial coordinate, m
Dz distance between leading and trailing bubbles, m

Greek symbols
a, b parameters in eq. 17
eGeL volume fraction of phase, dimensionless
e total gas hold-up, dimensionless
e(r) radial distribution of total gas hold-up, dimensionless
e(0) center-line total gas hold-up, dimensionless
eb gas hold-up of large bubbles, dimensionless
etrans gas hold-up at the regime transition point, dimensionless
k(x) curvature of bubble interface, dimensionless
m viscosity, Pa s
n kinematic viscosity of phase, m

2
s

± 1

r density of phase, kg m
± 3

j surface tension, N m
t viscous stress tensor, N m

± 2

Subscripts
b referring to bubble phase
G referring to gas phase

k phase, either L or G, small or large
l referring to phase l
L referring to liquid phase
large referring to large bubbles
small referring to small bubbles
trans referring to regime transition point
T tower or column

Superscripts
0 referring to a single isolated bubble
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