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ABSTRACT

The proper description of ion diffusion fluxes is important in the design and development of
separation processes such as ion exchange, electrodialysis, metals extraction and fuel cells.
The primary objective of this article is to highlight the several distinguishing characteristics
of ionic diffusion. Due to the requirements of electro-neutrality and the no-current prescrip-
tion, an electrostatic potential gradient is induced that tends to accelerate or decelerate ions
depending on the sign of their charges. Furthermore, for mixed ion systems the diffusion
fluxes are strongly coupled to one another. Diffusional coupling effects result in overshoots
and uphill ion diffusion in bulk electrolytes and within charged ion-exchange particles. The
induced electrostatic potential also cause forward and reverse ion exchange processes to
proceed at significantly different rates, i.e. these are asymmetric. For exchange of three
counter-ions, the transient adsorption/desorption trajectories follow completely different
equilibration trajectories in composition space. The Nernst-Planck equation is found to be
of sufficient accuracy to capture all of the essential features of mixed ion diffusion in the
variety of systems examined.

© 2016 The Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.

1. Introduction

A wide variety of processes of importance in the chemi-
cal process industries involve the transport of ionic species
in bulk electrolyte liquid mixtures, within charged particles,
and across charged membranes. Examples include electroly-
sis, electrodialysis, ion exchange, metals extraction, and fuel
cells (Buck, 1984; Franzreb et al.,, 1993; Helfferich, 1962a,b,
1983; Jones and Carta, 1993; Lightfoot, 1974; Lito et al., 2012;
Newman, 1991; Rodriguez et al., 1998; Seader et al., 2011;
Sirkar, 2014; Wankat, 2012; Wesselingh and Krishna, 2000;
Yoshida and Kataoka, 1987). Ion exchange separations, for
example, have applications in water treatment, water soften-
ing, water demineralization, decolorization of sugar solutions,
and recovery of trace metal ions from acid leach solutions.

The design and development of ionic separation processes
requires a proper model description for the ionic diffusion
fluxes. The application of the Fick’s law of diffusion
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to relate the ion diffusion flux, Nj, to its concentration gradi-
ent by defining an effective ion diffusivity, D; o is fraught with
complications and ambiguities. One of the earliest demon-
strations of the limitations of Eq. (1) is to be found in the
experimental data for the effective ionic diffusivities reported
by (Vinograd and McBain, 1941). The effective diffusivities D; ¢
were determined in a two-compartment diffusion cell, shown
schematically in Fig. la. Diffusion takes place through the
pores of a sintered glass disc that separates the two com-
partments. Each of the two compartments is well-mixed, and
the concentration gradients are restricted to the disc of thick-
ness, §. The bottom compartment contains pure water while
the top compartment contains a mixture of aqueous solu-
tions of HCI and BaCl,. Let ¢y and cgycpp denote the molar
concentrations, expressed in molL~? of solution. Total ion-
ization takes place and the system is a quaternary mixture:
1=H*, 2=Cl7, 3=Ba**, 4=H,0; the ionic charges are z1=+1;
zp=—1, z3=+1; z4=0. The concentrations of ions are: cy+ =
cucl; Cpat+ = Caaclys Co- = (Cual + 2¢gacy,)- In one set of exper-
iments reported by (Vinograd and McBain, 1941), the ratio of
the concentrations cyc)/cgaclp Was varied. The experimentally
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Nomenclature

A transfer area, m?

C; molar concentration, molm—3

Cfixed molar concentration of fixed charges in ion
exchanger particle, molm—3

b; ion diffusivity, m?s~!

D eff effective ion diffusivity, m? s~?

[D] matrix of diffusivities, m?s~!

F Faraday constant, 9.65 x 10* Cmol~!

m number of counter-ions, dimensionless

n number of species in the mixture, dimension-
less

T radial direction coordinate, m

Te radius of ion-exchanger particle, m

R gas constant, 8.314Jmol 1K1

t time, s

T absolute temperature, K

% compartment volume, m3

X; ionic equivalent fraction of species i inside IEX
particle, dimensionless

z distance coordinate, m

Z; charge on species i, dimensionless

Greek letters

B cell constant, m—2

8 diffusion film or membrane thickness, m

8 Kronecker delta, dimensionless

i electrostatic potential, V

i molar chemical potential of component i,
Jmol-1

o rate of entropy production, Jm—3s 1K~!

observed ionic effective diffusivities D; ¢ are shown in Fig. 1b
as function of the square root of the ratio of the initial
ionic concentrations of H* and Ba?* in the top compart-
ment \/chl/cBaC12 = \/ Cyy+ /Cpa++. With increasing values of

v/ C+ /Cpa++, it is observed that both Dy+ and Dg,++ decreases
while D~ increases. An exactly analogous set of results is
obtained for H*/K*/Cl~ mixed ion-system (cf. Fig. 1b); in this
case, with increasing values of , /cy+ /cx+, both Dy+ and Dy+
decrease, while D~ increases. The experimental data on the
effective ionic diffusivities leads us to conclude that the D;
is influenced by the signs of the ionic charges.

Let us consider diffusional effects in ion exchange pro-
cesses that are commonly carried out in fixed bed devices,
loaded with the ion exchanger resin particles, and oper-
ated in transient mode with adsorption and regeneration
cycles. The ion-exchange resins are usually solid gels, con-
sisting of a polymeric matrix produced by co-polymerization
of styrene and a cross-linking agent, divinylbenzene, to pro-
duce a three-dimensional cross-linked structure with ionic
functional groups attached to the polymeric network (Seader
et al,, 2011). A cation exchange particle, for example, consists
of fixed negative charges (e.g. HSO;) on a polymer matrix;
see schematic in Fig. 2. Positively charged counter-ions such
as H*, Na*, Ba**, Zn** and Cs* can exchange between the IEX
particle and the surrounding bulk electrolyte liquid, but co-
ions such as Cl-, SO?{, and NOj are virtually excluded from
participation in the forward/reverse exchanges. If the styrene-
divinylbenzene copolymer is chloromethylated and aminated,
a strong-base, anionic exchange resin is formed that contains
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Fig. 1 - (a) Schematic of diaphragm cell used for
investigation of co-diffusion of mixed ions between two
well-mixed compartments. Experimental data of (Vinograd
and McBain, 1941) for effective diffusivities of (b)
H*/Ba**/Cl~ and (c) H*/K*/Cl~ mixed ion-systems. The
continuous solid lines represent calculations using Egs.
(13)-(15); details are provided in the Supplementary
material.

fixed positive charges, RN*. The design and development of ion
exchange separation devices require the description of both
ion exchange equilibria between the IEX particle, and the ion
exchange kinetics. Depending on the set of operating condi-
tions used (concentration of ions in the bulk electrolyte), and
the particle properties (pore size of particles, intra-particle
diffusivities), two scenarios for diffusion limitations are
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Fig. 2 — Schematic showing an ion exchanger particle with
fixed HSO3- charges. The surrounding liquid phase
consists of a solution of HCl and NaCl. The electrolytes are
fully ionized and the bulk liquid phase contains H*, Na*,
Cl- ions along with unionized water molecules.

possible: (a) the ion exchange process is limited by trans-
fer from the bulk liquid phase to the external surface of the
particle, and (b) the ion exchange process is limited by intra-
particle diffusion. Generally speaking, for low concentrations
of electrolytes in the bulk liquid, typically <0.01molL~1, the
exchange process is governed by the diffusion through the
“film” surrounding the particle. For high external concentra-
tions, typically >0.1 mol L1, the exchange process is governed
by intra-particle diffusion.

Experimentally, it has been found that loading Na* into the
particle while removing H* from particle, occurs at a signif-
icantly different rate than loading H* into the particle while
removing Na‘* from particle. In other words, the diffusion
process is asymmetric. This directional influence of the diffu-
sion potential is illustrated in the experiments of (Kraaijeveld
and Wesselingh, 1993a) for external mass transfer limited ion
exchange. Exchanging Na* within the ion exchange bead with
H* from the bulk chloride solution proceeds at a significantly
higher rate than for the reverse exchange process; see Fig. 3a.
Fig. 3b shows experimental data for analogous asymmetry for
H*/Ca** exchanges.

The asymmetry in the forward/reverse exchanges also
persists when the diffusion resistance is located within
the IEX particle. Fig. 4a presents the experimental data for
H*/Na* exchange in phenolsulphonic acid cation exchangers
as reported by (Helfferich, 1962b, 1983) for two scenarios: (1)
initially the particle is loaded with H* and is brought into con-
tact with NaCl in the surrounding bulk liquid phase, and (2)
initially the particle is loaded with Na* and is brought into
contact with HCl in the surrounding bulk liquid phase. The
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Fig. 3 — Experimental data of (Kraaijeveld and Wesselingh,
1993a) demonstrating asymmetry in forward/reverse (a)
H*/Na*, and (b) H*/Ca** exchanges. These systems are
limited by diffusion from bulk liquid electrolyte to the
surface of the particle.

experiments show that Scenario 1 leads to significantly faster
equilibration than observed in Scenario 2. Remarkably, the
hierarchy of equilibration rates is opposite to that experienced
for the case in which the diffusion limitation is outside the
particle (cf. Fig. 3a).

The experimental data of (Varshney and Pandith, 1999)
for forward/reverse H*/Ca** exchanges in zirconium (IV) alu-
minophosphate [EX particles at 298K are shown Fig. 4b. The
equilibration is significantly faster when the IEX is initially
loaded with the more mobile H*; this hierarchy is opposite to
the hierarchy observed in Fig. 3b when the diffusion resistance
is located outside the IEX particle.

The forward and reverse cation exchanges in FAU zeolite
are also determined to be asymmetric (Shunong et al., 1994).

To cater for asymmetrical cation exchanges, the effective
diffusivity, D; ., defined in Eq. (1), must be dependent on the
direction of movement of mobile and tardy cations.

A different kind of asymmetry manifests for transient
exchange of H*/Na*/Zn** exchange in DOWEX 50WX10. When
the IEX particle is loaded with H+ and is replaced Na*/Zn**,
the experimental data of (Yoshida and Kataoka, 1987) show a
pronounced overshoot in the uptake of Na*; see Fig. 5a. The
achievement of supra-equilibrium signals the phenomenon of
uphill diffusion, implying that D; ;5 < 0 for Na*. The experimen-
tal data for the reverse exchange process in which the particle
isloaded with Na*/Zn** and is replaced H* are shown in Fig. 5b.
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Fig. 4 - (a) Experimental data for H*/Na* exchange reported
by (Helfferich, 1962b, 1983) for phenolsulphonic acid cation
exchangers. (b) Experimental data of (Varshney and
Pandith, 1999) for H*/Ca** exchange in zirconium (IV)
aluminophosphate cation exchanger particle.

No overshoots or undershoots are experienced in this sce-
nario. The data in Fig. 5 also imply that the effective diffusivity
of Na* must change sign for forward/reverse exchange.

(Yang and Pintauro, 2000) report experimental data for
transient transport of H*, Na*, and Cs* ions across a
Nafion cation exchange membrane separating the acid and
salt compartments; see Fig. 6. In the reported experi-
ments, the initial concentrations are: salt compartment:
NayS04=0.125 mol L~1; Cs,S04 = 0.0054 mol L1; acid compart-
ment: H,SO4=0.125molL-1. The H* ions transfer from the
acid to the salt compartment. Both Na*, and Cs* ions trans-
fer from the salt to the acid compartment. The soﬁ* ions
cannot cross the membrane because of the fixed negative
charges in the membrane. While the transient equilibration
of H*, and Na* ions occurs in normal manner with an expo-
nential approach to equilibrium, Cs* displays a concentration
overshoot during the earlier stages of the transience. The
manifestation of transient overshoots for Cs* indicates that

a
( ) 1.0 N simulation
N3 0.8 C
g C
ie] L
g 0.6 C
z C
o L
g 04
=) -
o
g L
S o2fF H'/Na'/zn"*
C exchange
L in DOWEX 50WX10
0.0- Lol I ) X A
1 10 100 1000
time, t/s
(b) 1,

simulation

0.8

>Ime
z
m+

0.6

H'/Na"/zn™
exchange

0.4 in DOWEX 50WX10

ion equivalent fractions, X

0.2

0.0

time, t/s

Fig. 5 - (a, b) Experimental data of (Yoshida and Kataoka,
1987) (indicated by symbols) with Nernst-Planck
simulations for transient exchange of H*/Na*/Zn** within
DOWEX 50WX10 cation exchanger particle. (a) Initially the
particle is loaded with H* and is replaced Na*/Zn**. (b)
Initially the particle is loaded with Na*/Zn** and is replaced
H*. The continuous solid lines in (a, b) are the simulations
using the Nernst-Planck model; simulation details are
provided in the Supplementary material.

the flux of Cs* is coupled to the transport of the two counter-
ions H* and Na*. The data in Fig. 6 underscore the limitations
of the uncoupled flux Eq. (1).

The experimental data in Figs. 1 and 3-6 lead to the fol-
lowing set of conclusions regarding the characteristics of
the effective ionic diffusivity, D;g, defined by Eq. (1): (a) it
is strongly concentration dependent, (b) has values that are
dependent on whether the ionic charge z; is positive or neg-
ative, (c) can assume negative values, and (d) depends on the
direction of movement relative to the other ions in the mix-
ture.

The primary objective of this article is to analyze
the diverse set of experiments discussed above using the
Nernst-Planck equations for ion diffusion. We investigate the
root causes for transient overshoots, uphill diffusion, and
asymmetry in forward/reverse ion exchanges.

The Supplementary material accompanying this publica-
tion, available for download in the online version of this article,
provides detailed derivations of model equations, solution
methodology, and data inputs.

We begin by setting up the proper description of ion diffu-
sion fluxes.



CHEMICAL ENGINEERING RESEARCH AND DESIGN 114 (2016) 1-12 5

Salt compartment ' Nafion | Acid Compartment
0.125 M Na,SO, | cation | 0.125 M H.SO
0.0054 M Cs,SO, ‘Exchange | =4
:Membrane‘
|

S0

A H"in salt compartment

H* and Na" concentrations, ¢,/ mol L
Cs" concentration, ¢,/ mmol L

0.05 B Na'inacid compartment 2
® Cs'in acid compartment
Yang & Pintauro Expt -
000 IR N N [ N T TN N TN NN N O [ N | 0
0 20 40 60

time, t/ h

Fig. 6 - Experimental data of (Yang and Pintauro, 2000) for
the transient equilibration of H*, Na*, and Cs* in the salt
and acid compartments that are separated by a Nafion
cation exchange membrane.

2. The Maxwell-Stefan-Nernst-Planck
equations for ion diffusion

For diffusion in n-component fluid mixtures consisting of neu-
tral, uncharged species, the Maxwell-Stefan (M-S) equations
(Krishna, 2015a,b; Krishna and van Baten, 2016) are normally
written as

n
X i xixj(U; — U5)
RT 0z Z
j=1
j#i

In Eq. (2), y; is the velocity of species i in a laboratory fixed
reference frame, and by is the diffusivity of i-j pair in the
n-component mixture. The M-S formulation is essentially a
friction formulation, and by is to be interpreted as the inverse
drag coefficient for the i—j pair. The Onsager reciprocal rela-
tions demand the symmetry constraint

by = Dy;

i i=1,2,..n 3)

For diffusion of ionic species, the M-S formulation needs
to be extended to include the contribution due to electro-
static potential gradients that serve as additional driving
forces for ionic species with charge numbers z; (Graham and
Dranoff, 1982a,b; Krishna, 1987; Krishna and Wesselingh, 1997;
Lightfoot, 1974; Lito et al., 2012; Newman, 1991; Taylor and
Krishna, 1993; Wesselingh and Krishna, 2000). We modify the
M-S Eq. (2) by including the additional driving force in the left
member of Eq. (2)

n
X; Oui _ F oo XiXj (U — Uj)
RT 9z YRT oz >
-1
j#i

The second law of thermodynamics demands that the rate
of entropy production be positive definite (Standart et al.,,
1979)

n n
1 x| (u; — u;))?
ey e

The second law constraint does not require each of the pair
M-S diffusivities to be positive definite. Indeed, (Kraaijeveld
and Wesselingh, 1993b) present experimental evidence to
suggest that cation-cation diffusivities could assume negative
values without violation of the second law of thermodynam-
ics. For molten salt mixtures LiF-BeF,, the MD simulation
data of (Chakraborty, 2015) show negative values of the
ion pair diffusivities, without violation of the second law
constraint (5).

An important, persuasive, advantage of the M-S formula-
tion is that the drag between the i-j pair is not affected by the
introduction of the additional driving force in the left member
of Eq. (4).

As illustration, let us consider diffusion in an aqueous
solution of HySOg4; the transport properties for this system
have been collected by (Umino and Newman, 1993). The
system consists of three species: H* (=1), SO4?~ (=2) and
H,0 (=3). The charges are z; =1, zp=-2 and z3=0. Let cy,s0,
represent the concentration of the electrolyte in the aque-
ous solution and c3 the molar concentration of water. The
concentrations of the ions are c; = 2cu,s0,;C2 = CH,s0, and
the corresponding mole fractions are x1 = (2cu,s0,)/(3cH,s0, +
c3); X2 = (cH,s0,)/(3CH,s0, + €3). The values of the three M-S
diffusivities P13, D3 and D, as function of the sulfuric acid
concentration are shown in Fig. 7a. The diffusivity of H* ion in
water, D13, is about ten times higher than that of the SOﬁ* ion,
Dy3. Let us now examine the relative importance of the contri-
butions of the two frictional terms on the right members of Eq.
(4). For hydrogen ion H* in aqueous sulphuric acid solutions,
the relative friction experienced with the sulphate ions to that
with water is ((x2/P12)/(x3/P13)); similarly for the sulphate ion
SO~ the relative friction experienced with the hydrogen ion
to that with water is ((x1/D12)/(x2/D23)). These relative values
have been calculated using the data of (Umino and Newman,
1993) and presented in Fig. 7b.

For further discussions on diffusion in concentrated ionic
systems, the reader is referred to (Samson et al., 1999), and
(Dufréche et al., 2002).

We note that for electrolyte concentrations smaller than
about 0.01 molL~1, the cation-anion friction is less than 20%
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of the ion - water friction. If ion-ion interactions are neglected,
the M-S formulation reduce to

.Ci OfLi D F 0@

Ny = —P, L i
i iRT 9z~ AVIRT oz

+cuy;, i=1,2,...n-1 (6)

where the b; are the ion-solvent M-S diffusivities and the ionic
diffusion fluxes are defined as

N; = cju;; i=1,2,...n (7)

The species n is often water, that is usually present in
significantly large proportions, and can often be considered
stagnant, N, =cpun =0. For dilute aqueous solutions of elec-
trolytes, the activity coefficients are approximately unity, so
(ci/RT)(dui/9z) ~ (dc;/0z). The b; are practically independent of
electrolyte concentration for dilute solutions; cf. Fig. 7a. For
dilute solutions, Eq. (6) reduce to the Nernst-Planck equations

ac; F oo .
NiZ—DiafZI—CiZI'B'ff' 1=1,2,..

RT3z n-1 (8)

Except in regions close to electrode surfaces, where there
will be charge separation (the double layer phenomena), the
condition of electro-neutrality is met

n n-1

ac;
Zzicizo; Z; a’ =0

i=1 i=1

electroneutrality constraint ~ (9)

The total current carried by the electrolyte is Fz:i":lle1
In many chemical process applications such as ion exchange,
no external electrical field is imposed on the system, and also
there is no flow of current, i.e.

n
ZziNi =0; nocurrentprescription (10)
i=1

Combining Egs. (8) and (10) we obtain the following expres-
sion for the diffusion potential that is engendered due to ionic
diffusion

w0 _ YD) "

0z F -1
ﬁZj:l ¢z D

and therefore there are only (n — 2) independent concentra-
tion gradients, and (n — 2) independent fluxes Nj.
Combining Egs. (8), (9) and (11), we derive

n-2
__pl 0cl cizib; sz )Z;CZk;
Z) 1CJ ]DJ k=1
i=1,2,..n-2 12)

Eg. (12) can be conveniently cast into (n —2) dimensional
matrix notation

3(c)

) = -1 (13

The elements of the (n—2)
matrix are

x (n—2) dimensional square

CiZiZkB'(Bk_B -1),
Z} lc} )D

where §;, is the Kronecker delta. The second member of the
right of Eq. (14) quantifies the contribution of the electrostatic
“leash” that serves to enhance, or diminish, the ionic mobili-
ties. Whether an ion is accelerated or decelerated depends on
the species charges, z;, and whether we have co-diffusion or
counter-diffusion.

The Nernst-Planck equations help explain the Vinograd-
McBain experiments in Fig. 1. At the start of the diffusion
process, the highly mobile H* diffuses ahead of its companion
ions into the pure water compartment, creating an excess of
positive charge. This induces an electrostatic potential gradi-
ent 9®/0z, also called the diffusion potential, which acts in
such a way as to comply with the no-current and electro-
neutrality prescriptions. The consequence is that the Cl~
experiences an extra electrostatic “pull”, enhancing its effec-
tive diffusivity value. The electrical potential gradient also
serves to retard the motion of the positive ions H* and Ba**
or in other words these ions experience a “push” in a direc-
tion opposite to that dictated by their composition gradient

Dy, = Didy — ik=12..n-2 (14)
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driving forces. For , /cy+ /cpa++ = 2, the electrostatic “push” on
Ba**is such as to resultin a vanishing value for Dy >, . The con-
tinuous solid lines in Fig. 1 are the calculations of the effective
diffusivities

N;

Pl = oo — ol =
wherein the fluxes are determined from Eq. (12). The continu-
ous solid lines in Fig. 1 are the calculations using Egs. (13)—(15).
The essential diffusion characteristics for the HCl/BaCl,/H,0
and HCI/KCI/H,O mixtures are properly captured by the
Nernst-Planck equation. The Nernst-Planck model calcula-
tions anticipate negative values of Dy_»+ for ,/cy+/cpor > 2
due to a strong electrostatic “push”; see Fig. 1b. Negative effec-
tive diffusivities signal the possibility of uphill diffusion for
Ba?* (Krishna, 2015a).

3. Transient overshoots during
counter-diffusion of mixed ions

We shall demonstrate the possibility of transient overshoots in
counter-diffusion of mixed electrolyte solutions. For this pur-
pose, we consider counter-diffusion of 1=H*, 2=Cl~, 3=Ba**
between the two compartments; see Fig. 8a. We assume
that each of the two compartments is well mixed and the
concentration gradients are restricted to the thickness of
the porous diaphragm separating the two compartments.
Initially, the left compartment contains HCl with a concen-
tration of 0.04 molL~1; the right compartment contains BaCl,
with a concentration of 0.02molL-!. In 3-dimensional vec-
tor notation, the initial concentrations in the left and right
compartments are (1=H*, 2=Cl"~, 3=Ba*")

0.04 0.0
(coy=1 0.04 |; (cro)=| 0.04 (16)
0 0.02

It is noteworthy, that there is no driving force for transport
of chloride ions across the porous membrane.

The transient equilibration process in the left
and right compartments (with volumes V, and inter-
facial area A) is described in matrix notation by
V(d(cr)/dt) =— V(d(cr)/dt) =— (N;)A. The molar flux N; is taken to
be positive if directed from left to right. At any instant of time,
t, we have V(d(cp))/dt =— [D]((cL — Ceq)/8)A where § is the effective
thickness of the diffusion layer. We define a cell constant
B=(As/V), and write (d(cL)/dt) =— B[D](cL — Ceq)- If the diffusivity
matrix is considered constant for a short discretized interval
of time, this matrix differential equation may be integrated
to obtain

(cr — Ceq) = exp[—B[D]t](cLo — Ceq) (17)
0.02

where the vector (ceq) = (Cm—gicm) = | 0.04 |.An analogous
0.01

expression holds for the right compartment. In our calcula-
tions, we take $=10*m~2. The Sylvester theorem, detailed
in Appendix A of (Taylor and Krishna, 1993) is required
for explicit determination of the transient equilibration tra-
jectories described by Eq. (17); the calculations are easily
implemented in MathCad 15; see Supplementary material.
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Fig. 8 - (a) Schematic showing counter-diffusion between
two well-mixed compartments. (b) Simulations of transient
counter-diffusion of H*, Ba**, and Cl~ between two
well-mixed compartments. (c) Equilibration trajectories
plotted in composition space.

The composition trajectories in the left and right compart-
ments during transient equilibration are presented in Fig. 8b.
The diffusion equilibration of H*, and Ba** proceeds in a
“normal” manner, i.e. the transport is from higher to lower
concentration regions with exponential decay. The equilibra-
tion of chloride ions is remarkable in that a concentration
overshoot is experienced in the right compartment with con-
comitant undershoot in the left compartment. Let us explain
the concentration overshoot in physical terms. The more
mobile H* rapidly diffuses into the right compartment; this
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Fig. 9 - Simulations of experiments shown in Fig. 6, for the
transient equilibration of H*, Na*, and Cs* in the salt and
acid compartments that are separated by a Nafion cation
exchange membrane. The simulation details are provided
in the Supplementary material.

creates an excess of positive charge. The necessity of main-
taining electro-neutrality demands the presence of Cl~ that
gets transported from left to right in order to negate the charge
imbalance. The trans-membrane transport of C1~ occurs even
though its ion concentrations are the same in the two com-
partments; this is because of electro-static coupling. It is also
interesting to note that the equilibration process follows ser-
pentine trajectories in composition space; see Fig. 8c.

The simulations of experiments shown in Fig. 6, for the
transient equilibration of H*, Na*, and Cs™ in the salt and acid
compartments that are separated by a Nafion cation exchange
membrane proceeds along similar lines as in the foregoing
example. In this case, however, the SOZ* ions cannot trans-
fer across the membrane and its flux must be constrained
to zero; the simulation results are presented in Fig. 9. The
overshoots in Cs* concentration during the early stages of the
transience are essentially captured in the simulations. Other
experimental evidence is also available for transient over-
shoots for ion transport across cation exchange membranes
(Neihof and Sollner, 1957; Sodaye et al., 2006).

4. Asymmetry in forward/reverse
ion-exchange: diffusion resistance outside the
IEX particle

We examine forward and reverse ion exchange for the situ-
ation in which the transfer resistance is located external to
the particle; specifically, we seek to rationalize the asymmetry
observed in Fig. 3 for forward/reverse H*(1)/Na*(2) exchanges.
We rationalize these experiments using the penetration model
for transfer of ions from the resin phase (left compartment
in Fig. 10a) into the bulk electrolyte (right compartment in
Fig. 10a). The exclusion of the chloride ions (species 3) from
the IEX particles implies

aC3 F 0@ . ocs F 0
N3—*D387*C32393ﬁ§—0, 372—*(33 3ﬁ87
anion exclusion from IEX (18)

Exclusion of the chloride ions from the ion exchanger
particle does not imply that the concentration gradient of

chloride ion vanishes; the concentration gradient of chloride
ion must balance the electrostatic potential gradient. Combin-
ing Egs. (8) and (18) with the electro-neutrality and no-current
prescriptions leads to the following expressions for effec-
tive diffusivities, D (defined as in Eq. (1)), of the univalent
counter-ions H* and Na* (Smith and Dranoff, 1964; Turner
and Snowdon, 1968) (detailed derivations are provided in the
Supplementary material)

Dlyeff _ |: 2(C1 + Cz) 2(C1 + C2) (19)

- + 20 ’ 2eff = N + o + 201
D, b,

The IEX resin phase is maintained at a constant concen-
tration ;o by through-flow of the resin particles in the left
compartment. We focus on the transient equilibration in the
right compartment, z > 0; the transient development of con-
centrations of the ions in the right compartment is described
by the following expression

ci(z, t) = ¢jro +erf —Guo); 1=12 (20)

4
T = (Ci,RO
A /4Di,efft

where the effective ionic diffusivities D; . are given by Eq. (19).

For the Scenario 1: exchange H* within the ion exchange
resin with Na* from the bulk electrolyte outside the IEX parti-
cle we use the following set of conditions:

AL o (). scenarios
cLo) = . (cro) = : Scenario
ro 0.01 RO 0.00

For the Scenario 2: exchange Na* within the ion exchange
bead with H* from the bulk electrolyte outside the IEX particle
we use the following set of conditions:

- (Y oo °° scenarion
o) = i (cro) = ;  Scenario
ro 0.0 RO 0.01

It is to be noted that in the step-wise numerical procedure
used (details provided in the Supplementary material), the cal-
culations of the effective diffusivities are constantly updated
and evaluated at the concentrations at the previous time step.

Fig. 10b shows the ionic concentration profiles for the sce-
nario 1: exchanging H* within the ion exchange resin with
Na* from the bulk solution. The fast motion of H* away from
the particle into the bulk liquid engenders a gradient d¢/dz
that effectively pushes the chloride ion away from the parti-
cle/solution interface. This is evidenced by the undershoot in
the chloride concentration near the particle/liquid interface.
Fig. 10c shows the ionic concentration profiles for the scenario
2: exchanging Na* within the ion exchange bead with H* from
the bulk solution. The fast motion of H* from the bulk liquid
towards the particle engenders a gradient 3¢/dz that effec-
tively pushes the chloride ion towards the particle/solution
interface. This is evidenced by the overshoot in the chloride
concentration near the particle/liquid interface.

Fig. 10d compares the equilibration trajectories; we note
that the ingress Na* into the liquid is faster than the ingress
of H*; this is in accord with the experiments of (Kraaijeveld
and Wesselingh, 1993a); cf. Fig. 3a.

The generalization of Eq. (19) for the general case of ions
with charges z; is
122 + o273 + €325 122 + ¢p72 + c322

o (egred) T uded) | of

2 1 2 1

Dy eff = (21)

12
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Fig. 10 - (a) Schematic showing forward and reverse H*/Na* exchange from ion exchange resin (left compartment) to bulk
electrolyte HCI/NaCl (right compartment). (b) Penetration model calculations for IEX particle loaded with H*. (c) Penetration
model calculations for IEX particle loaded with Na*. (d) Comparison of the transient equilibrations of H* and Na* in the two

scenarios shown in (b) and (c).

where the concentration of component 3 is restrained by
electro-neutrality

€121 + CpZy = —C32z3; electroneutrality constraint (22)

The limiting values of the effective diffusivities:

C1 — 0, Dl,eff — D1 (23)
cp — 0; D2’eﬁr i D2

are counter-intuitive because the limiting D; . values equal
the value of the ion-diffusivity of the component that
is present in the smaller concentration. The use of Eq.
(21) helps to rationalize the asymmetry in observed in
Fig. 3b for H*/Ca** exchanges limited by “film” diffusion; see
Figs. S20, S21, and S22 of Supplementary material.

5. Asymmetry in forward/reverse
ion-exchange: diffusion resistance inside the
IEX particle

We now turn our attention to forward/reverse exchanges in
which the diffusion resistance is located within the parti-
cle. Let us assume that the total concentration of negative
charges inside the matrix is cgyeq, €Xpressed say as mole
equivalent per volume. Typically, the concentration of fixed

negative charges is in the range of 1-4molL~! (Wesselingh
and Krishna, 2000); this value is considerably higher than the
molar concentrations of ions in the bulk electrolyte solutions
surrounding the particle. The concentration of counter ions
within the particle must balance cgyeq and therefore we have
Z::lzici = Chxed Where m is the total number of counter-ions.
The quantity (zic;)/caxeq =X; is the ionic equivalent fraction.
The ionic equivalent fractions of the m counter ions sum to
unity Z::lXi = 1. The flux relations for m counter-ions in IEX
resin can be written as

F 00

0X;
ZN; = _CﬁxedDiTZl ~ CieaXiZiDipz =

The fluxes are defined in a reference frame with respect to
the IEX particle. The corrective action of the induced potential
gradient 09/0z is mainly directed against the species that is
present in the higher equivalent fraction X;.

It is convenient to define an (m — 1) x (m — 1) dimensional
square matrix [Dgg] (Jones and Carta, 1993; Rodriguez et al,,
1998; Yoshida and Kataoka, 1987)

m-1
X .
ZiN; = _cﬁXEdZDik,EffE; 1=1,2,.m-1 (25)
k=1
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The elements of [Dg] can be derived by applying the
no-current » " zN; = 0 and electro-neutrality Z;ilzi%i =0

constraints for intra-particle diffusion; the result is

(XiziD;)

M XizD;
Zj:l g
For binary cation exchange, there is only one independent

flux, N1, and one effective diffusivity, Dgg. Egs. (24)-(26) sim-
plify to yield (Helfferich, 1983):

Dig.eff = Didi — (D — Dm) (26)

X121 + X222

0X1
21N1 = ~22N2 = ~CaxeaDeff =~ Defr = (27)

Eqg. (27) is to be contrasted with the corresponding equa-
tions for the effective ionic diffusivities in the bulk electrolyte
liquid, Eq. (21). The differences arise because the negative
charges within the IEX particle are immobile and therefore
electro-neutrality can only be maintained if both the effec-
tive diffusivities of the counter-ions are identical. For bulk
electrolytes, the flux of the chloride ion is zero, but its con-
centration gradient adjusts itself in such a manner as to
counteract the influence of the electrostatic potential gradi-
ent; see Eq. (18).

Eqg. (27) is a remarkable result because the limiting values
are:

X1 — 0; Deff — Dl;

(28)
Xg — 0; Def — D2

In other words, the effective intra-particle diffusivity is
closer in magnitude to the diffusivity of the ion that is present
in the smaller quantity. Helfferich, perhaps the most influen-
tial researcher in ion exchange, has termed this the “minority
rule”. To quote (Helfferich, 1983): binary interdiffusion is not a
democratic process but, in the parlance of the activist 1960’s, is ruled
by a participating minority!

We can use Eq. (27) for quantitative modelling of the exper-
iments in Fig. 4. For an IEX particle of radius rc, the transient
equilibration in terms of ionic equivalent fractions is described
by the classic Geddes model (Geddes, 1946)

Z(t) = Xi,r:rc + Qi(Xi.O - Xi,r:rc);
oo
_6 1 2 oDegt| .
Q:jrzz;mzexp[—mnrcz ; 1=1,2 (29)
m=

In Eq. (29), the X;(t) are radial-averaged equivalent frac-
tions, along direct comparison with the experimental results.
The computational details of the numerical implementation
are provided in the Supplementary material. The continuous
solid lines in Fig. 4a and b are the simulation results. The
asymmetry in the forward and reverse exchanges in the two
experimental sets are properly captured by the combination
of Egs. (27) and (29). In both cases, the equilibration is signif-
icantly faster when the IEX is initially loaded with the more
mobile H*. A qualitative rationalization of the experimental
data is provided by the minority rule. To rationalize the
asymmetry, the calculations of the effective diffusivities for
the forward and reverse H*/Ca** exchanges are shown in
Fig. 11. The desorption of H* is a faster process because
D progressively increases during equilibration. Conversely,
the desorption of Ca** is a slower process because Deg

10

[e2]

2  — IEX nitially loaded with H"
— IEX initially loaded with Ca™

Effective diffusivity, (D, /r,%) /107 s™

0||||I||||I||||I||||I||||I

0 1 2 3 4 5
time, t/ min

Fig. 11 - Effective diffusivities for the forward and reverse
H*/Ca** exchanges exchange in zirconium (IV)
aluminophosphate cation exchanger particle.

progressively decreases during equilibration. The agreement
of the Nernst-Planck model with the experimental results
is remarkably good; similar good agreement is obtained
for the simulations of the experimental data of (Varshney
and Pandith, 1999) for forward/reverse H*/Li*, H*/Mg** and
H*/Sr** exchanges; see Fig. S28 of Supplementary material.

For uptake of ternary counter-cations H*/Na*/Zn** in
DOWEX 50WX10, the transfer fluxes are described by a square
2-dimensional matrix of effective diffusivities; see Eq. (26).
This implies that the diffusion flux of any ion is also cou-
pled to the driving forces of the other counter-ions within
the particle. The diffusional coupling effects cause uphill ion
diffusion and overshoots during transient uptake. Analogous
transient overshoots in microporous and mesoporous mate-
rials are observed in a variety of non-ionic systems but in
these cases the origins of the overshoots can be traced to
coupled mixture adsorption thermodynamics (Krishna, 2015a,
2016a,b,c).

The continuous solid lines in Fig. 5a and b are the tran-
sient equilibration of radial-averaged equivalent fractions
X;(t), obtained by incorporation of Eq. (26) into the Geddes
model for transient uptake into a spherical IEX particle. The
overshoot in the uptake of Na* observed in the experiments
of (Yoshida and Kataoka, 1987) is properly captured by the
simulations; the input data for the ionic diffusivities inside
the pores of the ion exchanger are taken from Table III of
their paper. The rapid efflux of H* causes steep electrostatic
potential gradients to develop during the early stages of the
transience (see Fig. S38 of Supplementary material). The steep
gradients d®/dr serve to enhance the influx of Na*, causing
supra-equilibrium loadings to be achieved.

For the reverse exchange process in which the particle is
loaded with Na*/Zn** and is replaced H*; the simulations do
not show any overshoots, in good agreement with experimen-
tal data; see Fig. 5b.

In Fig. 12, the trajectories followed during transient equi-
libration of the forward and reverse H*/Na*/Zn** exchanges
are plotted in ternary composition space. It is noteworthy that
the two equilibration trajectories follow completely different
paths.

A total of seven different experimental campaigns of
(Yoshida and Kataoka, 1987) for forward/reverse H*/Na*/Zn**
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Fig. 12 - The experimental data on H*/Na*/Zn** exchange within DOWEX 50WX10, along with the simulation results are

plotted in ternary composition (equivalent fractions X;) space.

exchanges in DOWEX 50WX8, DIAION SK116, and DOWEX
50WX10 IEX particles were simulated with good accuracy
using the same approach as in the foregoing example; the
results are available in Figs. S32-S38 of the Supplemen-
tary material. In all cases transient overshoots are properly
captured by the Nernst-Planck model.

6. Conclusions

The following conclusions can be drawn on the basis of
detailed analyses of experimental data on ionic diffusion.

(1) For ionic diffusion, an electro-static potential gradient
ziF(0®/3z) is engendered due to the requirements of
electro-neutrality and the no-current prescription. This
additional potential gradient serves to either accelerate
or decelerate an ionic species, depending on the species
charge and operating conditions.

(2) For diffusion in both bulk electrolyte solutions and within
ion-exchange particles, transient overshoots and uphill
diffusion are often encountered.

(3) Forward and reverse ion exchange processes are almost
invariably asymmetric in nature and proceed at different
rates. When the diffusion resistance is within the particle,
the Helfferich minority rule applies for binary exchanges:
the effective diffusivity is closer in magnitude to the ionic
diffusivity of the component that is present in smaller
quantity. The minority rule is the root cause of the asym-
metry in the forward and reverse exchange rates.

(4) For uptake of ternary cations, the equilibration trajecto-
ries in ternary composition space follow entirely different
paths.

(5) The Nernst-Planck equations allow all the essential char-
acteristics of ionic diffusion to be essentially captured
in the wide variety of processes that are analyzed. For
all of the examples discussed in this article analytic, or

semi-analytic, solutions to the Nernst-Planck equations
have been used.

Appendix A. Supplementary data

Supplementary material related to this article can be found,
in the online version, at doi:10.1016/j.cherd.2016.08.009.
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1. Preamble

This Supplementary material accompanying the article Highlighting Coupling Effects in lonic
Diffusion provides details of (a) derivations of the Nernst-Planck equations starting from the Maxwell-
Stefan equations, (b) some background information and insights on diffusivities, (d) calculation of
effective diffusivities, (¢) simulations of transient diffusion of ions across membranes, and within ion-
exchanger particles, and (f) all input data used in the simulations of transient diffusion.

All the calculations and simulations were performed using MathCad 15.' The printouts of the
MathCad files used in the calculations are at the end of this document.

For ease of reading, this Supplementary material is written as a stand-alone document; as a

consequence, there is some overlap of material with the main manuscript.

2. The Maxwell-Stefan diffusion formulation for ionic diffusion
For diffusion in n-component fluid mixtures consisting of neutral, uncharged species, the Maxwell-
Stefan (M-S) equations® > are normally written as

IRV - xo e —uy)
RT oz —Z i=12,...n (1)

J=1 i

J#i

In equation (1), u; is the velocity of species 7 in a laboratory fixed reference frame, and Dj is the
diffusivity of i-j pair in the n-component mixture. The M-S formulation is essentially a friction
formulation, and Dj; is to be interpreted as the inverse drag coefficient for the i-j pair. The Onsager

reciprocal relations demand the symmetry constraint

b.=D_; i=12,...n (2)

N =cu; i=12,...n (3)
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where ¢; is the molar concentration of species i. The total molar concentration of the mixture is
(=Y )
i=1

A wide variety of processes of importance in the process industries involve the transport of ionic
species in bulk electrolyte liquid mixtures, within charged particles, and across charged membranes.
Examples include electrolysis, electrodialysis, ion exchange, and fuel cells.*” For design and
development of such processes, it is essential to have adequate models to describe the transport fluxes.
For transport of ionic species in electrolyte solutions, we need to consider as an additional driving force,

expressed in Joules per mole of mixture, caused by the electrostatic potential gradient
F=—2F— (5)

where z; is the ionic charge of species i and F is the Faraday constant. Except in regions close to
electrode surfaces, where there will be charge separation (the double layer phenomena), the condition of

electro-neutrality is met
Z c;z; =0; electroneutrality constraint (6)
i=1

and therefore
chFk = ZCkzk Fai):o (7
k-1 k=1 0z

Adding the contribution of the external forces, described by equation (5), to the left member of
equation (1) yields

) ) nox.x.\u.—u.
S oM B 0P ,(—,) i=12,..n (8)
RT oz RT 0z 1 b.

J ij
Jj#i

#i

It is convenient to define a generalized driving force
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d Ei%m 1152 ©)
RT 0Oz RT 0z

The second law of thermodynamics demands that the rate of entropy production be positive definite'

no XX‘(M —Uu.

a=gard 3 L

i=l j=l !/

1 >0 (10)

The division by 2 is required because of the application of the Onsager reciprocal relations (2).

The second law constraint does not require each of the pair M-S diffusivities to be positive definite.
Indeed, Kraaijeveld and Wesselingh'' experimental evidence to suggest that cation-cation diffusivities
could assume negative values without violation of the second law of thermodynamics. For molten salt
mixtures LiF-BeF,, the MD simulation data of Chakraborty'”> show negative values of the ion pair
diffusivities, without violation of the second law constraint (10).

Written in terms of the fluxes, N, = c,u,, we may re-write equation (8) as

X, Ol F aq)_z":xjNi_xth.

Xz, — i=L2,...n (11)
RT oz RT oz

The total current carried by the electrolyte is FZ z,N, . In many chemical process applications such as
i=1

ion exchange, no external electrical field is imposed on the system, and also there is no flow of current,

ie.
ZZN Zc, zu, =0; no current prescription (12)

For aqueous electrolyte solutions, the ntz component is usually taken to be water, that is often

considered to be stagnant, i.e.

u, =0; N, =0; stagnantsolvent water prescription (13)
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3. Ion-water and ion-ion Maxwell-Stefan diffusivities

Let us first consider ion-water diffusivities. Figure 1 presents a comparison of cation-water and anion-
water diffusivities for various electrolyte systems at 293 K. The decrease in the diffusivities for salt
concentration above about 1 mol L' is mainly due to increased viscosity of the solution. The H" and
OH™ have considerably higher mobilities than other ions in solution. Wesselingh and Krishna® provide
the following explanation: “These ions propagate through water by “bumping off” new ions from the
other side of the water molecule”.

Let us now compare cation-water, anion-water, and cation-anion diffusivity values. As illustration, let
us consider diffusion in an aqueous solution of HSOy; the transport properties for this system have been
collected by Umino and Newman.'? The system consists of three species: H (= 1), SO4 (= 2) and
H,O (= 3). The charges are z; = 1, z; = -2 and z3 = 0. Let cysos represent the concentration of the

electrolyte in the aqueous solution and c3 the molar concentration of water. The concentrations of the

ions are ¢, =2Cuy5045 €y = Chason and the corresponding mole  fractions  are

_ 2cups04 . Y. = CH2504

X =3 DX =3 :
Crasos TC3 Crasos T3

Equation (1) can be written explicitly for the ionic species in the system as follows

_iaﬂl .z F a;():xlxz(ul_“2)4_)‘1)‘3(“1_“3)
RT oz ~"'RT &z p3) p3)
12 13 (14)
o F 00 xox(w,—u)  xoxi(u, —u)
RT &z ~*’RT oz b, b,,

The values of the three Maxwell-Stefan diffusivities D3, P,3 and P, as function of the sulphuric acid
concentration are shown in Figure 2. The diffusivity of H' ion in water, Py3 , is about ten times higher
than that of the SO4> ion, P,;. However, due to the requirement of electro-neutrality (6), an electric
field @ is set up, called the diffusion potential, which tends to slow down the H' ions and accelerate the

SO42' ions so that they move in unison. The effective Maxwell-Stefan diffusivity of H,SOj4, considered

as a whole, can be defined by
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1 Opys04 _ xs(”H2S04 _”3) (15)
RT oz D504

where the chemical potential of HySOy is

Hirasos = 2y + (D g, (16)

in which the individual ionic chemical potentials have been multiplied by the corresponding
stoichiometric coefficients for the H™ and SO,> ions respectively. Combining equations (14) - (16)

allows us to obtain the following expression for the Maxwell-Stefan diffusivity Duasos

D _ BI3B23(ZI _Zz) (17)

H2504
21Dy —z2,D),

whose value lies between D3 and D,3; see Figure 2.

At a concentration of 0.1 mol L™, the diffusivity values are

b, =0.03x107°

By, =9.63x107 -
b,, =1.08x10~’

Byasos =2-63x107

It is interesting to note that the diffusivity of the neutral electrolyte D,,,,, 1s closer to the diffusivity
of the tardier SO4> ion in water, D,,, than that of the more mobile H' in water, D;.

Figure 3 presents the data on Maxwell-Stefan diffusivities in aqueous NaCl system: Na" (= 1), Cl" (=
2) and H,0 (= 3).® In this case, the diffusivity of the cation in water, D,; 1s lower than that of the anion
in water, D, .

We also note from equation (17) that the ion-ion interaction coefficient Pj, (i.e. plus-minus
diffusivities) has no influence on the diffusivity of the neutral electrolyte. The values of P,,, which

represents the long-range cation - anion interaction, are typically one or two orders of magnitude lower

than the ion-water diffusivities (cf. Figure 2) and vanish as the concentration approaches zero with a
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Je dependence in accordance with Debye-Hiickel-Onsager theory for ion-ion interactions in dilute
solution; see Newman.’

A series of cation-anion diffusivities, Dy, is plotted in Figure 4. For all species, the diffusivity
increases approximately with the square root of the salt concentration. The diffusivities increase
strongly with increasing charge numbers. Interactions between pairs of ions with the same charge
numbers are almost identical.

Let us now examine the relative importance of the contributions of the two frictional terms on the
right members of equation (14).

For hydrogen ion H' in aqueous sulphuric acid solutions, the relative friction experienced with the

sulphate ions to that with water is M; similarly for the sulphate ion SO, the relative friction
X3/ D3
. . . ) . (x,/By,) .
experienced with the hydrogen ion to that with water is m These relative values have been
Xy I D3

calculated using the data of Umino and Newman'? and presented in Figure 5.
We see that for electrolyte concentrations smaller than about 0.01 mol L™, the cation-anion friction is
less than 20% of the ion - water friction and the first right members of eq. (14) can be ignored giving for

ionic species i
Nz—D—‘—'—cAz.D—T—-i-cAu ; i=12,...n-1 (18)

where the D; in equation (18) are the ionic diffusivities. The three contributions to the molar flux of
ionic species i are usually termed “diffusion”, “migration” and “convection”.
The species n is usually water, that is usually present in significantly large proportions, and can often

be considered stagnant, N, =c,u, =0. The ion-water diffusivities are practically independent of

electrolyte concentration for dilute solutions (cf. Figure 1). For dilute aqueous solutions of electrolytes,

¢, Ol Oc, ) .
S O % With these assumptions and

the activity coefficients are approximately unity, so
RT 0z Oz
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simplifications, equations (18) reduce to the Nernst-Planck equation for the flux of individual ionic

species
N=-5% ¢zp P is12 a1 (19)
0z RT 0z

4. Effective ion diffusivities calculated from the Nernst-Planck equations
Combining equations (12), and (19), we obtain the following expression for the diffusion potential

that is engendered due to ionic diffusion

! oc
z, D, —*
oD ; ' a

= - 20
. ”
RT S

Inserting equation (20) for the diffusion potential into equation (19) we obtain

n—1
N=-p %y CEB § o p G 1 o (21)

'Oz z ZD k=1

Jj=1

The requirement of electro-neutrality places a constraint on the ionic concentration gradients

— Oc, . .
z.—-=0; electroneutrality constraint (22)

i
z

This means that the (n-1)th gradient can be eliminated

X2 Oc, oc . .
z,—t=—z ,—L; electroneutrality constraint (23)

1

= A 0z

Combining equations (12), (19), and (23) we obtain the following expression for the diffusion

potential that is engendered due to ionic diffusion

= oc oc =2 oc
z P, k4 p b z (P, -P )~
aq) B ; k~k 52 n—-1"n-1 az B ; k( k n—l) aZ 24
oz F & - P 0
—ZC.Z?D —Ne.z’D
RT = JJ RT = JJ
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Inserting equation (24) for the diffusion potential into equation (19) we obtain

2
N'z_Blﬁ_c Z ac"; i=12,..n-2 (25)

’ ' Oz Zl — 62

j=1

Equation (25) can be conveniently cast into (rn-2) dimensional matrix notation

(v)=-4p)2) 26)

The elements of the (n-2)x(n-2) dimensional square matrix are

CiZiZkDi (Dk — Dn—l)

n—1

2
Zc_/sz
Jj=1

Dik = Di5ik -

: ik=12,..n-2 27)

where o, is the Kronecker delta. The second member of the right of equation (27) quantifies the

electrostatic “leash” that serves to enhance, or diminish, the ionic mobilities. Whether an ion is
accelerated or decelerated depends on the species charges, z;, and whether we have co-diffusion or
counter-diffusion.

The elements of the matrix [D] are strongly concentration dependent; the off-diagonal elements are

non-zero, i.e. ionic diffusion is always coupled even for dilute solutions.

5. Simulation of Vinograd-McBain experiments

To illustrate diffusional coupling effects, consider the experimental results of Vinograd and McBain'*
in a two-compartment diffusion cell, shown schematically in Figure 6. Diffusion takes place through the
pores of a sintered glass disk that separate the two compartments. Each of the two compartments is
well-mixed, and the concentration gradients are restricted to disk thickness, 6. The bottom compartment
contains pure water while the top compartment contains a mixture of aqueous solutions of HCl and
BaCl,. Let cycr and cpaciz denote the molar concentrations, expressed in mol L' of solution. Total
ionization takes place and the system is a quaternary mixture: 1 = H", 2 =CI, 3 =Ba"", 4 = H,0. The

concentrations of ions are: cy:+= Cucl; CBat+ = CBacl2; Ccl= (cucl + 2 cpac2). In one set of experiments
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reported by Vinograd and McBain,"

the ratio of the concentrations cyci/cgacz Was varied. By
monitoring the concentrations of the three ionic species as a function of time, Vinograd and McBain'*

obtained the effective ionic diffusivities Dj.r for H', CI" and Ba*". The experimentally observed ionic

diffusivities are shown in Figure 6 as function of the square root of the ratio of the initial ionic

concentrations of H" and Ba®" in the top compartment \/cHCI [Chaci = \/cH+ /Cpar, - With increasing

values of /¢y, /Cp,.. » it is observed that both Dy and Dg,++ decrease while Dy. increases. At the start

of the diffusion process, the highly mobile H" diffuses ahead of its companion ions into the pure water
compartment, creating an excess of positive charge. This induces a diffusion potential 6®/dz which
acts in such a way as to comply with the no-current and electro-neutrality prescriptions. The
consequence is that the Cl” experiences an extra electrostatic “pull”, enhancing its effective diffusivity
value. The electrical potential gradient also serves to retard the motion of the positive ions H and Ba'™"

or in other words these ions experience a “push” in a direction opposite to that dictated by their
composition gradient driving forces. For 4/c,,, /... =2, the electrostatic “push” on Ba'" is such as to
result in a vanishing value for Dga+. The continuous solid lines in Figure 6 are the calculations of the

effective diffusivities

— N[
e = e
_ 1

o

D (28)
wherein the fluxes are determined from Equation (25).
The values of the effective diffusivities D; ¢ for H', C1" and Ba™ can be determined explicitly from

equations (26) and (27) by approximating the concentration gradients —% :%; i=12,.n-1.
z

The concentrations c;, correspond to those in the top well-stirred compartment.

Clo = Chars Cao = Cuar T 2Cpic125 C30 = Cracr
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In the bottom compartment, we have pure water; all the ionic concentrations are zero c,; = 0.We use
the ionic diffusivities provided in Example 2.4.2 of Taylor and Krishna:"

D, =93x107; P,=2x107; D, =0.85x10" m*s’.

The continuous solid lines in Figure 6 are the calculations using equations (26), (27), and (28). The
elements of the matrix [D] are determined at the average concentration in the top and bottom
compartments; this allows explicit evaluation of the fluxes and the effective ionic diffusivities. The
essential diffusion characteristics for the HCl/BaCl,/H,O mixture are properly captured by the analytic

solution to the Nernst-Planck equation.
The Nernst-Planck model calculations anticipate negative values of Dgay+ for /¢y, /Cp, > 2 due to a

strong electrostatic “push”; see Figure 6. Negative effective diffusivities signal the possibility of uphill
diffusion for Ba*".

Figure 7 compares the experimental data of Vinograd and McBain'* for ionic diffusivities of H", K,
and CI in a two-compartment diffusion cell with the calculations using equations (26), (27), and (28).
We use the ionic diffusivities'® (1=H", 2 =CI, 3 =K)

P, =93x10"; P, =2x10"; D, =2x10" m’s".

In this case, the CI is accelerated, while both cations H', and K" are retarded due to the electrostatic
leash. The essential diffusion characteristics for the HCI/KCI/H,O mixture are properly captured by the
analytic solution to the Nernst-Planck equation.

The calculations presented in Figure 6 and Figure 7 are for steady-state conditions. The influence of
electrostatic coupling effects are also clearly demonstrated by transient diffusion calculations for a
diffusion “couple” as described by Krishna.> A HCl/BaCl,/H,O electrolyte mixture, maintained at
constant composition (0.02 mol L™ HCI; 0.01 mol L' BaCl) is brought into contact with liquid water at
time ¢ = 0. The transient development of concentrations of the ions in the Left and Right compartments

(denoted by subscripts L and R) is described by the matrix equation
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(c(z,0)= €10 er €ro) + erf{ z [D]”z}_(czeo ; Cro) 29)

The matrix of diffusivities [D] is given by equation (27). The Sylvester theorem, detailed in Appendix

A of Taylor and Krishna,"® is required for explicit determination of the 3-dimensional square matrix

(0] E-l0] |

For the case of three distinct eigenvalues, A,, 4,, and A, of the 3-dimensional square matrix [D] , the

Sylvester theorem yields

o] LA NPI=4 D)= Al

(/11 - /12 )(’11 - /13 ) (30)
S )ID)-AP]- 4[], f()ID)-4[1IID)-2,[7]]
(/12 _21 )(/12 _23) (23 _ﬂ’l )(/13 _ﬂz)

In equation (30), [7] is the identity matrix with elements &, . The functions f(4,) are calculated from

()= erf{ﬁﬂi } (31)

Figure 8a shows the transient development of the concentrations of H', CI" and Ba™". The

concentration profiles are presented as a function of a distance coordinate { ] where the

z
V4D, .t
reference value of the scalar diffusivity D, =10 m’ s'. Due to the higher mobility of H, it

penetrates deep into the aqueous phase in the Right compartment. The electrostatic potential gradient

serves to retard the mobility of H', while enhance the mobility of CI. We note that the penetration of

H" and CI" goes hand-in-hand, for { \/%] > 1, in order to maintain electroneutrality. The
t
ref

requirement of electroneutrality also serves to retard the motion of the tardiest Ba™ . The penetration of

Ba'"" into the right compartment lags far behind that of the co-ions H", and CI".
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Figure 8b presents the results for transient co-diffusion of H',NO;, Na", and CI. A bulk HNO3/NaCl
electrolyte solution, maintained at constant composition (0.1 mol L™ HNOs; 0.1 mol L™ NaCl) in the
Left compartment, is brought into contact with NaCl solution (also of concentration 0.1 mol L) in the
Right compartment at time ¢t = 0. There is no concentration driving force for either Na', or CI.
However, due to electrostatic coupling, we note that Na', and CI undergo overshoots, and undershoots
during the transient diffusion process. Due to the rapid diffusion of H' into the right compartment, there
is a charge imbalance. This causes Cl" to diffuse into the right compartment to maintain electro-
neutrality, causing an overshoot. Concomitantly, the Na" diffuses into the left compartment to maintain
electro-neutrality. A further noteworthy point is that the penetration of H' into the right compartment

lags slightly behind the penetration of NO;'.

6. Taylor dispersion of mixed ions for laminar flow in a circular tube
A different demonstration of coupling effects in ionic diffusion is provided by consideration of Taylor

dispersion in a tube. For laminar flow in a circular tube of length L, and radius R the concentration

development following the (Dirac delta) o-pulse injection of a tracer of a binary mixture with Fick

diffusivity D is
2
oM (Louw) (32)
2p? u’R
2R e 4 t
48D 48D

In equation (32), M is the excess amount of component (moles) injected, above the concentration in
the flowing stream at the inlet. The details of the derivation are provided, for example, by Price'® and
Rutten;'” these authors also provide details of the extension of the model to multicomponent mixtures.

Following, Rutten,'” our Taylor dispersion calculations are for the following set of conditions:

Length of tube, L = 15 m;

Cross-sectional averaged velocity in tube, # = 0.01 ms™;

Radius of tube, R = 0.265 mm
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The liquid flowing through the tube consists of a mixture containing HCl (with a concentration of
0.01 mol L") and BaCl, (with a concentration of 0.01 mol L™). The diffusivity matrix [D] can be
calculated at this composition using equation (27). At time 7 = 0, a &pulse containing 10” moles of HCI
and 10" moles of BaCl, is injected; in terms of the ionic species, the Spulse contains 10” moles of H",
3x10™ moles of CI', and 10® moles of Ba™. The transient concentration at the exit of the tube (L = 15
m) is shown in Figure 9a. The undershoot in the H' concentration is due to the retarding influence of the
electrostatic leash as quantified by the second right member of equation (27).

Figure 9b presents the dispersion calculations in which the electrostatic leash is neglected and the

diffusivity matrix is calculated using D, = D, 5, . In this scenario, the undershoot in H" concentration

w

disappears.

7. Transient overshoots during counter-diffusion of mixed ions

We demonstrate the possibility of transient overshoots in counter-diffusion of mixed electrolyte
solutions. For this purpose, we consider counter-diffusion of 1 =H", 2 =CI’, 3 = Ba" between the two
compartments as shown in Figure 10. We assume that each of the two compartments is well mixed and
the concentration gradients are restricted to the thickness of the porous diaphragm separating the two
compartments. Initially, the left compartment contains HCI with a concentration of 0.04 mol L™; the
right compartment contains BaCl, with a concentration of 0.02 mol L. In 3-dimensional vector

notation, the initial concentrations in the left and right compartments are (1 =H",2=CI’,3=Ba"")

0.04 0.0
(c0)=|0.04]; (cp)=]0.04 (33)
0 0.02

It is noteworthy, that there is no driving force for transport of chloride ions across the porous
membrane.

The transient equilibration process in the left and right compartments (with volumes V, and interfacial

area A) is described in matrix notation by V’ dEIC;‘L) =-V dElCt ) =—(N,)4. The molar flux M; is taken to
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% - _[D](CL;CW)A

be positive if directed from left to right. At any instant of time, ¢, we have V' 5

where 0 is the effective thickness of the diffusion layer. We define a cell constant S = A75 , and write

d_EZL) = —ﬂ[D](cL — ceq). If the diffusivity matrix is considered constant for a short discretized interval

of time, this matrix differential equation may be integrated to obtain

(CL —Cy )= exp[— ﬂ[D][](CLO ~Cy ) (34)

0.02
(ceq): (CLLCRO) =|0.04 |. An analogous expression holds for the right compartment..
0.01

where the vector

In our calculations, we take 8 =10* m™. The square matrix [Q] = exp[— ,B[D]t] quantifies the transient
departure from equilibrium. The Sylvester theorem, detailed in Appendix A of Taylor and Krishna,' is
required for explicit determination of [Q] = exp[— p [D]t] .

For the case of three distinct eigenvalues, 4,, 4,, and A, of the 3-dimensional square matrix [D], the

Sylvester theorem yields

_ SGJDl-A[P]- 4],

[Q] B (/11 - ﬂz )(/11 - /13 ) (35)
S P-4 lID]- 4[], £ (2 )ID]-4[1]l[D]-2,[]]
(/12 _/11 )(/12 _13) (13 _/11 )(13 _/12)

In equation (35), [I ] is the identity matrix with elements J,, . The functions f (ﬁ,l.) are calculated from

f(4)=expl-pA] (36)

The elements of the matrix [D] are determined at the average concentration in the left and right
compartments at any instant of time. In other words, the solution to the matrix equation (34) is carried
out in time-discretized form. By choosing sufficiently small time intervals, sufficiently good accuracy in

the calculations is achieved.
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The composition trajectories in the left and right compartments during transient equilibration are
presented in Figure 10. The diffusion equilibration of H', and Ba™" proceeds in a “normal” manner, i.e.
the transport is from higher to lower concentration regions with exponential decay. The equilibration of
chloride 1ons is remarkable in that a concentration overshoot is experienced in the right compartment
with concomitant undershoot in the left compartment. Let us explain the concentration overshoot in
physical terms. The more mobile H' rapidly diffuses into the right compartment; this creates an excess
of positive charge. The necessity of maintaining electroneutrality demands the presence of CI that gets
transported from left to right in order to negate the charge imbalance.

The equilibration process follows serpentine trajectories in composition space.

Figure 11 presents the analogous results for counter-diffusion of H', K, and CI” between two well-
mixed compartments. The continuous solid lines are the calculations using equations (26), (27), and
(34). In this case too, the chloride ion experiences overshoot/undershoot characteristics, that

characterize uphill diffusion.”

8. Transient overshoots for permeation across cation exchange
membranes

There is experimental evidence of transient overshoots such as that demonstrated in Figures 10 and
11. Yang and Pintauro'® report an interesting set of experimental data for transient transport of H", Na”,
and Cs" ions across a Nafion cation exchange membrane separating the acid and salt compartments; see
Figure 12a. In the reported experiments, the initial concentrations are:

Left: salt compartment: Na,SO4 = 0.125 mol L! ; Cs2S04 = 0.0054 mol Lt

Right: acid compartment: H,SO4 = 0.125 mol Lt

The H' ions transfer from the acid to the salt compartment. Both Na’, and Cs" ions transfer from the

salt to the acid compartment. The SO4” ions cannot cross the membrane. Due to the significantly higher
. v . o . e .. 0D
mobility of the H' ions, there is a significant influence of the diffusion potential — that tends to

0z

influence the mobility of the Na", and Cs’ ions during the initial stages of the transience. Since the
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concentration driving force of Cs” ions is very small, the initial transience is strongly dictated by the
cop ., 0D . . . . e +
diffusion potential . ; this results in the observed overshoot in the transient equilibration of Cs . Yang
4

and Pintauro'® present a detailed simulation model for the experiments. For our purposes here, we wish
to demonstrate that the overshoot in the transient equilibration of Cs' ions can be rationalized by a
simplified analytic solution of the Nernst-Planck equations using matrix calculus.

Assuming total ionization, the total ionic concentrations in the left and right compartments are (1 =
H',2=Na";3=Cs", 4=S0,%)

o =0; €y0=025 ¢y,,=0.0108 ¢, ,=0.1304
Cio =0.25; Cypy =0.0; €50 =0.0; €,pp =0.125

mol L

The equilibrated ionic concentrations are the arithmetic averages

cle‘] - 0125’ CZeq = 0125’ CZeq =0.0054 mol L_1

The cation exchange membrane prevents the transport of SO,> ions; and therefore the compositions in
the left and right compartments of SO,> ions will remain 0.1304 and 0.125, respectively. In order to
take account of the exclusion of SO42' ions from the matrix of the cation exchange membrane, we need

to impose the additional constraint for the (n-1)" species, i.e. the 4™ species.
N, =0 (37)

This implies that the no-current relation (12) must simplify to

z z,N, = Z c;zu, =0; no current prescription (38)

The expression for the electrostatic potential gradient also reduces to

n—2 80
w__ Z e
ey = (39)

The (n-2) non-zero flux relations are
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N, =-B,—4+ S50 N 2D 5 i=12,..n-2 (40)

We define a (n-2)x(n-2) dimensional square matrix

(ciZiBiZka )

n=2 2

2
ZCJZij
=1

D, =D5, - i,k=12,..n-2 (41)

The explicit expression for the (7-2) non-zero fluxes can be written in (n-2) dimensional matrix notation

(v)=-p12) “2)

The transient equilibration process in the left and right compartments is described by the (n-2)

0.125
dimensional matrix equations (34) where the vector (ceq)zwz 0.125 |, and g is the cell
0.0054

constant. The 3x3 dimensional square matrix exp[— ﬂ[D]t] quantifies the transient approach to

equilibrium. In our calculations, we take £ =2x10* m™, that is representative of the experimental set-
up. The Sylvester theorem, detailed in Appendix A of Taylor and Krishna," is required for explicit
determination of [Q] = exp[— ,B[D]t]. Equation (41) is used to determine the diffusivity matrix [D].

For simulations of the transient equilibration process, we use the ionic diffusivities provided in Table
3 of Yang and Pintauro'® (1=H",2=Na";3=Cs", 4= SO42')

D, =93x107; P, =133x10"°; D, =2.06x10"; D, =133x10" m*s™.

The elements of the matrix [D] are determined at the average concentration in the left and right
compartments at any instant of time. In other words, the solution to the matrix equation (34) is carried
out in time-discretized form. By choosing sufficiently small time intervals, a good accuracy in the
calculations is achieved. The simulation results, obtained by combination of equations (26), and (34),

and (41) are shown in Figure 12b. Our simple model is able to capture the overshoot in the transient
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equilibration of Cs" ions. The physical reasoning for the overshoot is as follows. The more mobile H"
ions vacate the right (acid) compartment rapidly. This creates a rapid reduction in the positive charge in
the right compartment. The SO4> are non-diffusing and cannot participate in redressing this charge
imbalance. Electroneutrality is restored by the enhanced influx of Na', and Cs* from the salt
compartment. Consequently, both Na', and Cs" get accelerated by electrostatic effects. The influence of
the second member of the right of equation (41) is relatively large for Cs' because its concentration
driving force is small.

The reasonably good match between model simulations and experiments is also indicative of the fact
that the transmembrane permeation fluxes are dictated by diffusion in the electrolyte solutions in either
compartment.

In Figure 13 the equilibration trajectories followed by H', Na', and Cs" in the salt and acid
compartments, plotted in composition space. In Figure 13a, the left compartment contains Na,SO4 and
Cs,S04 and the right compartment contains H,SO4. The undershoot and overshoot in Cs™ correspond to
the Yang-Pintauro experimental observations.

We also carried out simulations for a set of different concentrations in the left and right
compartments. The results are presented in Figure 13b for the scenario in which the left compartment
contains Na;SO4 and the right compartment contains H,SO4 and Cs,SOy; in this case no overshoot or
undershoot is experienced by Cs™ because it diffuses in the same direction as H'.

Transient overshoots for Cs'/Na" permeation across a cation-exchange membrane have been reported

1.19

by Sodaye et al.” These overshoots are most likely caused by a combination of electrostatic and

thermodynamic coupling effects.

9. Forward/Reverse Ion-Exchanges

Ion exchange is a sorption separation process that is carried out in fixed bed units in a transient
manner. Most commonly, the ion-exchange resins are solid gels, consisting of a polymeric matrix
produced by co-polymerization of styrene and a cross-linking agent, divinylbenzene, to produce a three-

dimensional cross-linked structure with ionic functional groups attached to the polymeric network.* As
S 20



illustration, Figure 14 shows a schematic showing an ion exchanger (IEX) particle with fixed HSOj3
charges. The liquid phase surrounding the particles consists of a bulk electrolyte solution e,g, HCI and
NaCl. The electrolytes are fully ionized and the bulk liquid phase contains H, Na', CI ions along with
unionized water molecules. The cation exchange particle is negative charged and disallows the influx of
CI ions; only the positively charged cations, called counter-ions, are allowed to enter or leave the
particle. If the styrene-divinylbenzene copolymer is chlormethylated and aminated, a strong-base,
anionic exchange resin is formed that contain fixed positive charges, RN".* In all of the examples
considered below, we consider cation-exchange resins only.

Experimentally, it has been found that loading Na " into the particle while removing H™ from particle,
occurs at a significantly different rate than loading H' into the particle while removing Na™ from
particle. In other words, the diffusion process is asymmetric.

Depending on the set of operating conditions used (concentration of ions in the bulk electrolyte), and
the properties (pore size of particles, intra-particle diffusivities), two scenarios for diffusion limitations
are possible: (a) the ion exchange process is limited by transfer from the bulk liquid phase to the
external surface of the particle, and (b) the ion exchange process is limited by intra-particle diffusion.
Generally speaking, for low concentrations of electrolytes in the bulk liquid, typically < 0.01 mol L™,
the exchange process is governed by the diffusion through the “film” surrounding the particle. For high
external concentrations, typically > 0.1 mol L™, the exchange process is governed by intra-particle
diffusion. Each of these scenarios needs to be analyzed and discussed separately because the physico-

chemical principles are different.

10. Asymmetry in Forward/Reverse lon-Exchange: Diffusional
limitation outside IEX particle

We first examine forward and reverse ion exchange for the situation in which the transfer resistance is
located external to the particle. The diffusion process is dictated by physico-chemical phenomena
external to the particle in the bulk liquid phase; the diffusion process was first analysed by Schlogl and

Helfferich.?® This directional influence of the diffusion potential is illustrated clearly by the experiments
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of Kraaijeveld and Wesselingh®' for external mass transfer limited ion exchange. Exchanging Na*
within the ion exchange bead with H™ from the bulk chloride solution proceeds at a significantly higher
rate than for the reverse exchange process; see Figure 15a. Figure 15b shows experimental data for
analogous asymmetry for H'/Ca"" exchanges.

Smith and Dranoff** also present experimental evidence of asymmetry in H/Na" exchange when
controlled by external mass transfer resistance.

The exclusion of the co-ions from the particle implies the condition N3 =0

ey
0z

F oo _ 0; % _ —C3Z4 162, anion exclusion from IEX (43)

N.=-P - =
’ ’ RT 0z Oz RT 0z

— 23D,

It is also important to stress that even though the flux of the chloride ion (species 3) is zero, because
of the exclusion from the ion exchanger particle, this does not imply that the concentration gradient of
chloride ion vanishes.

Combining equations (19) and (43) with the no-current prescription
z,N, +z,N, =0; no current prescription (44)

leads to the following explicit expressions for the ionic fluxes

oc,
N =-D  —t; i=12 45
i i,eff o ( )

where the effective ionic diffusivities are

oc czi+e,zi+c.z2
_ 1. _ Y14 242 343
Nl __Dl,eﬁ' P > Dl,eﬁ' - 2 ( 2 2) (46)
z ¢,z N C,Z5 +C52Z;5
Dz Dl
and
oc ¢zl +c,z2 4+ izt
_ 2. R 242 343
Nz - _D2,eﬁ' a > D2,e/f - ( 2 2) 2 (47)
z C,zZy + ¢z, N C,2,

b, D,

where the concentration of component 3 is restrained by electro-neutrality
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¢z, +¢,z, =—c;z,; electroneutrality constraint (48)

Equation (46) is equivalent to equation 12 of Turner and Snowdon.*
An alternative expression for the fluxes is in terms of the gradients of the equivalent fractions X, that

are defined as follows

X =29 x, =29 y . x -= (49)

b
T Z36 236

In terms of the equivalent fractions, the flux expressions are

X (z - —
N, = 1(21 22)+(22 Z3) z,0s X, :DleﬂZSCS%
72X, + (Zz —Z _ZzXl) oz ’ 0z
D, D, (50)
Z N. = Xz(zz Zl)+(Zl _Zs) Zc oX, -D. ¢ oX,
2 (Zl Z3 Zle) X,z, 77 5 2ATT g
DZ Bl
The expressions for the effective diffusivities, expressed in terms of the equivalent fractions are
D = X,(z,-2,)+(z, - 2,)
oz X, + (2, -2, 2,X,)
D, D, 51)
D — XZ(ZZ_ZI)+(ZI_Z3) X+ X, =1
el (21_23_21X2)+X222’ 1 ’
BZ Bl
The limiting values of the effective diffusivities are
X, >0, D —>b (52)
X,—>0, D,,—>D,

The effective diffusivities at limiting concentrations are counter-intuitive.
For the special case of univalent ions, z, =1;z, =1;z; =—1, the expressions (46) and (47) for the

effective diffusivities simplify to yield
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2(c1 +cz) _ 2

Dle/}‘": = ; X+ X, =1
{cl+2cz+cl X1+2X2+X1}
D D D D
2 1 a L2 1 (53)
D. = 2e +c,) R 2 .z =Lz, =1z, =-1
2ol |:cz+201+cz X2+2X1+X2} oo
Dl D2 | _Dl DZ

Equations (53) are equivalent to equations 21 and 22, as derived by Smith and Dranoff**; these are
valid only for univalent ions.

For the H'/Na" exchange in the bulk electrolyte containing four species: 1 =H", 2=Na"; 3 =CI", 4 =
water, the calculations of the effective diffusivities of 1 = H', and 2 = Na" for a total molar

. ] . : . z,c c
concentration ¢, = ¢, +¢, = ¢;= 0.05 mol L™ and varying equivalent fractions X, =———=—"L_ are
—z;¢; ¢ +c¢
3+3 1 2

shown in Figure 16a. The input data for ion diffusivities used are (1 =H",2=Na", 3 = CI)
P, =93x107; P, =13x10"; P, =2x10" m’s". These values are taken from Kraaijeveld and

Wesselingh.?!

The obtained results for effective diffusivities of H', and Na" in bulk electrolyte phase surrounding
ion exchanger particle are quite remarkable because both effective diffusivities are reduced when the
proportion of the more mobile H' increases. This result is counter-intuitive; we shall discuss a similar
phenomenon for exchange of H', and Na" within the IEX particle in the subsequent section.

Figure 16b presents the corresponding results for the calculations of the effective diffusivities of 1 =

H', and 2 = Ca’ for a total molar concentration ¢, = ¢, +¢, = ¢;= 0.05 mol L' and varying equivalent

fractions X, = 29 - 9 The input data for ion diffusivities used are (1=H",2=Ca"", 3 =CI)
—z;¢; ¢ +2¢,

b, =93x107; P, =0.792x10"; B, =2x10" m” s". These values are taken from Kraaijeveld

and Wesselingh.”' The effective diffusivities also illustrate the non-intuitive characteristics of equation

(52) for the limiting values.
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For the special case of univalent ions, z, =1;z, =1;z, =—1, Turner and Snowdon > have obtained

analytic solutions for steady-state transfer fluxes across a film of thickness 6. The flux expressions are

N, :% 2035(X10 _Xw) (54)
(1+(Dl— JX10J+\/(1+(D1—IJXIOJ(H(Q—IJXM}
D, D, D,
_Db 2035()(20 _Xza) (55)

RN CEEAN X EE A

Because of the electrostatic potential field, the concentrations of the anions vary along the distance, z,

of the diffusion layer
1+(B‘—1}X15 1+(D‘—1J(1—X25)
Cy, D, _ D, (56)

(T Lgl - 1])(12
2

Atz =0, we have

1+(§1—1](1—X22)

2

1+(D‘—1}X15
S _ b,

1+(§‘—1J(1—X25)

2

(57)

€0 1+(§1 —1JX10 1+ [gl —1}(1 —X,,)

2 2

The Turner-Snowdon analytic solutions above are restricted in their applicability to univalent ions.

Let us first offer a simple qualitative explanation for the experimental observations in Figure 15a for
the system: 1 = H',2=Na"; 3 =CI, 4 = water. Following the illustration in Figure 20.8 of Wesselingh
and Krishna,® Figures 17a,b show the calculations of typical concentration profiles for H"/Na exchanges
that are limited by transfer to/from the IEX particle; in other words the transfer resistance is in a thin
film surrounding the IEX particle. These steady-state calculations are based on the flux expressions

(54), (55), along with equation (56). The effective thickness of the film surrounding the particle is
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assumed as =20 pm. The fluxes of the two counter cations (1 = H", 2 = Na") must satisfy the relation
N,=-N,.

The two sets of calculations shown in Figures 17a,b are shown for the case in which the
concentrations of the counter ions in the bulk electrolyte (position z = J) , and at the surface of the
particle (position z = 0) are (a) ¢;=00; ¢;5=005 c¢,=0 mol L' and (b)
¢;=0.05 ¢,=00; ¢,=0molL"

Consider the scenario in which we exchange H™ within the ion exchange bead with Na" from the bulk
electrolyte outside the particle. The calculated profiles shown in Figure 17a are for specific case in

which the concentrations chosen are ¢,; =0.0; c¢,; =0.05; ¢,y =0 mol L. The concentration c,,
must satisfy Equation (57); the value determined is c,, = 0.01869 mol L. To satisfy electroneutrality,

we must therefore have also ¢, =0.01869 mol L. The calculated fluxes are N,=-N, =4.73x10"°

mol m™ s The fast motion of H" away from the particle into the bulk liquid causes an electrostatic
. . oD . : : S
potential gradient = This gradient acts in a way so as to push the chloride ion away from the
4

particle/solution interface.
In the second scenario we exchange Na“ within the ion exchange bead with H' from the bulk
electrolyte outside the particle. The calculated profiles shown in Figure 17a are for specific case in

which the concentrations chosen are ¢,; =0.05; ¢,;, =0.0; ¢, =0 mol L"'. The concentration c,,
must satisfy Equation (57); the value determined is c,, = 0.13373 mol L. To satisfy electroneutrality,

we must therefore have also ¢,, =0.13373 mol L. The calculated fluxes are — N, = N, =12.65x10°°

mol m? s”.The fast motion of H toward the particle from the bulk liquid causes an electrostatic
. . oD . . . S
potential gradient 8_; this gradient acts in a way so as to push the chloride ion toward the

particle/solution interface. In this second scenario, the concentration gradients are higher. Larger
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concentration gradients cause higher fluxes and faster equilibration. The magnitude of the fluxes in the
second scenario are a factor 2.67 larger than the magnitude of the fluxes in the first scenario.

A different procedure for calculating the steady-state fluxes are to use the combination of equations
(45), (46), and (47), along with the flux constraint on two counter cations (I = H', 2 = Na")

D, . D
N, =%(cm —¢;)=-N, = —%(Cm —¢,;). The effective diffusivities may be evaluated at the

arithmetic averaged concentrations within the film using Equation (53). These calculations yield
identical results to those obtained using the Turner-Snowdon analytic solutions. The approach using the
effective diffusivities are not restricted to univalent ions. Furthermore, the effective diffusivities can be
inserted into transient diffusion models, as illustrated in the examples below.

The calculations presented in Figure 17 are for steady-state conditions. The asymmetry in the
forward/reverse exchanges can also be demonstrated by transient diffusion calculations for a diffusion
“couple”. The left compartment is the IEX resin and the right compartment is the bulk electrolyte
solution. In contrast to the earlier discussions in the context of Figures 8a, and 8b, the left compartment

is maintained at a constant composition (cLO) by maintaining a “through flow” of the resin phase. We

focus on the transient equilibration in the right compartment, z>0. The transient development of

concentrations of the ions in the Right compartment is described by

i=12 (58)

z
c,(z,1) = Ciro T erf (ci,RO - ci,LO);
,I4Di’€ﬁ-t

Equations (46), and (47) are used for the calculations of the effective diffusivities of H', and Na".
For the Scenario 1: exchange H™ within the ion exchange resin with Na" from the bulk electrolyte

outside the IEX particle we use the following set of conditions:

()= ( 0.0 } ()= (0.01} Seenatio

0.01 0.00

For the Scenario 2: exchange Na within the ion exchange bead with H™ from the bulk electrolyte
outside the IEX particle we use the following set of conditions:
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()= (0.01} ()= ( 0.0 } Seenario 2

0.0 0.01

The concentration profiles are presented as a function of a distance coordinate [ ] where the

z
JaD, 1

reference value of the scalar diffusivity D, = 10° m*s™. The ionic concentration profiles for the two

scenarios are presented in Figures 18a, and 18b. We note that the Scenario 2, the uptake of Na" is faster
than the uptake of H'" for Scenario 1 (see comparison of the two uptakes in the inset to Figure 18).
Figure 19 presents calculations using equations (46) and (47) of the effective diffusivities for forward
and reverse H'/Na" exchange in the two scenarios shown in Figure 18. We note that for Scenario 2, the

effective diffusivities of both components increase during the transient diffusion; in contrast the

effective diffusivities decrease with { ] for scenario 1.

z
JaD, 1

The transient diffusion calculations in Figure 18 and Figure 19 provide a rationalization of the
experimental data shown in Figure 15a.

Figures 20a, and 20b present the corresponding results for forward and reverse H/ Ca"" exchange
from ion exchange resin to bulk electrolyte HCl/CaCl, liquid. Note that in this case the ionic

concentrations are plotted as z,c, in order to properly compare the development of the concentration

profiles for univalent H" with divalent Ca™". The uptake of Ca' into the liquid occurs faster than the
uptake of H' into the liquid; see comparison of the two uptakes in the inset to Figures 20.

Figure 21 presents calculations using equations (46) and (47) of the effective diffusivities for forward
and reverse H'/Na" exchange in the two scenarios shown in in Figure 20. We note that for Scenario 2,

the effective diffusivities of both components increase during the transient diffusion; in contrast the

effective diffusivities decrease with { ] for scenario 1.

z
JAD, 1

The uptake profiles provide a rationalization of the experimental data shown in Figure 15b.
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Figure 22 provides a comparison of the concentration trajectories followed during forward and
reverse (a) H/Na', and (b) H'/ Ca"" exchange from ion exchange resin to bulk electrolyte liquid. The
trajectories follow different paths in composition space.

A further point to emphasize in the results presented for the steady-state and transient profiles in

Figure 17, and Figure 18 is that even though the flux of chloride ions is zero, N; =0 this does not

imply that the corresponding concentration gradient also vanishes, i.e. % # 0. Indeed, the profiles of
z

the excluded chloride ion shown in Figures 18, and 20 demonstrate that the chloride ion exhibits an
undershoot or overshoot, depending on whether the more mobile H' is transported into the liquid, or out
of the liquid into the adjoining resin IEX particle. This is an important feature that is quite different for

diffusion within the IEX particle, as discussed in the following section.

11. Minority rule for diffusion of counter ions within ion exchanger
particle

We now turn our attention to forward/reverse exchanges in which the diffusion resistance is within
the particle. The IEX particle matrix consists of fixed negative charges. Let us assume that the total
concentration of negative charges inside the matrix is cfixed, €Xpressed say as equivalent (mole) per
volume of particle. Typically, the concentration of fixed negative charges is in the range of 1 to 4 equiv
L";® this value is considerably higher than the molar concentrations of ions in the bulk electrolyte

solutions surrounding the particle. The concentration of counter ions within the particle must balance

m
Crixed and therefore we have Zzici = Ceq - ThE quantity
i=1

=X, (59)

C. fixed

is the ionic equivalent fraction. The ionic equivalent fractions of all the counter ions sum to unity

ZX . = 1. Please note that the ionic equivalent fractions for the solid particle phase is defined different
i=1
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than the corresponding ion equivalent fractions in the bulk electrolytes surrounding the particle,

equation (49).

For HC1/NaCl exchange, the negative chloride ion is excluded from the particle. The fluxes of H'(1),

and Na'(2) are

N—p o p F OO
Oz RT oz (60)
oc F 00
N, =—-P —2_ b — -
: > 0z “% *RT oz

There 1s no flow of current
z,N,+2z,N, =0 (61)

Combining equations (60) and (61), allows the determination of the electrostatatic potential gradient

engendered by intra-particle diffusion

oc, oc,
Foo TEP G TED )
RT oz (clzlzD1 +czz§f)2)

Introducing equation (62) into equation (60) yields the flux relations

5 z,D, &c, +z,D, 9
¢ oz
N, =-D —+¢zD, 2Z 2
Oz (cl z, b, +c,z,D, ) 63)
o z,D, % +z,D, 6&
¢ oz z
N,=-Bb,—2%+c¢,z,D, 3 5
Oz (cl z; b, +c,z;D, )
For electro-neutrality:
oc, oc,
zi—+z,—=0 64
15, T, (64)
In view of equation (64), we can simplify equations (63) as follows
oc oc
N, =-D, 6_21; N,=-D, 8_22 (65)
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where the effective ionic diffusivities are

2 2 2 2
¢z, +¢,z ¢z, +¢c,z
D--: 1“1 2<2 BB:D »:D»: 1“1 2<2 (66)
Leff ( 2p 4 2p ) 12 2,eff eff 2 2
Gz U TGz 0 ¢z + €2,
Bz Bl

Equation (66) is to be contrasted with the corresponding equations for the effective ionic diffusivities
in the bulk electrolyte liquid, Equations (46), and (47). The differences arise because the negative
charges within the IEX particle are immobile and therefore electro-neutrality can only be maintained if
both the effective diffusivities of the counter-ions are identical. For bulk electrolytes, the flux of the
chloride ion is zero, but its concentration gradient adjusts itself in such a manner as to counteract the
influence of the electrostatic potential gradient; see Equation (43).

Equation (66) is a remarkable result because the limiting values are:

¢ —>0; Deﬁ,

c, >0; D

—> D,
(67)

o —> D,

In other words, the intra-particle effective diffusivity corresponds to the diffusivity of the ion that is
present in the smaller quantity. Helfferich, perhaps the most influential researcher, in ion exchange has
termed this the “minority rule”. To quote Helfferich’ binary interdiffusion is not a democratic process
but, in the parlance of the activist 1960’s, is ruled by a participating minority!

For the cases such as for H(1)/Na’(2), in which z, = z,, we obtain

D =D, =D, special case of equal charges z, = z, (68)

B 1
1’..ff -
§ G L &

D, D
As illustration, Figure 23a presents the calculations of the effective diffusivity of H'(1)/Na'(2) in an
ion exchanger particle, using the following input data for ion diffusivities (1 = H', 2 = Na") divided by

the square of the radius of the IEX particle

b,/r? =0.015; B,/r’ =0.006 s
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216

[ > B, [r} =0.015

; this result is counter-intuitive.

eff

c xe
We note that Jived

276

—0; D, /[r? —B,/[r} =0.006

C fixed
Figure 23b presents the calculations of the effective diffusivity of Na'(1)/Sr""(2) in an ion exchanger
particle, using the input data for ion diffusivities (1 = Na", 2 = Sr"") divided by the square of the radius
of the IEX particle

b,/r? =0.006; B,/r’ =4x10" s

216

—0; D, /r}— B /r}=0.006

c fixed

We note that ; this result is counter-intuitive.

eﬂ/r —BD,/r’=4x10™"

chz

€ fixed
We will use the above set of values of D, / r? in the subsequent section to model the transient
H'(1)/Na’(2), and Na'(1)/Sr""(2) exchanges within IEX particle.
We can also extend the foregoing analysis to diffusion of m different counter ions within the IEX

particle. Equation (60) is extended as follows

N=-bD% _cp 0P 15 (69)
oz RT oz

For no flow of current, the electrostatic diffusion potential gradient that is engendered by diffusion is

oc oc oc,,
Foop AP ~t—zD,—*—..—z, D,
oY _ oz oz oz (70)
RT 82 Z CkZ,ka
Electro-neutrality demands
5%, %, . % (71)

82 oz Zn Oz

so we can eliminate the concentration gradient of the mth component and write
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m—1 a
F od _zzk(Bk _Dm)&

R 2 = (72)
: Z Ck Z/f D,
k=1
Combining equation (69) and (72) we obtain
m—=1
a Zi (Bk -D, )aack
N, =-D, % sz p it = i=12,.m-1 (73)
oz 2
z ¢z, By
j=1
We may cast equation (73) into (m-1)-dimensional matrix notation
olc
(v)=-{p)2) 79
Where the elements of the (m-1)x(m-1) dimensional square matrix [D] are
D, =Db35, - (cfZiBr;)Zk (B =D m); ik=12,..m-1 (75)

2
chZij
Jj=1

For the case in which we have 3 counter-ions within the IEX particle, m = 3, and equation (73)

degenerates to yield

oc oc
de ZI(DI_B3) : +Zz(B2_B3)872
N, :_Dl_l"'cllel 2 = 2 2 =
0z (clz1 D, +c,z;D, +¢;z5 B3) (76)
oc oc
ZI(DI 193)871"' Zz(Bz D3) P :
N,=-b, : +¢,z,D, 2 = 2 2 :
(clz1 D, +c,z;D, + ¢z, D3)
We may cast equation (76) into 2-dimensional matrix notation
ole
(N)= _[D]Q (77)
Oz

in which the 2x2 dimensional square matrix [D] has the elements
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z(D,-D
Dy, =D, —¢z,D, 2 1( 5 3) 2
(clz1 D, +c¢,z;D, +cyz; 193)

z,(P, - D,)
D — D 2 2 3
2 aht (01212’91 + czszz + c3z32D3)
(78)
D. =—c.z.D ZI(BI_D3)
2! S (01212191 +CZZ§192 +c3z32193)
Zz(Bz _Da)

D,=bD,—-cz,D
22 2 2422 2 2 2
(clz1 D, +c¢,z;D, +cyz; D3)

It is noteworthy that Yoshida and Kataoka®* and Jones and Carta® have set up in a different manner

k

using the gradients of the ionic equivalent fractions, as driving forces, where X, defined by

equation (59).

m—1 GX )
ZiN; = ~C e ;Dik,cf[f 8_zk; i=12,.m-1 (79)

The elements of the (m-1)x(m-1) dimensional square matrix [Dqﬁ] is defined by

(XiZiBi) (

Z;X_/ZJB_/
J=

D D.o, —

ik eff = ;0;

D,-b,) (80)

For the special case m=2, we have only one independent flux, and equations (59), (79), and (80)

degenerate to yield

oX F od ox
2N, = —=C e Dy 8_21 ~ Cprea X121 D) RT o2 = =€ peaZeyy 8_21;
ox F od oxX
2N = =CpeeaD _Zz = Crea X222, RT o0z CrwedVer 6_22; (81)
D, = Xz, +X,z,
Xz Xz
D, D,

. . . . ., 0D . : . . .
The corrective action of the induced potential gradient . is mainly directed against the species that
Z

is present in the higher equivalent fraction X .
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For the limiting scenario X, — 0, Equation (81) yields the minority rule

X, >0 Deﬁ — D, 82)

X, >0, D, —>D,
The minority rule for diffusion within the ion exchanger particle leads to asymmetry in forward and

reverse exchanges, as shall be demonstrated below.

12. Asymmetry in Forward/Reverse Ion-Exchange: Diffusional
limitation inside particle

Consider the scenario in which the ion exchange process is limited by intra-particle diffusion.

Figure 24a presents the experimental data for H'/Na" exchange in phenolsulphonic acid cation
exchangers as reported by Helfferich® ’ for two scenarios: (1) initially the particle is loaded with H and
is brought into contact with NaCl in the surrounding bulk liquid phase, and (2) initially the particle is
loaded with Na" and is brought into contact with HCI in the surrounding bulk liquid phase. The
experiments show that Scenario 1 leads to significantly faster equilibration than observed in Scenario 2.
Remarkably, the hierarchy of equilibration rates is opposite to that experienced for the case in which the
diffusion limitation is outside the particle (cf. Figure 15a, 15b).

Figure 24b presents the experimental data for Na'/Sr' exchange in phenolsulphonic acid cation
exchangers as reported by Helfferich® ’ for two scenarios: (1) initially the particle is loaded with Na+
and is brought into contact with SrCl, in the surrounding bulk liquid phase, and (2) initially the particle
is loaded with Sr™" and is brought into contact with NaCl in the surrounding bulk liquid phase. The
experiments show that Scenario 1 leads to significantly faster equilibration than observed in Scenario 2.

Figure 24c presents a comparison of the data for H'/ Na" exchange, with Na'/ Sr'" exchanges. An
interesting observation is that the replacement of Na" with H' occurs significantly faster than the
replacement of Na" with Sr' .

We rationalize these experimental observations using the explicit solution to the Nernst-Planck

equations described in a foregoing section.
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For transient unary uptake within a spherical IEX particle of radius 7, the radial distribution of ion

concentrations, cj, is obtained from a solution of a set of differential equations describing the uptake
oc,(r,t) 1 0/,
— = r N, 83
ot r 8r( ) ®3)
Combining equations (77) and (83) we obtain the following expression describing the uptake
transience

@gm 1%ﬁ§%&q (84)

where the elements of the (m-1)x(m-1) dimensional square matrix [D] are given by equation (75).

Written in terms of the ionic mole fractions, equations (84) take the form

oX (r,t) 1 0 & o 0X,
it AL AN D, 85
ot P 81/( ; j (35)

where the elements of the (m-1)x(m-1) dimensional square matrix [D*] are given by equation (80).

At any time ¢, during the transient approach to thermodynamic equilibrium, the spatially averaged

concentration within the particle of radius 7, is obtained by integration of the radial loading profile

- _3 7e 2
am_ELqmyW (86)

An analytical solution to equation (83) is only possible for the special case in which the matrix [D],
defined by equation (27), can be considered constant for the range of concentrations encountered within
the particle. In our simulations, we calculate the matrix [D] at the spatially averaged value ;i(t) , 1.e. the
diffusivity matrix is constantly updated in the time-discretized calculations.

Let us consider a particle that has the uniform concentrations (cp). At time ¢ = 0, the external surface
is brought into contact with the bulk electrolyte solution with a different composition. The surface
concentrations (c—) 1s maintained for the entire duration of the equilibration process; this concentration

is dictated by the ion exchange equilibrium (for further details see Wesselingh and Krishna®).

S 36



The expression for fractional departure from equilibrium is given by the matrix equation

R R 4 R o7

m=1 c
Using time discretization, typically over a few thousand steps, the equation (87) can be written as

(c(t )) [Q . 1]((:0 ¢,_.)+c,, where [Q HJ is evaluated using the concentrations at the time step f.1,
(c(t H)) that are known from the previous time step. The numerical procedure is easily implemented in

MathCad 15. The same procedure applies to the determination of the spatial-averaged ionic equivalent

fractions, (}(t i )) :

N & =

The accuracy of our methodology for determination of the spatial-averaged concentrations (}(tj))

was established by comparison with the results of Hwang and Helfferich®®, for ternary ion uptake
obtained using an exact numerical procedure; the results reported in their Figure 1 could be matched
exactly using our procedure; see comparisons in Figure 25.

For the H'(1)/Na'(2) exchange, the matrix [D] is simply a scalar diffusivity Des, calculated from
Equation (68), times the identity matrix.

For the simulations of transient forward/reverse exchange the following parameter values were used:

Ton diffusivities: (1=H", 2 =Na")

b,/r} =0.015; B,/r’=0.006 s

For the Scenario 1 we use the following set of conditions:

9 9

zZ,C z,C Z.Cy . _ Z,C, ._ . I .
0y, 2220, e g 222 1 particle initially loaded with H*

€ fived C fived C fived C fixed
For the Scenario 2 we use the following set of conditions:

ZiC —0 2,650 _1 Z1C e =1 229 r=re _ 0;

b b

particle initially loaded with Na™.
C_ fixed ¢ fixed C_ fixed C. fixed
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Zici,r:rc

For both scenarios, the values of the ionic equivalent fractions correspond to those at the

€ fixed
surface, within the particle and therefore take implicit account of the ion exchange equilibrium.

From the calculated spatial-averaged mole fractions, the fractional approach to equilibrium can be
determined; these are plotted in Figures 26a, and 26b.

The results in Figure 26a are precisely opposite to the two corresponding scenarios considered in
Figures 18, when the transfer resistance is external to the IEX resin particle.

The uptake simulations for fractional approach to equilibrium (cf. Figure 26b) are in good quantitative
agreement with the Helfferich experiments. They show that the efflux of H" from the particle occurs
much more rapidly than the efflux of Na" from the particle. Figure 26c shows the variation of the
effective diffusivities for the two scenarios. Figure 26d shows the variation of the electrostatic potential
differences.

It is quite remarkable to note that the analytic solution to the Nernst-Planck equation captures all of
the essential features of the transient equilibration process. In the words of Helfferich”: 4 remarkable
prediction from the Nernst-Planck equations is that forward and reverse exchange of two ions of
different mobilities should occur at different rates and with different behavior of the concentration
profiles. With particle diffusion controlling, the rate is higher and concentrations in the particle are
more sharply stepped if the counterion initially in the ion exchanger is the faster of the two.
Surprisingly, no such direct comparisons between forward and reverse exchange has been made before
this asymmetry in behavior was predicted. Its experimental verification may thus be viewed as strong
evidence for the basic soundness of the Nernst-Planck approach.

Figure 27 presents the simulations of the Na'/ Sr'" exchange within cation exchanger particle of
radius 0.55 mm, compared with Helfferich® 7 experiments. Two scenarios are considered: (i) initially
the particle is loaded with Na™ and is brought into contact with SrCl, in the surrounding bulk liquid

phase, and (ii) initially the particle is loaded with Sr"™" and is brought into contact with NaCl in the
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surrounding bulk liquid phase. Ionic mole fractions for the two scenarios are compared with
experiments.

For the Na'(1)/Sr"(2) exchange, the matrix [D] is simply a scalar diffusivity Des, calculated from
Equation (68), times the identity matrix.

For the simulations of transient forward/reverse exchange the following parameter values were used:

Ton diffusivities: (1 =Na',2=Sr")

b,/r? =0.006; B,/r’=4x10"s".

For the Scenario 1 we use the following set of conditions:

z,C z,C zZ,C
1+1,0 . 2+2,0 . 1~ Lr=rc .
_1’ _O’ r=re _0’

C. fixed C. fixed C. fixed c fixed

ZZCZ,r:rc _ 1 : sl : +
—=1; particle initially loaded with Na

For the Scenario 2 we use the following set of conditions:

2160 —0: 22650 —1 Z1Ch r=re

- Y b :la

2202,r:rc

=0; particle initially loaded with Sr + +
cﬁxed cﬁxed Cﬁxed ¢ fixed

Zici,r:rc

For both scenarios, the values of the ionic equivalent fractions correspond to those at the

€ fixed
surface, within the particle and therefore take implicit account of the ion exchange equilibrium.

The simulations are in reasonable agreement with the corresponding Helfferich® ” experiments. The
physical reasoning is analogous to that for H'(1)/Na'(2) exchange. In this case, Na" has the higher
mobility. When the IEX particle is initially loaded with Na" (Scenario 1), the efflux of Na" occurs
rapidly and vacant sites are created for occupation by the tardier Sr™ ions. However, when the IEX
particle is initially loaded with Sr™" (scenario 2) the influx of Na" is only feasible when the tardier Sr'
ions vacate the IEX particle. Consequently, Scenario 2 occurs much slower as compared to scenario 1.

The experimental data of Varshney and Pandith®’ for forward/reverse exchanges of (a) H/Li", (b)
H'/Ca™, (c) H/Mg " and (d) H/Sr'" in zirconium (IV) aluminophosphate IEX at 298 K are shown in
Figure 28. In conformity with the Helfferich experiments, the equilibration is faster when the IEX is
initially loaded with the more mobile H". The continuous solid lines in Figure 28 are the Nernst-Planck

model calculations using ion diffusivities:
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D,.[r?=9x10"; D, [r? =1.7x107; B
s .
BCa++/rc’2:3X10_4; DMg++/r02:2X10_4; BSI‘++/r62:4X10_4
For Na'/Cs" exchange within cation exchanger DOWEX 50X8 particle of radius 0.44 mm, the
experiments of Graham and Dranoff*® * experiments show that the forward and reverse exchanges are

practically indistinguishable from each other; see Figure 29. For rationalization of the results, the

Maxwell-Stefan diffusivities of Na”, and Cs* within the particle were determined to be ~2x10™"° m?

-1 28,29
S .

13. Transient overshoots and asymmetry for uptake of ternary cations
in cation exchange particles

We shall demonstrate the possibility of overshoots in ionic concentration during transient uptake of
ternary counter-ions within cation exchanger particles.

The intra-particle diffusion is described by the 2x2 dimensional square matrix [D] with elements
given by equation (78). The transient uptake of the three cations is described by a two-dimensional
matrix equation (88) for the fractional departure from equilibrium; the matrix [Q] quantifies the
departure from equilibrium. The Sylvester theorem, detailed in Appendix A of Taylor and Krishna,' is

required for explicit calculation of the elements of [Q]. Using time discretization, typically over a few

thousand steps, the equation (88) can be written as (}(t j)): [Q i ](X 0o —X r:rc)+ X,.,.  where [Q HJ

is evaluated using the equivalent fractions at the time step #.i: (f(tjfl)) that are known from the

previous time step.

We first investigate the uptake of Na'(1)/Cs"(2)/Zn*"(3) in IEX particle. The ion exchanger particle is
DOWEX 50 (of radius r. = 0.4 mm) with fixed HSOs" charges. The cation exchange particle prevents
the influx of anions from the bulk electrolyte surrounding the particle. The zero-flux constraint of
Equation (37) applies to anions.

Two scenarios are simulated.

a) Initially the particle is loaded with Na+ and is replaced by Cs'/Zn>"
(a) y the p p y
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z,c z,c z,C
0y, 220 o, 220 o particle initially loaded with Na*

3 >

C fixed € fixed C fixed
The surface of the particle in contact with bulk electrolytes such that the surface ion fractions are

maintained at

JSEC 05, ZZCS,V:VC — 05

C fived € fived € fixed
(b) Initially the particle is loaded with Cs"/Zn*" and is replaced by Na”
Z1Cp

Z5C0 Z3C5

=0; =0.5; =0.5; ; particle initially loaded with Cs*/Zn*"

cﬁxed ¢ fixed c fixed
The surface of the particle in contact with bulk electrolytes such that the surface ion fractions are
maintained at

ZZCZ,r:rc ZZCS,r:rc

C fixed C fixed C fixed
The intra-particle ion diffusivities: (1 =Na’, 2=Cs", 3 = Zn*") are taken from Boyd and Soldano™
D, =9.44x10™"; D,=17.7x10"; D, =63x10" m’ s”'. The ion diffusivity of Zn>" is about an
order of magnitude lower than that of Na', and Cs".
The simulation results are shown in Figure 30a for scenario (a), and Figure 30b for scenario (b).
Figure 30c compares the electrostatic potential differences during the transient uptake in the two

scenarios

_ZI(DI - D, )(xl _xl,o)_zz(Dz - D, )(xz _xz,o) (89)

AD = r
72’“1{21391{
RT =

A visual inspection of the two scenarios shows that the equilibration in scenario (a) proceeds faster
than the equilibration in scenario (b). The rationalization of this can be found in the transient potential
differences for the two scenarios (cf. Figure 30c). For scenario (a), A® <0 during the transience and

this accelerates the influx of Cs”, and Zn*". The accelerated influx of Cs” ion is of such a magnitude as
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Z,C;

to cause an overshoot in the ionic equivalent fraction of Cs". For scenario (b), A® >0 during the

€ fived
transience and this decelerates the influx of Na'. Consequently, the equilibration in scenario (b) is
slower as compared to scenario (a).

Figure 30d compares the equilibration trajectories followed in the forward/reverse ion exchanges. We
note that completely difference equilibration trajectories are followed in the two scenarios, i.e. the
forward/reverse ion exchanges are asymmetric.

We now examine the possibility of overshoots in ionic concentration during transient uptake of
ternary Na'(1)/Cs"(2)/La’"(3) cations within DOWEX 50 (of radius r. = 0.4 mm) with fixed HSO5"
charges. Two scenarios are simulated.

(a) Initially the particle is loaded with Na+ and is replaced by Cs"/La’"

z,c z,C
171,0 . 2-2,0 .
0 g, 2220,

C_ fixed ¢ fixed C_ fixed

Z3c3,0 —0: . ... . +
—=0; particle initially loaded with Na

The surface of the particle in contact with bulk electrolytes such that the surface ion fractions are
maintained at

Zlcl,r:rc ZZC3,r:rc

Z,C
262,= .
=0, ———==0.5
c fixed ¢ fixed C_ fixed

=0.5

(b) Initially the particle is loaded with Cs"/La*" and is replaced by Na

ZiC 2,650

=0, —=—=0.5;
€ fixed € fixed € fixed

Z3C5

=0.5; ; particle initially loaded with Cs*/La**

The surface of the particle in contact with bulk electrolytes such that the surface ion fractions are

maintained at

J=rC 1 ZZCZ,V:VC _ O Z2CS,V:rc _ 0
—=], ———=0; —_ =

C fived C fixed C fived
The intra-particle ion diffusivities: (1 =Na", 2 = Cs", 3 = La’") are taken from Boyd and Soldano™
B, =944x10"; P, =17.7x10"; H,=9.2x10" m’s". The ion diffusivity of La’" is about two

orders of magnitude lower than that of Na', and Cs".
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The simulation results are shown in Figure 31a for scenario (a), and Figure 31b for scenario (b).
Figure 31c compares the electrostatic potential differences during the transient uptake in the two
scenarios

A visual inspection of the two scenarios shows that the equilibration in scenario (a) proceeds faster
than the equilibration in scenario (b). The rationalization of this can be found in the transient potential
differences for the two scenarios (cf. Figure 31c). For scenario (a), A® <0 during the transience and
this accelerates the influx of Cs", and La**. The accelerated influx of Cs” ion is of such a magnitude as

. . . . . Z.C; . .
to cause an overshoot in the ionic equivalent fraction ——— of Cs'. For scenario (b), A® >0 during the

C fived
transience and this decelerates the influx of Na". Consequently, the equilibration in scenario (b) is
slower as compared to scenario (a).
Figure 31d compares the equilibration trajectories followed in the forward/reverse ion exchanges. We
note that completely difference equilibration trajectories are followed in the two scenarios, i.e. the

forward/reverse ion exchanges are asymmetric.

14. Simulation of the transient overshoots in Yoshida-Kataoka
experiments

The experimental data of Yoshida and Kataoka®® for transient uptake of H', Na", and Zn™" within
DOWEX 50WXS8, DIAION SK116, and DOWEX 50WXI10 cation exchangers provide experimental
confirmation of intra-particle overshoots and asymmetries in the forward/reverse ion exchanges.

They present a set of 7 experimental data sets as specified in Table 1.

We simulated each of the seven experimental data sets by using the matrix equation (87) to quantify
the transient uptake of H',Na', and Zn"".

The input data for the ionic diffusivities inside the pores of the ion exchanger are taken from Table I1I

of Yoshida and Kataoka.** The data are provided below.

DOWEX 50WX8:P, =2.42x107; P, =1.61x10""; P, =1.8x10" m*s™.

DIAIONSK116: P, =7.51x107""; D, =4.17x10™"; B, =1.72x10"* m*s™".
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DOWEX 50WX10: P, =1.65x107; P, =1.1x10""; D, =9.62x10™ m*s™".

In our simulations we used a particle radius . = 0.4 mm, an average value of the sizes reported in
Table II of Yoshida and Kataoka.**

Figure 32 shows the simulations of the transient exchange of H'/Na'/Zn"" within DOWEX 50WX8
cation exchanger particle. Two scenarios are simulated. Figure 32a shows the results of the simulations
when the particle is loaded with H+ and is replaced Na'/Zn"". Also shown in Figure 32a are the
experimental data from Figure 3 of Yoshida and Kataoka®* for this scenario. There is good agreement
between the experimental data and the simulated uptakes. The overshoot in the uptake of Na' is
properly captured by the simulations. Figure 32b shows the simulations for the scenario in which the
particle is loaded with Na'/Zn"" and is replaced H". No overshoots or undershoots are experienced in
this scenario. Figure 32c compares the diffusion equilibration trajectories in composition space. The two
scenarios follow completely different paths in composition space.

Figure 33 shows the simulations of the transient exchange of H/Na'/Zn"" within DIAION SK116
cation exchanger particle. Two scenarios are simulated. Figure 33a shows the results of the simulation
when the particle is loaded with H+ and is replaced Na'/Zn"". Also shown in Figure 33a are the
experimental data from Figure 5 of Yoshida and Kataoka® for this scenario. There is reasonable
agreement between the experimental data and the simulated uptakes. The overshoot in the uptake of Na"
is properly captured by the simulations. Figure 33b shows the simulations for the scenario in which the
particle is loaded with Na'/Zn"" and is replaced H". No overshoots or undershoots are experienced in
this scenario. Figure 33c compares the diffusion equilibration trajectories in composition space. The two
scenarios follow completely different paths in composition space.

Figure 34 shows the simulations of the transient exchange of H'/Na'/Zn"" within DOWEX 50WX10
cation exchanger particle. Two scenarios are simulated. Figure 35a shows the results of the simulation
when the particle is loaded with Zn'" and is replaced H'/ Na". Also shown in Figure 34a are the
experimental data from Figure 7 of Yoshida and Kataoka® for this scenario. There is reasonably
agreement between the experimental data and the simulated uptakes. Figure 34b shows the simulations
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for the scenario in which the particle is loaded with H'/Na" and is replaced Zn"". No overshoots or
undershoots are experienced in this scenario. Interestingly, Na' exhibits an overshoot during the
desorption phase, but no experimental data is available to test the anticipations of the simulations.
Figure 34c compares the diffusion equilibration trajectories in composition space. The two scenarios
follow completely different paths in composition space.

Figure 35 shows the simulations of the transient exchange of H'/Na'/Zn"" within DOWEX 50WX10
cation exchanger particle. Two scenarios are simulated. Figure 35a shows the results of the simulation
when the particle is loaded with Na+ and is replaced H'/Zn"". Also shown in Figure 35a are the
experimental data from Figure 6 of Yoshida and Kataoka®* for this scenario. There is good agreement
between the experimental data and the simulated uptakes. The overshoot in the uptake of H' is properly
captured by the simulations. Figure 35b shows the simulations for the scenario in which the particle is
loaded with H'/Zn"" and is replaced Na". No overshoots or undershoots are experienced in this scenario.
Also shown in Figure 35b are the experimental data in Figure 9 of Yoshida and Kataoka® for this
scenario; there is good agreement between simulations and experiment. Figure 35¢ compares the
diffusion equilibration trajectories in composition space. The two scenarios follow completely different
paths in composition space.

Figure 36 shows the simulations of the transient exchange of H'/Na'/Zn"" within DOWEX 50WX10
cation exchanger particle. Two scenarios are simulated. Figure 36a shows the results of the simulations
when the particle is loaded with H+ and is replaced Na'/Zn"". Also shown in Figure 36a are the
experimental data from Figure 4 of Yoshida and Kataoka for this scenario. There is good agreement
between the experimental data and the simulated uptakes. The overshoot in the uptake of Na is
properly captured by the simulations. Figure 36b shows the simulations for the scenario in which the
particle is loaded with Na'/Zn"" and is replaced H'. No overshoots or undershoots are experienced in
this scenario. Also shown in Figure 36b are the experimental data in Figure 8 of Yoshida and Kataoka®*

for this scenario; there is good agreement between simulations and experiment. Figure 36¢ compares
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the diffusion equilibration trajectories in composition space. The two scenarios follow completely
different paths in composition space.

Figure 37 presents a comparison of uptakes of H" and Na" in the experiments as shown, respectively,
in Figure 35a, and Figure 36a. We note that the uptake of Na" occurs faster than the uptake of H'. The
rationalization of these observations is precisely the same as that presented earlier in the discussions on
the Helfferich experiments in Figure 24a.

Let us analyze in more detail the overshoot in the uptake of Na" as witnessed in Figure 36a.

The radial distribution of equivalent fractions can be calculated from

m+1

(xn-x,_.)=lo.Jx,-x_.) [Q,t]—z’” Z( D" gin )exp[ [f—]’} (90)

C

c

Figures 38a,b,c shows the radial equivalent fraction proﬁles

for transient uptake of (a) H', (b)
¢ fixed

Na', and (c) Zn"" at times = 10s, 30 s, 40 s, and 500 s from the start of the uptake process. We note
that Na" also experiences overshoots in the radial coordinate direction, that is a clear indication of uphill
diffusion.

At any time 7, equation (90) may be differentiated to give the gradients of the concentrations

[aX(r,t)j _ a[Q,,,] X _x. rc) a[Q; z] 2( n™! eXp|:— mir? @}i(z sin(M)J 91)
or r. |or\ mr

or

m=1 c

Equation (70) in combination with equation(91) allows the determination of the radial distribution of the

electrostatic potential gradient. Figure 38d shows the radial profile for F at times 7 = 10 s, 30

(r/ r.)
s, 40 s, and 500 s from the start of the uptake process. The steep electrostatic potential gradients at the
initial stages of the transient uptake are caused by the rapid efflux of the mobile H". The steep gradients

F o0 F o0

— to enhance the influx of Na'; this enhancement causes supra-equilibrium loadings
RT &(r/r) RT on

to be achieved during the initial stages of the transient uptake. Figure 38e compares the ionic mole
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concentration gradients ! a(z"c"; = ! a(z"c") = a(X") for H, Na', and Zn"™" with oo at

Cﬁxed 8(V/rc Cﬁxed a 77 8 77 R T a 77

time ¢+ = 30 s from the start of the uptake process. Close to the surface of the particle, for

0.0 <7 =r/r, <1, we note that for Na', the contribution of LZE is larger in magnitude and opposite
n

in sign to the contribution of L dze) _ olzc) = a(Xi). This is the root cause of the uphill

€ fixed O(I”/I’C) € fixed on on

diffusion experienced by Na'.

15. A simplified transient model for the Kraaijeveld-Wesselingh
experiments

We now set up a simple model to describe the batch Kraaijeveld expriments for H'(1)/Na"(2) between
Lewatit S100 IEX particles of diameter 1 mm and the bulk electrolyte HCI/NaCl mixture; see Figure
15a. The data inputs are from Kraaijeveld and Wesselingh.'

Specifically, we simulate the experiments of Kraaijeveld and Wesselingh?' in which the bulk
electrolyte concentration is 0.01 mol L™

The nomenclature used in setting up the model equations are provided below

The volume of IEX resin particles = V; ; units L

Fixed charge per L of IEX resin particle = cfixeq ; units equivalent Lt

The volume of bulk electrolyte solution = V7 ; units L

Molar concentration of bulk electrolyte = ¢ ; units mol L'l; ¢.=0.01 mol L!

Equivalent fraction of component H(1) in IEX resin X;

Equivalent fraction of component H'(1) in bulk electrolyte X

In the Kraaijeveld experiments, the diffusion resistance dominated by transfer to/from the IEX
particle to the bulk electrolyte.

The effective “film” thickness is O ; units m

At any instant of time, the differential mass balance relation
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dX ax
Ve, —-=-V,c,— 92
rcﬁxed dt LCL dt ( )

Equation (92) can be integrated between the initial state at # = 0, and the state at t = ¢.

X, =X, + Vs (X, —X)
Cﬁxed r
(93)
x =\ x,+- x| Py x —4-Bx
c fixed " r cﬁxed VR

Equation (93) relates the equivalent fraction of H'(1) in the resin to the equivalent fraction in the bulk
electrolyte X.

The equivalent fraction at the interface between the IEX resin and the bulk electrolyte can be
determined from the resin/electrolyte phase equilibrium. The equilibrium for H'(1)/Na’(2) exchange

between the resin and the bulk electrolyte is described in the manner explained by Wesselingh and

Krishna:®

1
N 94
interface K + (1 _ Keql )Xr eql Keq2 ( )

eql

The resin particle favor Na"(2). For a bulk electrolyte of concentration 0.01 mol L™ in the simulated

experiments, the value of

1
K,,=138; Kw:};; (95)
Combining equation (93) and (94) we obtain
A—-BX
Xinterﬁtc'e = ( ) (96)
K, +{-K,, J4-BX)

Assuming quasi-steady state, the transfer flux of H'(1) can be calculated from the Turner-Snowden
equation (54) where the interface composition at any time ¢ is determined from equation (96) and the

bulk composition at time ¢ is X.
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1

~X) (97)

24 2c,
o

(Xintelface
1+ ﬁ—1 X [+, 1+ ﬂ—1 Kinterace || 1+ ﬂ—1 X
D, b, ' b,

The differential material balance is
17).4
V,e, — = N, Area
L~ L d t 1

_ D Area 2c,

5 D D D (Xinte;jface
| =1 X |+ 1] =1 [ X e | 1] 21X
b, b, b,

where Area is the interfacial area between the suspended particles and the liquid. Let us define a cell

~X) (98)

constant [ as

Area
= 99
B Vs 99)
The value = 4000 m™ was chosen in the simulations.
The differential material balance takes the form
X _ b, 2 - x) (100)

- = (X interface
dt D 2 b ‘
L] =1 X [+ T+ =T X e | 1+ 2 — 1Y
D, D, o D,

Equation (100) can be solved using the Runge-Kutte ODE routine that is available in MathCad 15; the
printout of the program is appended herewith. The continuous solid lines in Figure 39a are the solutions
for the forward/reverse H'(1)/Na'(2) exchanges, obtained using the MathCad program. The agreement
is qualitatively correct and captures the essential asymmetry as observed in the experiments. The
equilibration trajectories for the forward/reverse H'(1)/Na'(2) exchanges are also compared in Figure

39b; the asymmetry is evident.
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Ui

Xi

Notation

transfer area, m’

molar concentration, mol m>

spatial-averaged concentration of species i inside particle, mol m™

total molar concentration of mixture, mol m>

molar concentration of fixed charges in ion exchanger particle, equiv m™

pore diameter, m

ion diffusivity, m* s

ion-ion diffusivity, m* s

effective ion diffusivity, m* s™
matrix of diffusivities, m? s’
Faraday constant, 9.65x10* C mol™
length of packed bed adsorber, m

number of counter-ions, dimensionless

excess amount injected in Taylor dispersion experiment, mol

number of species in the mixture, dimensionless
radial direction coordinate, m

radius of ion-exchanger particle m

gas constant, 8.314 J mol™' K!

radius of tube in Taylor dispersion studies, m
time, S

absolute temperature, K

cross-sectional averaged velocity in tube, m s™
ion velocity, ms™

compartment volume, m’

mole fraction of species i, dimensionless

ionic equivalent fraction of species i inside IEX particle, dimensionless

distance coordinate, m
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zZ charge on species i, dimensionless

Greek letters

p cell constant, m™

o diffusion film or membrane thickness, m
Oj Kronecker delta, dimensionless

() electrostatic potential, V

Li molar chemical potential of component i, J mol™
o rate of entropy production, J m™ s K™
Subscripts

i referring to component i

t referring to total mixture

1 referring to species 1

2 referring to species 2
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Table 1. Experimental data of Yoshida and Kataoka®® for transient uptake of H', Na", and Zn™". The

experimental data are scanned from the Figure numbers, as specified in the last column of this Table 1.

Ion Initial equivalent fractions: Final equilibrated equivalent | Data
Exchanger | zgc, fractions Z1Cir=re scanned
e et For YK
paper
H' Na’ Zn"" H Na' Zn"
S50WX8 1 0 0 0 0.5 0.5 Fig 3
SK116 1 0 0 0 0.5 0.5 Fig 5
S50WX10 |1 0 0 0 0.5 0.5 Fig 4
S50WX10 |0 1 0 0.5 0 0.5 Fig 6
50WX10 |0 0 1 0.7 0.3 0 Fig 7
S50WX10 |0 0.5 0.5 1 0 0 Fig 8
50WX10 | 0.5 0 0.5 0 1 0 Fig 9
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18.  Caption for Figures

Figure 1. Maxwell-Stefan cation-water and anion-water diffusivities for various electrolyte systems at

293 K. Data from Wesselingh and Krishna.®

Figure 2. Maxwell-Stefan diffusivities in aqueous sulphuric acid system. Data from Umino and

13
Newman.

Figure 3. Maxwell-Stefan diffusivities in aqueous NaCl system. Data from Wesselingh and Krishna.®

Figure 4. Maxwell-Stefan plus-minus diffusivities for various electrolyte systems. Data from

Wesselingh and Krishna.®

Figure 5. Relative contributions of ion-ion friction and ion-water friction in aqueous solution of

sulphuric acid. Calculations using data from Umino and Newman."

Figure 6. Co-diffusion of H, Ba"", and CI” between two well-mixed compartments. Experimental data
of Vinograd and McBain'* for ionic diffusivities of H", Ba™, and CI" in a two-compartment diffusion

cell. The continuous solid lines are the calculations using equations (26), (27), and (28).
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Figure 7. Co-diffusion of H', K', and Cl between two well-mixed compartments. Experimental data of
Vinograd and McBain'* for ionic diffusivities of H", K*, and CI” in a two-compartment diffusion cell.

The continuous solid lines are the calculations using equations (26), (27), and (28).

Figure 8. (a) Transient co-diffusion of H", Ba"", and CI” between Left and Right compartments. A bulk
electrolyte solution is brought into contact with liquid water at time ¢ = 0. (b) Transient co-diffusion of
H', NO5", Na', and CI between Left and Right compartments. A bulk HNO3/NaCl electrolyte solution,
each with concentrations of 0.1 mol L, is brought into contact with NaCl solution, also of

concentration 0.1 mol L'l, at time ¢t = 0.

Figure 9. Taylor dispersion in a tube for pulse injection of 10”7 mol of HCl and 107 mol of BaCl,. In (a)

the electrostatic leash contribution is included. In (b) the electrostatic leash contribution is neglected.

Figure 10. Counter-diffusion of H', Ba'", and Cl" between two well-mixed compartments. The

continuous solid lines are the calculations using equations (26), (27), and (34).

Figure 11. Counter-diffusion of between two well-mixed compartments. The continuous solid lines are

the calculations using equations (26), (27), and (34).
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Figure 12. (a) Experimental data of Yang and Pintauro'® for the transient equilibration of H', Na*, and
Cs' in the salt and acid compartments that are separated by a Nafion cation exchange membrane. (b)

Simulations using equations (26), (27), and (34).

Figure 13. (a, b) Equilibration trajectories followed by H', Na', and Cs" in the left and right
compartments, plotted in composition space. In (a) the left compartment contains Na,SO4 and Cs;SO4
and the right compartment contains H,SO4. In (b) the left compartment contains Na,SO, and the right

compartment contains H,SO4 and Cs;SOs4.

Figure 14. Schematic showing an ion exchanger particle with fixed HSO3" charges. The surrounding
liquid phase consists of a mixture of electrolytes. The electrolytes are fully ionized and the bulk liquid
phase contains anion, and two counter-ions along with unionized water molecules. The schematic is

redrawn using the information contained in Wesselingh and Krishna®

Figure 15. Asymmetry in forward/reverse exchange in systems limited by diffusion from bulk liquid
electrolyte to the surface of the particle. Experimental data of Kraaijeveld and Wesselingh®' for (a)

H'/Na", and (b) H'/Ca"" exchanges

Figure 16. (a) The effective diffusivities of H', and Na' in bulk electrolyte HCI/NaCl liquid mixture
phase surrounding ion exchanger particle. (b) The effective diffusivities of H', and Ca"" in bulk

electrolyte HCI/CaCl, liquid mixture phase surrounding ion exchanger particle.
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Figure 17. Typical concentration profiles for H'/Na" exchanges. (a) Transfer of H' is from particle to

the bulk electrolyte liquid. (b) Transfer of Na' is from particle to the bulk electrolyte liquid.

Figure 18. Forward and reverse H'/Na" exchange from ion exchange resin to bulk electrolyte HC1/NaCl

liquid. Diffusion resistance outside the resin particle.

Figure 19. Calculations of the effective diffusivities for forward and reverse H'/Na" exchange in the two

scenarios shown in Figure 18.

Figure 20. Forward and reverse H'/Ca'  exchange from ion exchange resin to bulk electrolyte

HCI/CaCl, liquid. Diffusion resistance outside the resin particle.

Figure 21. Calculations of the effective diffusivities for forward and reverse H'/ Ca’™" exchange in the

two scenarios shown in Figure 20.

Figure 22. Concentration trajectories for forward and reverse (a) H'/Na" , and (b) H'/ Ca™" exchange

from ion exchange resin to bulk electrolyte liquid. Diffusion resistance outside the resin particle.

Figure 23. (a) The effective diffusivity of H'/Na" counter-ions within ion exchanger particle. (b) The

effective diffusivity of Na'/Sr™" counter-ions within ion exchanger particle. Note that the y-axes
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represent the intra-particle diffusivities divided by the square of the particle radius. Also note that the x-

. . . . . z,c
axis represents the ion equivalent fraction of the more mobile component 1, defined as —1-.

€ fixed

Figure 24. Experimental data reported by Helfferich® ’ for phenolsulphonic acid cation exchangers. (a)
H'/ Na" exchange, and (b) Na'/ Sr™" exchange. (c) Comparison of the data for H'/ Na" exchange, with

Na'/ Sr'" exchange.

Figure 25. Comparison with the ternary ion uptake results of Hwang and Helfferich®®, as reported in
their Figure 1 of their paper using an exact numerical procedure, with our solution methodology

implemented in MathCad 15. The match between the two sets is perfect.

Figure 26. Simulations of the H'/Na“ exchange within cation exchanger particle, compared with
Helfferich® 7 experiments. Two scenarios are considered: (i) initially the particle is loaded with H™ and
is brought into contact with NaCl in the surrounding bulk liquid phase, and (ii) initially the particle is
loaded with Na" and is brought into contact with HCI in the surrounding bulk liquid phase. (a) Ionic

. . Z,C;
equivalent fractions

for the two scenarios. (b) The fractional conversions for the two scenarios.
c
fixed

(c) Effective diffusivities in the two scenarios. (d) The electrostatic potential difference in the two

scenarios.
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Figure 27. Simulations of the Na'/ Sr™" exchange within cation exchanger particle, compared with
Helfferich® 7 experiments. Two scenarios are considered: (i) initially the particle is loaded with Na' and
is brought into contact with SrCl, in the surrounding bulk liquid phase, and (ii) initially the particle is

loaded with Sr™" and is brought into contact with NaCl in the surrounding bulk liquid phase. (a) Ionic

. . z.c, . . . .
equivalent fractions ——— for the two scenarios. (b) The fractional conversions for the two scenarios.
c
fixed

(c) Effective diffusivities in the two scenarios.

Figure 28. Comparison of the experimental data of Varshney and Pandith?’ with Nernst-Planck model

for forward/reverse exchanges of (a) H'/Li", (b) H/Ca"™", (c) H/Mg" ", and (d) H'/Sr"".

Figure 29. Simulations of the Na'/Cs™ exchange within cation exchanger DOWEX 50X8 particle of

radius 0.44 mm, compared with Graham and Dranoff** * experiments.

Figure 30. Simulation of the transient exchange of Na'/Cs"/Zn®" within DOWEX cation exchanger
particle of radius 0.4 mm. Two scenarios are simulated. (a) Initially the particle is loaded with Na+ and
is replaced Cs"/Zn*". (b) Initially the particle is loaded with Cs"/Zn®" and is replaced Na’. (c)
Comparison of the potential difference for the scenarios (a) and (b). (d) Plots of the ionic equivalent

. zZ.c . . .
fractions ——— in ternary composition space for the two scenarios.

€ fixed

Figure 31. Simulation of the transient exchange of Na'/Cs"/La’" within DOWEX cation exchanger

particle of radius 0.4 mm. Two scenarios are simulated. (a) Initially the particle is loaded with Na+ and
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is replaced Cs'/La’". (b) Initially the particle is loaded with Cs"/La*" and is replaced Na'. (c)
Comparison of the potential difference for the scenarios (a) and (b). (d) Plots of the ionic equivalent

zZ;C;

fractions in ternary composition space for the two scenarios.

¢ fixed

Figure 32. Simulation of the transient exchange of H'/Na'/Zn™" within DOWEX 50WXS8 cation
exchanger particle of radius 0.4 mm. Two scenarios are simulated. (a) Initially the particle is loaded
with H™ and is replaced Na'/Zn"". Also shown in (a) are the experimental data in Figure 3 of Yoshida
and Kataoka”* for this scenario. (b) Initially the particle is loaded with Na'/Zn"™" and is replaced H". (c)

. . . . Z.C.
Plots of the ionic equivalent fractions ——

in ternary composition space for the two scenarios.
C .
Sfixed

Figure 33. Simulation of the transient exchange of H'/Na'/Zn™ within DIAION SK116 cation
exchanger particle of radius 0.4 mm. Two scenarios are simulated. (a) Initially the particle is loaded
with H" and is replaced Na'/Zn"". Also shown in (a) are the experimental data in Figure 5 of Yoshida

and Kataoka”* for this scenario. (b) Initially the particle is loaded with Na'/Zn"™" and is replaced H". (c)

. . . z.Cc. . ” .
Plots of the ionic equivalent fractions ——— in ternary composition space for the two scenarios.
C .
fixed

Figure 34. Simulation of the transient exchange of H'/Na'/Zn"" within DOWEX 50WXI0 cation
exchanger particle of radius 0.4 mm. Two scenarios are simulated. (a) Initially the particle is loaded
with Zn"" and is replaced H'/ Na'. Also shown in (a) are the experimental data in Figure 7 of Yoshida
and Kataoka®* for this scenario. (b) Initially the particle is loaded with H/ Na" and is replaced Zn"". (c)

Z,6i

Plots of the ionic equivalent fractions in ternary composition space for the two scenarios.

¢ fixed
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Figure 35. Simulation of the transient exchange of H'/Na'/Zn"" within DOWEX 50WXI10 cation
exchanger particle of radius 0.4 mm. Two scenarios are simulated. (a) Initially the particle is loaded
with Na" and is replaced H'/Zn"". Also shown in (a) are the experimental data in Figure 6 of Yoshida
and Kataoka® for this scenario. (b) Initially the particle is loaded with H/Zn™" and is replaced Na™.
Also shown in (b) are the experimental data in Figure 9 of Yoshida and Kataoka®* for this scenario. (c)

. . . . Z.C.
Plots of the ionic equivalent fractions ——

in ternary composition space for the two scenarios.
C,
Sfixed

Figure 36. Simulation of the transient exchange of H'/Na'/Zn"" within DOWEX 50WXI10 cation
exchanger particle of radius 0.4 mm. Two scenarios are simulated. (a) Initially the particle is loaded
with H" and is replaced Na'/Zn"". Also shown in (a) are the experimental data in Figure 4 of Yoshida
and Kataoka® for this scenario. (b) Initially the particle is loaded with Na™/Zn™ and is replaced H".

Also shown in (b) are the experimental data in Figure 8 of Yoshida and Kataoka®* for this scenario. (c)

. . . . z,¢, . .. .
PlOtS of the 10nic equlValent fractions —/—— in temary COInpOSltlon Space for the two scenarios.
C
fixed

Figure 37. Comparison of uptakes of H and Na" in the experiments shown, respectively, in Figure 35a,

and Figure 36a.
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Figure 38. (a) Radial ion equivalent fraction profiles for transient uptake of (a) H", (b) Na", and

C fixed
(c) Zn"" within DOWEX 50WXI10 cation exchanger particles of radius 0.4 mm. The profiles are
monitored at times 7 = 10 s, 30 s, 40 s, and 500 s from the start of the equilibration process. (d) Radial
profile of the electrostatic potential gradient, monitored at times ¢ = 10 s, 30 s, 40 s, and 500 s from the
start of the equilibration process. (¢) Comparison of the ionic mole fraction gradients with the

electrostatic potential gradient. Note that the dimensionless radial coordinate is indicated as 7 = r/r, .

Figure 39. Asymmetry in forward/reverse exchange in systems limited by diffusion from bulk liquid
electrolyte to the surface of the particle. (a) Experimental data of Kraaijeveld and Wesselingh?' for
H'/Na" exchanges compared with model simulations (indicated by the continuous solid lines). The
MathCad program is appended herewith. (b) Comparison of the simulated equilibration trajectories for

forward/reverse exchanges.
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Co-diffusion of Mixed lons Figure S7
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Minority rule for extra-particle exchange

(a)

Effective diffusivity, D,/ 10° m* s™

10 -

H*/Na* exchange;
in bulk electrolyte liquid

|

O\\\\\\\\\\\\\\\\\\\\\\\\\
0.2 0.4 0.6 0.8 1.0

©
o

Equivalent fraction of H, X,

(b)

10

(o0}

Effective diffusivity, D, ./ 10° m’ s™

|

H*/Ca™ exchange;
in bulk electrolyte liquid

o\\\\\\\\\\\\\\\\\\\\\\\\\

0.0 0.2 0.4 0.6 0.8 1.0

Equivalent fraction of H", X,



Asymmetry in

lon-Exchange Kinetics™ 5"

(b)

IEX
resin resin
<«~—— Na* T ¥
1
: Electrolyte : Electrolyte
1 1
] HCI/NaClI : HCI/NaCl
|
H  —t— '
‘ Na* ———>
1
l :
: |
1
I é
=0 | !
0.14 0.14
_o012F — _o12” —H
- - Na* - E Na*
2 o10F —ar 2 o010F —ar
R R
g 008 s 0.08 |
kel r .5 C
£ o006 H* ) Na* £ 006 F
C = C
8 - 3 " (Na*) H*
G 004} G 004F
[&] C o L
c L c L
2 0.02 & 2 002f
OOO : . ‘ . . . : L : L 000 : 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0 5 10 15 20 0 5 10 15 20
/ distance from particle surface / um \ / distance from particle surface / pm ’\
Particle/liquid interface Bulk electrolyte solutions Particle/liquid interface Bulk electrolyte solutions
z=0 z=45 z=0 z=65



1
1
1
1
IEX :
resin |
1
1
<€<—— Na*
: Electrolyte
1
: HCI/NaCl
H* ———+%>
i
1
1
1
1
I — 7
z=0 |
0.012

lon concentrations, ¢, / mol L

0.010

0.008

0.006

0.004

0.002

0.000

H'/Na" exchange

penetration theory
D =10°"m’s"

vvvvvv

lon concentrations, ¢, / mol L™

Asymmetry

0.012

penetration theory
D, =10°m’s"

0.010

0.008

0.006

0.004

uptake of H into liquid
uptake of Na” into liquid

0.000

0 1 2 3 4

ZI(4 D t)"*

(b)

Figure S18

IEX
resin
1 H+
i Electrolyte
1
! HCI/NaCl
1
Nat =——t>
i
1
/I
1
N —_—>
z=0 H'/Na* exchange
0.012

lon concentrations, ¢,/ mol Ly

0.008

0.006

0.004

0.002

0.000

rTrre==—

— H+
Na*
— CI’

penetration theory
D, =10"m’s"




Effective diffusivities
(b)

Figure S19

IEX. IEX
resin resin
<€—— Na <
1 1
i Electrolyte i Electrolyte
1 1
HCI/NaCl
: : HCI/NaCl
HY ———> i
: Na* é:
: :
1 1
1 |
| |
! —_— . —_—
z=0 ! z=0 |
10 10
Y —H NN
= Na o 8r
® r o L
° = f
3 6 a 6r
Q F = L
> r penetration theory £ 3
= — 409 2 o = L
% 4 L Dref =10"m"s 7] 4 -
=} L £ L
E B = i
© o L
(] [ >
'E 2 I~ '8 2
3 \ o / penetration theory
i C t i D, =10"m’s"
0 L 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 00 ‘ ‘ ‘ ‘ "] : : : : 2‘ : : : : ‘3 : : : : 4‘-
0 1 2 3 4
24D, )"

24D t)"?

ref



IEX
resin
<€—— Ca*
: Electrolyte
i
i
: HCl/CaCl,
i
i
H* —’—)I
i
i
: —_—
z=0
|
0012 F . . .
_ r H/Ca exchange
= r
5 0.010
g i
~ C —_—H*
) C
N 0.008 . —Cca™
2 r —cCr
S  0.006 -
© r
T C
8 0.004 F
S r
(&) r .
c - penetration theory
S 0.002: Dref=10-9 m2s™
0_0007\\\\\ e e e
0 1 2 3
24D, )"

. R
loR concentrations, z ¢,/ mol L

Asymmetry

0.012

penetration theory
D, =10°m?s"

0.010

0.008

0.006

uptake of H" into liquid
uptake of Ca™" into liquid

0 1 2 3 4

0.000

z2(4D_ )"

ref

(b)

IEX
resin

«— i

Catt ——>

lon concentrations, z ¢,/ mol L

N

0.008

0.006

0.004

0.002

0.000

H*/Ca™ exchange

Figure S20

Electrolyte

HCl/CaCl,

penetration theory

D, =10"m’s"

1 2

24D

ref

t)1/2



Effective diffusivity, D, ./ 10° m?s”

Effective diffusivities Figure 521

(b)

1

1

I

|

l IEX
:

|

|

1
)
l
resin |
(|
€&——— Ca*™* : i H+
' Electrolyt '
: ectrolyte : Electrolyte
I |
I |
: HCIl/CaCl, i HCI/CaCl,
I |
H* —:9 Ca** —9
I |
! —_— /: —_—
z=0 z=0 .
1 1
c 10 [
A + ++ ‘Tw : _H+
H'/Ca " exchange o L -
L = 8L D— Ca
; —H’ me E
i —Ca" 5 L
B a 6
L > L
- 2 - penetration theory
- g 4 D, =10°m’s”
L enetration theor = L re
L g =10%m?s™ Y g r
- ref > -
L 6 2 [
" 2 ?
\ i /H"/Ca“ exchange
: | | | | O L 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 |
Il Il Il Il Il Il Il Il O 1 2 3 4

1 2 3 4

o

Z(4D_ 1)

ref

24D t)"*

ref



(a)

Cl ion concentration /mol L

Asymmetric trajectories

e ptake of Na* into liquid
e ptake of H" into liquid
() startfinish

H'/Na" exchange

/ $
o T /0000 &

\\\\\\ J
70.012 »

/ 0.010
4 0.008

/£0.006
/4 0.004

y c"é\
/0002 &

&

1

Cl ion concentration /mol L

(b)

Figure S22

() startffinish

e ptake of Ca™" into liquid |
e yptake of H" into liquid




Figure S23
Minority rule for intra-particle exchange

(a) (b)

16 - 6

- | _
”')w 14 F (;U)

o B o OF

-~ 12F = - Na‘/Sr*" exchange;
< E < F inside ion exchange particle

& = ¥ 4+

= 10 & L

Q . Q r

> 8F 2 Sr

= F = F

S 6L 2 r
5 u 5 2r e TCsy kb %
o 4 F [} C . . .
2 g - _ =R Friedrich Georg Helfferich
9 F H'/Na” exchange; S 1r
= 2 inside ion exchange particle = r 1922-1995

0:\\\\\\\\\\\\\\\\\\\\\\\\\ 07\\\\\\\\\\\\\\\\\\\\\\\\\
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
ion equilvalent fraction of H* , X, ion equivalent fraction of Na*, X,

interdiffusion is not a democratic process but, in the parlance of the activist 1960’s, is ruled by a
participating minority!

F.G. Helfferich



Fractional approach to equilibrium

0.8

0.6

0.4

0.2

0.0

Asymmetry in lon-Exchange Kinetics

Figure S24

Diffusion Limitation inside Particle

H*  Na*

4 O Na*

0 10 20 30 40

time, t/s

H+

-9 initially loaded with H*, replaced with Na*
- @ initially loaded with Na*, replaced with H"

Fractional approach to equilibrium

(c)

initially loaded with H", replaced with Na*
initially loaded with Na*, replaced with H"
initially loaded with Na*, replaced with Sr*™*
initially loaded with Sr**, replaced with Na*

>oeom ¢

0.8

0.6

0.4

0.2

0.0

Fractional approach to equilibrium

The continuous solid
lines are the Nernst-

1.0

0.8

0.6

0.4

0.2

0.0

Planck model simulations

0.1

10

time, t/s

100

1000

Na* Sr*t

Na*

O\\

++

—@- initially loaded with Na’, replaced with Sr
A~ initially loaded with Sr™*, replaced with Na*

10 100 1000

time, t/s



Reduced Bulk Concentrations

1.0
Z\=aZg=2c =1
0.8 Hwang-Helfferich numerical solution D) tDgiDc =1:5:0.2
0 1 e B — e .
0 0.2 0.4 0.6 0.8

Reduced Time, T=D,1/%2

Our simplified
numerical procedure

ion equivalent fractions, X

Figure S25

Hwang-Helfferich
numerical solution

Accuracy of
numerical
procedure used
In this work

0.8

2
D, tlr,



ion equivalent fractions, X;

o

i i tion
Na® ionic equivalent frac

0.6

0.4

0.2

0.0

©

(=]

= ifitially loaded with H"
| e initially loaded with Na"

02

Asymmetry in lon-Exchange Kinetics™"" >

initially loaded with H*

~

-
——
-

-
)mﬂaﬂy

loaded with Na*

initially
~N . +
\\Ioaded with Na

~~

\§
with H'

—~—.

0

10

20

time, t/s

30 40

Effective diffusivity, (D, /r.”)/ 10° s™

16

14

12

10

H+ Na+
1.0
£ L
= r
__§ 0.8 C
= L
o L
o L
2 06+
e [
[&) L
o r +
o C model H" loaded
8 04 +
g V4L model Na™ loaded
i I @ Helfferich expt:
S ) initially loaded with H*
E 0. A Helfferich expt:
w initially loaded with Na*
0.07\\\\\\\\\\\\\\\\\\\\\\
0 10 20 30 40
time, t/s
H* ' Na*
% Na* H*
— initially loaded with H*
s — initially loaded with Na*
:\ N T T R S M A N RO AN B |
0 10 20 30 40
time, t/s

(b)

Fractional approach to equilibrium

(d)

o ° o o =
N N o o o

o
o

Potential difference, A®/V

B model H" loaded
C model Na* loaded
B 0 Helfferich expt:
L initially loaded with H"
[ [ Helfferich expt:
B initially loaded with Na*
] Ll Ll L Ll
0.1 1 10 100
time, t/s
AD= (Dav,particle = <I)surfat:e
0.04 -
0.03 -
.02 .
0.0 L — initially loaded with H
i — initially loaded with Na"
0.01 -
i Na* H*
OOO L I Y I I Y Y I Y Y Y Yy M N

0 10 20 30 40

time, t/s



o

sr" ionic equivalent fraction

—
Q
S’

Asymmetry in lon-Exchange Kinetics™" >’

Na* '?r“"*"‘""'**—r——;\m,;\x ; Na* Sr+* (b)
\

7

|

|

1.0

1S r C
= r =
8 | | S i £ -
\ | = 2 i
‘ | 3 B £ o8f
| 3 - £ [
06 1\ | o B ;’r) B
| ( L L
| | < 2 06
04 | ® I 5 C
| ] o L c L
o] ) 7re0 8 g0 simulation S o4l model initially loaded with Na*
| == ifitially loaded with Na" /600 @ r ) g "L model initially loaded with Sr**
| e initially loaded with Sr** \? © r @ Helfferich expt: @ 3 ;
0.0 < /400 S - . . + < [ @ Helfferich expt:
! y, @ o L initially loaded with Na S L initially loaded with Na*
02 T $ T 02 A . ) S 02F Inftially loaded wi a
04 T 200 8 Helfferich expt: . £ - A Helfferich expt:
Naionie gy, 08 N\ v initially loaded with Sr L initially loaded with Sr™
U
alentf’action 1.0 ool v vy 0_01 1 wuuj]\o I Huilwcw)o I ‘HL]‘(‘)‘OO
0 200 400 600 800
tima t/ e
time, t/s
initially loaded with Na
0, — €) o
L — - -
i initially =~ o T
X 08p logdéd with 5" o °f
g C / ~
'-g = / + N¥Q 4 L
S 06 Na =
= L Sr++ Q r L . +
g L . ~ 3L — initially loaded with Na
3 o4l Na’ g — initially loaded with Sr™*
z 0Ar ——= 5 5|
5 i C
® : i}n@ly £ 2r
s 02p Ioaded\wﬁh st 2 i
9 i - S o1F
-~
i Sr—— £ 0
L waitiallcloadedowith - Na —— r
0'0 | 1 1 1 \J‘ 1 1 1 [ 1 1 1 [ 1 1 1 [ L1 0 [ | 1 1 1 1 | 1 1 1 1 | 1 1 1 i | | | | | |
0 200 400 600 800 0 200 400 600 800
time, t/s

time, t/s



(a)

—
3
S’

Fractional approach to equilibrium

Fractional approach to equilibrium

1.0

0.8

0.6

0.4

0.2

0.0

Asymmetry in lon-Exchange Kinetics

1.0 H* | Li*
0.8 ¢

: b Li* ) H*
0.6 |-
04 - Nernst-Planck model

r Nernst-Planck model

- @ Varshney expt:
02 L initially loaded with H*

r A Varshney expt:

initially loaded with Li*

00 I I T Y |

0 1 2 3 4 5

time, t/ min
H* Mg++
Mg++ H*

Nernst-Planck model

Nernst-Planck model

@ Varshney expt:
initially loaded with H*

A Varshney expt:

initially loaded with Mg*”

0

1 2 3 4 5

time, t/ min

(b)

(d)

Fractional approach to equilibrium

Fractional approach to equilibrium

1.0

0.8

0.6

0.4

0.2

0.0

Figure S28

H* ) ca*

Ca++ H+

Nernst-Planck model

Nernst-Planck model

@ Varshney expt:
initially loaded with H*

A Varshney expt:

initially loaded with Ca™

0

1.0

0.8

0.6

0.4

0.2

0.0

1 2 3 4 5

time, t/ min

H* | sr+

Sr++ H+

Nernst-Planck model

Nernst-Planck model
@ Varshney expt:

initially loaded with H*
A Varshney expt:
initially loaded with Sr*™*

0

1 2 3 4 5

time, t/ min



lon-Exchange Kinetics Diffusion Limitatict{© 5=
inside Particle

0.8 Cs* Na*
0.6

04

simulation
@ Grahamexpt:
initially loaded with Na*
A Graham expt:
initially loaded with Cs"

0.0\\\\\\\\\\\\\\\\\\\\\\\\\
0 20 40 60 80 100

0.2

Fractional approach to equilibrium

time, t/s



Overshoot and Asymmetry Figure S30
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Overshoot and Asymmetry Figure S31
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Diffusion of sulphuric acid in concentrated solutions
S. Umino and J. Newman, 1993

The calculations are those plotted in Figure S2 and Figure S5 of Supplementary Material

ORIGIN= 1
0.1918+/¢ )
DMS(c) := exp[—10.56 + —\/\_/— +(~0.3638)-c + 0.1356.¢" " + (—0.03840)-02}-10 4
1+4/cC

0.3139+/¢c _
Dplus(c) := exp{—9.282 L 03189ve (~0.4583)-C + 0.1375.c' "2 + (—0.03996)-c2}-10 4
1+4/cC
0.1604+/¢ _
Dmin(c) := exp|-11.45 + —\/— + (-0.3309)-c + 0.1211-01'5 + (—0.03275)-02 -10 4
1+ \/—C
0.5634+/c _
Dplmin(c) := exp{—14.09 Lomee e (-0.9512)-¢" + 0.1535-02} et
1+4/cC
i=1..391
= 10 3+(i-1)-0.01
zplus := 1 Jmin = -2
Dplus; := Dplus()-10° o
t ! Pmin; := Dmin(t;)-10
sqrtcj := 4/ |t
Bplusj-Bminj-(zplus — zmin)
Dswj := - .
zplus -Bplusj — zmin-Bmin;
1 1 1 1 3 1
. 103 1| 9.394 7 07 1| 2449 10_3 1| 2.608
2 | 1.023103 2 | 93% 2 | 107 2 | 2477710 : 2 | 2608
3 | 1.047°103 3| 9.39% 3T 107 3 | 250710 : 3 | 2.608
4 | 1.072'103 4| 939 4| 107 4 | 253610 : 4 | 2.608
5 | 1.096'10-3 > | 9.39 5 1.07 5 | 2.566'10 : 5 | 2.608 ol
6 | 1.122°103 6 | 9.3%9 6 1.07 6 | 259710 _ 6 | 2.608 —
7 | 1148103 Bplus - ’ 94 7] 107 — /| 2627710 - . 7| 2609  °mF |
t={"8 | 1.175'103 8 | 9.401 Pmin={g | 107 8 | 2.658'10 i 8 | 2.609 Pplmin
9 | 1.202:103 9 | 9.402 9 | 107 9 26910 : 9 | 2.609 oo
10 1.23-103 10| 9403 10 1.07 10 | 2.722°10 : 10 | 2.609 5
11 | 1259103 11] 5404 11| 1.07 11| 2.754'10 : 11 | 2.609
13| 1.318'103 13| 9406 13| 1.07 B 2.82°10 : 13| 261
14| 1.349-1073 14] 9407 14| 1071 14| 2.853-10 ’ 14| 261
15 1.38'103 15| 9.408 B 1oL 15 | 2.887°10 15| 2.61
16 16 16 16 16
Mwater := 18
pwater := 1000
pwater
cwater :=
Mwater
cwater = 55.556
1.5 2
p(c) == exp[—0.002904 + (0.06814) ¢ + (~0.007375)-c '~ + (~0.0001617)-c ]
ct(c) := (cwater + c)-p(c)
ct(c)
D(c) := DMS(c)- T(c
cwater
xplus(c) := 2C xmin (c) := c xwat(c) = cwater
P " ct(c) " ct(c) T oct(e)
xmin(ti)
Dplmin(t) xplus(t) - 1
Rellj := Dplmin(t
xwat(ti) Rel2; = t( l) 1 0.069 1 0.016
Dplus(t) xwat(t) > 0.07 2 0.016
Dmin(t;
min(t) 3 0.071 3 | 0.016
4 | 0.071 4| 0016
5 | 0.072 > | 0.016
6 | 0.073 6 | 001
7 | 0.074 I = 0.017
9 | 0.076 2 | 0017
10 [ 0.077 10| 0017
11| 0.077 11] 0018
12| 0078 12| 0018 t
3] 0079 13| 0018
B oo 14 | 0.018
15 | 0.081 1>| 0018
16 16

Dplmin; = Dplmin(t;)-10°

B; == DMS(t))-10°

10

0.011

1x10°
0.01 0.1

sqrtc

10



Effective diffusivities for HCI/BaCl2/H20 mixed electrolyte for comparison with Vinograd-McBain Experiments

The calculations are those plotted in Figure S6 of Supplementary Material

System: 1: H+ 2: Cl- 3: Ba++ 4: H20

ORIGIN= 1
Charges
z1:=1 z2 = -1 z3:=2
lonic diffusivities
p1:=93.10 9 p2:=2.10" 2 P3:= 085.10"

F .- 9.65.10"

= T .= 25+ 273.15 R = 8.3144

MWV MWV
1 0 c1-21-D1.21.(B1 - B3) ¢1-21.D1.22-(D2 — P3)
DW= ( 0 Dzj c2-22-D2.z1.(D1 - B3) ¢2.22-D2-22-(D2 — P3)
DLeash(c1,c2,c3) :=

(121201 + 622222 + ¢3.232.3)
D(c1,c2,c3) := DW + DLeash(c1,c2,c3)

—{z1-B1-¢c1 + z2-B2-(c2) + z3-B3-(c3)]
F

A®(c1,c2,c3) =

c1
D1eff(c1,c2,c3) .= DW1 1 + DLeash(c1 ,02,03)1,1-—1 + DLeash(c1,c2,c3)1 2
c

c1
D2eff(c1,c2,c3) := DW2 2 + DLeash(c1 ,02,03)2,1-—2 + DLeash(c1,c2,c3)2 2
c

c1-212.D1 + c2.222.D2 + c3-z32.£)3)-F

c2
c1

c2
c2

F
AP (c1,c2,c3)—
R-T

D3eff(c1,c2,c3) .= B3 + ¢3-23-B3-

c3
i:=1..1000
ri :=i-0.01
c3j=1
clj = r-c3;
c2j:=clj+ 2-c3; 9 9
D1j:= D1eff(c1i,02i,c3i)-10 D2;:= D2eff(c1i,02i,c3i)-10

1 1 1 1
1 0.01 1 12.057 1 1.407 1 1.354 1
2 0.02 2 11.927 2 1.435 5 133 1 7.61457-10-3
3 0.03 3 11.801 3 1.462 3 1.307 2 7.25583:10-3
4 0.04 4 11.678 4 1.489 4 1.285 3 6.90758:10-3
5 0.05 5 11.559 5 1.514 5 1.263 4 6.56934:10-3
6 0.06 6 11.444 6 1.539 6 1242 5 6.2407°10-3
7 0.07 7 11.331 7 1.563 7 1201 6 5.92126°10°3

r={ 8 0.08 D1=| 8 11.222 D2=| g 1.587 D3=["g 1201 7 561063 103
9 0.09 9 11.115 9 1.61 9 1182 Ad=| g 5.30846°10-3
10 0.1 10 11.012 10 1.632 10 1.163 9 5.0144°10-3
11 0.11 11 10.911 11 1.654 11 1144 10 4.72813-10-3
12 0.12 12 10.812 12 1.675 1 1.126 11 4.44934:10-3
13 0.13 13 10.717 13 1.695 13 1.109 12 4.17775°10°3
14 0.14 14 10.623 14 1.715 14 1.092 13 3.91308:103
15 0.15 15 10.532 15 1.735 15 1.075 14 3.65507°103
16 16 16 16 15 3.40348:103
16

D3; := D3eff(c1j, c2j, c3;)-10

9

0.01

Ad
-0.01

-0.02
0




Effective diffusivities for HCI/KCI/H20 mixed electrolyte for comparison with Vinograd-McBain Experiments

The calculations are those plotted in Figure S7 of Supplementary Material

System: 1: H+ 2: Cl- 3: K+ 4: H20

ORIGIN= 1

Charges

z1:=1 z2 .= -1 z3:=1 z4:=0

lonic diffusivities

P1:=93.10 2 p2:= 210" ° P3:= 210 °
F.- 96510
A= - T .= 25+ 273.15 R .= 8.3144
NW NW
b1 0 c1.21.D1.21.(B1 - B3) c¢1.21.D1.22.(D2 - D3)
DW= ( 0 Dzj c2-22.D2-21-(D1 - B3) ¢2-22-D2.22-(D2 - D3)
DLeash(c1,c2,c3) :=

(6121201 + 622222 + ¢3.232.D3)
D(c1,c2,c3) := DW + DLeash(c1,c2,c3)

—{z1-B1-¢c1 + z2-B2-(c2) + z3-B3:(c3)]

A®(c1,c2,c3) =
2 2 2 F
c1.z1"-B1 + ¢c2.22"-B2 + ¢3-23 ~E)3)-—

R-T
c1 c2
D1eff(c1,c2,c3) .= DW1 1 + DLeash(c1 ,02,03)1,1-—1 + DLeash(c1,c2,c3) ’2~—1
c c
c1 c2
D2eff(c1,c2,c3) := DW2 2 + DLeash(c1 ,02,03)2,1-—2 + DLeash(c1 ,c2,c3)2’2~—2
c c
F
AP (c1 ,02,03)~ﬁ
D3eff(c1,c2,c3) .= B3 + ¢3-23-B3- 3 :
c
i:=1..1000
ri == i-0.01
c3j=1
clj = ri-c3j
c2j:=clj+ 1.c3; 9 9
D1 := D1eff(c1j, c2;, c3;)-10 D2; := D2eff(c1j, c2;, c3;)-10 9
D3; := D3eff(c1j, c2j, c3;)-10 A= Ad(ctj, c2;, c3j)
1 1 1 1
1 0.01 1 9.135 1 2.035 1 1.965 1
2 0.02 2 8.979 2 2.069 5 1.931 1 -4.55935-104
3 0.03 3 8.831 3 2.101 3 1.899 2 -8.87487-104 10 T T T 0
4 0.04 4 8.69 4 2.131 2 1.869 3 -1.29656°10-3 b1 8f - B
5 0.05 5 8.556 5 2.16 4 -1.68487-°10-3 — L _ - 5x10
5 1.84 p2 ©
6 0.06 6 8.429 6 2.187 6 1813 5 -2.05395-10°3( ... a- i AP — 001
7 | 0.07 7 | 8308 7 | 2213 6 | -2.40521-103 D3 emmmTTTTIITTTT —
7 | 1787 ol 4
8 | 008 Di=l"8 | 8192 D2=|"8 | 2238 D3-8 | 176 2 | 2.73989-103 — | - 0.015
9 | 0.09 9 | 8.082 9 | 2262 9 | 1738 A®=| g -3.05915°10-3 % 1 2 3 4 ~0.02 : : '
10 0.1 10 | 7.977 10 | 2.285 0 | -3.36403-10°3 o 1t 2 3
10 | 1.715 Vr
11 0.11 11 7.876 11 2.306 11 1.694 10 -3.65548:10-3 \/_r
12 0.12 12 7.779 12 2.327 1 1673 11 -3.93436°103
13 0.13 13 7.686 13 2.347 13 1.653 12 -4.20148:103
14 0.14 14 7.597 14 2.366 14 1.634 13 -4.45755-10-3
15 0.15 15 7.512 15 2.385 15 1615 14 -4.70327-103
16 16 16 16 15 -4.93922:103
16




Transient diffusion between Left and Right compartments

The calculations are those plotted in Figure S8a of Supplementary Material

System: 1: H+ 2: Ba++ 3:Cl- 4: H20

ORIGIN= 1
Charges
z1:=1 z3 = -1 72 =2
lonic diffusivities
p1:=93.10 ° 9 9
T P2:=0.85-10 P3:=2.10
F .- 9.65.10"
T T :=25+ 273.15 R:=8.3144
MWV MWV
cHCI:= 0.02 cBaCl2 := 0.01
AL = cHCl c2L := cBaCl2 c3L := cHCI + 2-cBaCl2
cilR:=0 c2R:=0 c3R:=0
cleq:= M c2L + c2R
2 c2eq = T c3eq =

P1 0
DW =
0 D2

c1.z1-D1-z1.(D1 - B3) c¢1-z1-D1.22-(D2 - D3)
c2.22-D2-z1-(D1 - D3) ¢2-22-D2.22-(D2 - D3)

c3L + c3R

2

DLeash(c1, c2) :=

D(c1,c2) := DW + DLeash(c1, c2)

D1(c1,c2) := eigenvals(D(c1,c2))4

(612121 + 6222292 + c3(c1. c2)232-93)

D2(c1,c2) := eigenvals(D(c1,c2))o

—9
10 £(D,z) = | erf z Dref:= 1-10
l:= D
0 1
Dref
f(D1(c1, c2),z)-(D(c1,c2) — D2(c1,c2)-|
Q(c1,c2,z) = (D1(c1. c2).2)-(D(c1. ¢2) (c1,02) 1)
(D1(c1,c2) — D2(c1, c2))
f(D2(c1,¢c2),z)-(D(c1,c2) — D1(c1,c2) 1)
+
(D2(c1,c2) — D1(c1, c2))
zL=-4 zR := 4
i:=1.100
(zZR-2zL) |
zi=zL + —
100 clq:=ciL c2q:=c2L 31 = c3L
c1R-ci1L c1R + ci1L
clit1 2R - 2L C2R + c2L
= Q(C1i,02i,zi)- +
C2j41
c3j:= clj + 2-¢2;
1 1 1 1

1| -3.92 1 0.02 1 0.01 1 0.04
2 | -3.84 2 0.01988 2 0.01001 2 0.0399
3 | -3.76 3 0.01986 3 0.01002 3 0.03989
4 | -3.68 4 0.01983 4 0.01002 4 0.03987
5 3.6 5 0.01981 5 0.01002 5 0.03985
6 | -3.52 6 0.01978 6 0.01003 6 0.03983
7 | -3.44 7 0.01974 . 7 0.01003 Y 7 0.0398
8 -3.36 cl1=[g 0.0197 8 0.01003 8 0.03977
9 | -3.28 9 0.01966 9 0.01004 9 0.03974
11| -3.12 11 0.01956 - 0.01005 11 0.03966
2| 3.04 o 0.01949 12 0.01006 12 0.03961
3| 296 3 0.01942 13 0.01007 13 0.03956
14| -2.88 14 0.01935 = 0.01007 14 0.0395
5] 28 15 0.01926 15 0.01008 15 0.03943
16 16 16 16

c3(c1,c2):=z1-c1 + z2-.c2

0.04

0.03

0.02

0.01

0.04

0.03

c3 0.0

0.01~




Transientdiffusion of gquaternary ions between two compartments

The calculations are those plotted in Figure S8b of Supplementary Material

c4(c1,c2,c3) =

System: 1: H+
2: NO3-
3: Na+
4: Cl-
ORIGIN= 1
Charges
z1:=1 z2 = -1 z3:=1 z4 = -1
lonic diffusivities
p1:=93.10 9 p2:=19.10" 9 p3:=13.10" 9 P4 = 2.10" 2
F .- 9.65.10"
T T .= 25+ 273.15 R:= 8.3144
MWV MWV
cHNO3 := 0.1 eNaCl = 0.1
clR:=0 c2R:=0 ¢c3R := cNaCl c4R := cNaCl
c1L := cHNO3 c2L := cHNO3 c3L := cNaCl c4L := cNaCl
clL + c1R
cleq := T 02eq = c2L + c2R 3L + c3R cdeq = c4lL + c4R
2 c3eq:= —— 2
2
51 0 0 c1-z1-D1-z1-.(P1-D4) c¢1-z1-D1-22.(P2-D4) c¢1-z1-D1-z3-(D3 - D4)
c2-z2-D2-[z1-(D1 - D4)] c2-z2-D2-[z2-(D2 - D4)] c2-z2-D2-[z3-(D3 - D4)]
DW=| 0 P2 0
c3-z3-D3:[z1-(P1 - D4)] ¢3-z3-D3:[z2:(D2 - DP4)] ¢3-z3-D3:[z3-(D3 - D4)]
0O 0 b3 DLeash(c1,c2,c3) := > > > >
(01 -z17-D1+¢c2.227-B2 + c3-z3"-B3 + c4(c1,c2,c3)-z4 -94)
D(c1,c2,c3) := DW + DLeash(c1,c2,c3)
3 := 10000 100
=10 1 0
0 0 1
D1(c1,c2,c3) := eigenvals(D(c1,c2,c3))1 D2(c1,c2,c3) := eigenvals(D(c1,c2,c3))2
Dref := 1-10_9
f(D,z):=|erf
D
Dref
f(D1(c1,c2,c3),z)-(D(c1,c2,c3) — D2(c1,c2,c3)-1)-(D(c1,c2,c3) — D3(c1,c2,c3)1)
Q(c1,c2,c3,2) =
(D1(c1,c2,c3) - D2(c1,c2,c3))-(D1(c1,c2,c3) — D3(c1,c2,c3))
f(D2(c1,c2,c3),z)-(D(c1,c2,c3) — D1(c1,c2,c3)-1)-(D(c1,c2,c3) — D3(c1,c2,c3):1)
+
(D2(c1,c2,c3) — D1(c1,c2,c3))-(D2(c1,c2,c3) — D3(c1,c2,c3))
f(D3(c1,¢2,c3),z)-(D(c1,c2,c3) — D1(c1,c2,c3)-1)-(D(c1,c2,c3) — D2(c1,c2,c3):1)
+
(D3(c1,c2,c3) — D1(c1,c2,c3))-(D3(c1,c2,c3) — D2(c1,c2,c3))
z1:=-4 72 =4
MWV M
i:=1.100
1 (z2 - z1)
Zimsl T clq:= ciL 21 := c2L 31 := c3L
c1R - ci1L c1R + c1L
st Cc2R - c2L c2R + c2L
c3R - c3L c3R + c3L
C2i41 | = Q(C1 i»C2i,C3j, Zi)-
2 2
C3j+1
G4 = c4(c1i,02i,c3i)
1 1 1 1
1| 3.9 1 0.1 1 0.1 1 0.1
2 -3.84 2 0.09955 2 0.09983 2 0.1001
3 -3.76 3 0.09947 3 0.0998 3 0.10011
4 | -3.68 4 0.09938 i 0.09976 4 | 0.10013
5 -3.6 5 0.09928 : 0.09972 5 0.10015
6 -3.52 6 0.09916 © Q09968 6 0.10018
7 | 344 7 0.09903 - 0.09963 7 | 0.1002
z=|1 8| -3.36 cl=| 8 0.09888 © 0.09957 c3=| 8 | 0.10024
9 -3.28 9 0.09871 E 0.0995 9 0.10027
10 -3.2 10 0.09853 e 0.09942 10 0.10031
11 -3.12 11 0.09831 - 0.09933 11 0.10036
12 -3.04 12 0.09807 = 0.09923 12 0.10041
13 -2.96 13 0.0978 e 0.09912 13 0.10046
14| -2.88 14 0.0975 14 0.09899 14| 0.10053
15| 28 15 0.09717 12 0.09884 15| 0.1006
16 16 _2 16

(z1-c1 + z2-c2 + z3-¢c3)
-z4

D3(c1,c2,c3) = eigenvals(D(c1,c2,c3))3

1
1 0.1
2 | 0.09981
3 | 0.09978
4 | 0.09975 015
5 | 0.09971
6 | 0.09966
7 | 0.09961
c4= 8 | 0.09955
9 | 0.09949
10 | 0.09941
11 | 0.09933
12 | 0.09925
13 | 0.09915
14 | 0.09904
15 | 0.09892
16




Taylor dispersion in a tube of HCI/BaClI2

The calculations are those plotted in Figure S9 of Supplementary Material

System: 1: H+ 2: Ba++ 3:Cl- 4: H20
ORIGIN= 1
Charges
z1:=1 z3 = -1 72 =2
lonic diffusivities
p1:=93.10 9 9
S P2 :=0.85-10
F .- 9.65.10"
aw T P T := 25+ 273.15
MWV
cHCI:= 0.01 cBaCI2 := 0.01
c1:= cHCI c3 := cHCI + 2.-cBaCl2
c1=0.01 c2 = 0.01

P1 0
DW =
0 D2

D1(c1,c2) := eigenvals(D(c1,c2))4

P3:=2.10 °
R:= 8.3144
MW
c2 := cBaCl2
c¢3 =0.03 g3(c1,c2):=z1-c1 + z2.¢2

c1.z1-D1-z1.(D1 - D3) c¢1-z1-D1.22-(D2 - D3)
c2.22-D2-z1-(D1 - D3) ¢2-22-D2.22-(D2 - D3)

DLeash(c1,c2) :=
eash(c1,c2) > > 5
c1-z1"-B1+ c2-z227-D2 + ¢3(c1,c2)-z3"-B3

D(c1,c2) := DW + DLeash(c1, c2)

D2(c1,c2) := eigenvals(D(c1,c2))o

= 026510 ° U=001  L:=15
Q= umr Q=2.20618x 107 °
u2'r2
“O)=Z8p
2
oo ()
2.-r 4/ m-o(D)-t 0 1
Qa() - f(D1(c1,c2),t)-(D(c1,c2) — D2(c1,c2)-I)
(D1(c1,c2) — D2(c1, c2))
f(D2(c1,¢2),t)-(D(c1,c2) — D1(c1,c2)-1)
’ (D2(c1,c2) — D1(c1, c2))
-9
M1=1m2  M2=10
M3 := M1 + 2-M2
j:=1..500
tj = 1250 + j -1
M1
o(t) = QQ(t)-(sz
ot = cft) = elt)e el k2.0
mah = CU 63j.:= clj + 2:¢2
1 1 1 1

1| 1251103 1| -3.05348'108 T | 1.1851-107 1 | 2.06484107

2 1.252-103 2 -3.34559-10-8 2 1.29847-10°7 2 2.26238°1077

3 1.253-103 3 -3.66388-10-8 3 1.422-10-7 3 2.47761:107

4 1.254-103 4 -4.01052-10-8 4 1.5565410-7 4 2.71202:107

5 1.255-103 5 -4.38786°10-8 5 1.70299-10-7 5 2.96719-10"7

6 | 1.256103 6 | -4.7984'108 6 | 186233107 6 | 3.24481'107

7 1.257-103 7 -5.04486°10-8 7 2.0356-10-7 7 3.54671°10°7
t={ 8 | 1.258103 c1=18 | -573012'108 c2=[8 | 222394107 c3=18 | 3.87486'107

9 1.259-103 9 -6.25731-108 9 5 42855107 9 4.23136°10°7

10 1.26°103 10 -6.82977-10-8 10 3.65073'10-7 10 4.61847°10°7

11 | 1.261'103 11 | -7.45108'10°8 11| 2.89186 1077 11 | 5.03862'107

12 1.262-103 12 -8.12507-10-8 12 3.15345-10-7 12 5.49439°10"7

13| 1.263-103 13| -8.85587-108 13| 3.43708-10-7 13 | 5.98858:10"7

14 | 1.264-103 14 -0.64787-10-8 14 | 3.74447-107 14 | 6.52415°107

15 1.265-103 15 -1.05058°10-7 15 | 4.07744107 15 7.1043°10°7

16 16 16 16

0.015
¢ 0.01F
2 540 %
c3
O_
_5x10 >
1.2x10°

1.5¢10°
t

1.8x10°



3600

Equilibration in Left and Right compartments separated by a porous diaphragm

The calculations are those plotted in Figure S10 of Supplementary Material

System: 1: H+ 3: Cl- 2: Ba++ 4: H20

1

ORIGIN
Charges

z1:=1

z3 = -1

lonic diffusivities

D1:=9.3.10" 2

F.- 96510
MW
cHCI = 0.04

¢1L0 := cHCI
c1iR0O:=0

cleq:=
g 2

cleq=0.02

P1 0
DW =

(c1LO+ ¢

1R0)

0 Dzj

22 = 2 24 = 0
p3:=2.10" 2 P2:= 0.85.10 >
T:=25+ 273.15 R .= 8.3144
MV MWV
cBaCl2 := 0.02
c3L0 := cHCI c2L0:=0
¢3RO0 := 2-cBaCl2 c2R0 := cBaCl2
c2eq = M (c3L0 + c3R0)
2 c3eqi= —M
2
c2eq = 0.01 c3eq = 0.04

DLeash(c1,c2)

¢1.z1-D1.z1-(P1 - B3) ¢1-z1-D1.22-(D2 - D3)
c2.22-D2.21-(P1 - B3) ¢2-22-D2.22-(D2 - D3)

D(c1,c2) := DW + DLeash(c1, c2)

B := 10000

D1(c1,c2) := eigenvals(D(c1, c2))1

f(D,t) .= exp(-B-D-t)

(6121201 + 0222292 + 63 (c1 , 02)-232-B3)

c3(c1,c2):=2z1-c1 + z2-.c2

D2(c1,c2) := eigenvals(D(c1,c2))o

f(D1(c1,c2),t)-(D(c1,c2) — D2(c1,c2)-1)

100

Q(c1,c2,t) =
( ) (D1(c1,c2) — D2(c1, c2))
, 1(D2(c1.¢2).1)-(D(e1. ¢2) - D1(c1,c2)-) G3(c1.c2) = 2101 + 22.¢2
_ (D2(c1, c2) - D1(c1, c2)) ~21-D1-(c1 - ¢1L0) — 22-D2-(c2 — c2L0) — z3-D3-(c3(c1, c2) — c3L0)
i:=1.100 AdL(c1,c2) = -
_ (6121201 + c2.22%.02 + c3(c1, 62) 232-03) ——
tj:= (i — 1)-3600 RT
Equilibration in Left compartment
c14:=c1L0 c24 :=c2L0 31 = c3L0
clis1 Q(ch +cleq c2j+ c2eq tj c1L0 - cleq cleq
= , N . +
C2j11 2 2 ') {coLo - c2eq c2eq
c3j:=clj+ 2-c2;
clj+ cleq c2;+ c2eq
AL = AdL , >
1
1 0 1 1 1
. B ; g'g: 1 0 1 0.04 1
3| 2 3T 003795 2 0 2 0.04 1 | 5.77308'103
4 3 - 3 4.30267°104 3 0.03881 2 5.77308°103
4 0.03609
5 4 : 00344 4 8.52417-104 4 0.03779 3 6.49007°10-3
7 6 i 6 1.66587-10-3 6 0.03621 5 7.8294-10-3
8 7 ol - ! 0.03151 7 2.05423-103 7 0.03561 6 8.44521-10-3 0.0121 ]
9 8 8 | 00302 c2=| 8 | 242872:103 c3=| 8 | 0.03513 7 | 9.02171-103 S o AdL
9 | 0.02017 | EE—— i » |
10 9 10T 0.02819 9 2.78842:10-3 9 0.03475 APL=| g 9.55726-10-3 ) /I' | | | 8x10
11| 10 - 10 3.1327-103 10 | 0.03446 9 0.01005
11 0.02732 PP 0 20 40 60 80 100 4><10_3 | | |
5 11 5| 00065 11 | 3.46121°10 11 | 0.03424 10 0.0105 t 0 20 40 60 80 100
13| 12 31 000587 12 | 3.77384'103 12 0.0341 11 0.01091 3600 ¢
14| 13 ” 0'02527 13 | 4.07074-10°3 13 | 0.03401 12 0.01128 3600
15| 14 i 14 | 4.35226°10°3 14 | 0.03397 13 0.01162
15 0.02474
16 - 15 | 4.61889-10°3 15 | 0.03398 14 0.01192
16 16 15 0.01218
16
c3(c1,c2):=z1-c1 + z2-.c2
Rt ap) . ~Z1P1(c1 ~ ¢1RO) - 22.D2:(c2 - 62R0) ~ 23-D3-(c3(c1, ¢2) - c3RO)
Equilibration in Right compartment APR(c1,¢2) = > > 2 F
(01 -z17-D1+ ¢c2-:z27-D2 + ¢3(c1,c2)-z3 -DS)-E
c14:=c1R0 c21:=c2R0 &34 = c3RO
clis1 Q(ch +cleq c2j+ c2eq tj c1RO - cleq cleq
= s RN +
C2j11 2 2 ') { c2Ro0 - c2eq c2eq
c3j:=clj+ 2-c2;
clj+ cleq c2j+ c2eq
A®R; = A®R , >
1
1 1 1 1
1 0 1 0
> 1 1 0.02 1 0.04 1 | -9.69052:103
2 0 2 0.02 2 0.04 2 | -9.69052'1073
E 2 3 | 3.74807'103 00— T 1 -3
2 3 i . 3 | 0.01908 3 0.0419 3 -0.01054 0.04l i — 910 T T
=4 S| oAy 4 | 001839 4 | 004321 4 20.01109 o
T > | 84995510 5 | 001783 5 | 004417 5 20.01148 @ 00 - 0.011 T
— ° 0.01016 6 | 0.01735 6 | 0.04487 6 0.01179 3 OO — AR
3600 -8 7 cl= ! 2.01152 / 0.01693 7 0.04538 7 -0.01203 001+  TTTTTrmrmeme-e--- - ~0.013
9 8 8 0.01264 €2=18 | 0.01656 c3=18 | 0.04575 APR=| 8 -0.01223 ottt L
9 0.01357 0 20 40 60 80 100 ~0.015
10 9 9 0.01622 9 0.046 9 -0.0124 0 20 40 60 80
10 0.01436 t
. 10 0.0159 10 0.04617 10 -0.01255 e t
1] 10 11 0.01502 3600 Py
5 11 : 11| 0.01562 11| 0.04626 11 -0.01267 3600
2 0.01559 12 0.01535 12 0.04629 12 -0.01278
= 12 13 0.01607
TIIRE : 13| 0.01511 13 | 0.04628 13 -0.01288
TIRRY 14 0.01648 14 | 0.01487 14 | 0.04623 14 20.01297
15 0.01683
16 15 0.01466 15 0.04615 15 -0.01305
16 16 16 16




3600

Equilibration in Left and Right compartments separated by a porous diaphragm

The calculations are those plotted in Figure S11 of Supplementary Material

System: 1: H+ 3: Cl- 2: K+ 4: H20

P1 0
DW =
0 D2

DLeash(c1,c2) .=

ORIGIN = 1
Charges
z1:=1 z3 = -1 z2 =1
lonic diffusivities
p1:=93.10" ° p3:=2.10" °
F .- 965.10"
T T T:= 25 + 273.15
MWV
cHCI := 0.04 KCl -~ 0.04
¢1L0 := cHCI ¢3L0 := cHCI
¢c1R0:=0 ¢3RO0 := cKCI
(c1L0 + ¢1R0)
cleqi=——m— c2eq =
2
cleq = 0.02 c2eq = 0.02

z4 =0

p2:=19.10 2

R:=8.3144
MW

c2L0:=0

c2R0 := cKClI

(c2L0 + c2R0)

2

c3eq =

(c3LO + c3RO)

2

c3eq = 0.04

¢1.z1-D1.z1-(P1 - B3) ¢1-z1-D1.22-(D2 - D3)
c2.22-D2.21-(P1 - B3) ¢2-22-D2.22-(D2 - D3)

D(c1,c2) := DW + DLeash(c1, c2)

D1(c1,c2) := eigenvals(D(c1, c2))1

B := 10000

f(D,t) .= exp(-B-D-t)

(6121201 + 0222292 + 63 (c1 , 02)-232-B3)

c3(c1,c2):=2z1-c1 + z2-.c2

D2(c1,c2) := eigenvals(D(c1,c2))o

f(D1(c1,c2),t)-(D(c1,c2) — D2(c1,c2)-1)

Q(c1,c2,t) =
( ) (D1(c1,c2) - D2(c1, c2))
, 1(D2(c1.¢2).1)-(D(e1. ¢2) - D1(c1,c2)-) G3(c1.¢2) = 211 + 22.c2
_ (B2(c1,¢c2) - D1(c1,c2)) ~21-D1-(c1 - ¢1L0) — 22-D2-(c2 — c2L0) — z3-D3-(c3(c1, c2) — c3L0)
i:=1.100 A®L(c1,c2) := -
_ (6121201 + c2.22%.02 + c3(c1, 62) 232-03) ——
tj:= (i - 1)-3600 RT
Equilibration in Left compartment
c14:=c1LO c24:= c2L0 31 = c3L0
clis1 Q(ch +cleq c2j+ c2eq tj c1L0 - cleq cleq
= , N . +
C2j11 2 2 ') {coLo - c2eq c2eq
c3j:=clj+ 1.c2;
clj+ cleq c2;+ c2eq
A®L; = ABL :
A 2 2
1
] 0 1 1 1
> ; 8'8: 1 0 1 0.04 7
3 2 5T 037' 2 2 0 2 0.04 1 | 5.02896'10-3
4 3 . 3 1.56394°10-3 3 0.03898 2 5.02896°10-3
5 4 : 006222; 4 | 3.04123103 4 | 0.03814 3 | 5.8526210°3 0.04—T—F—T—1
5 z . 0'03118 5 | 4.42788'10°3 5 | 0.03745 2 | 663704103  oos 0.014—T—T—T—
. (¢} 03 7]
7 6 = 02957 6 5.72128°1073 6 0.03691 5 7.37462°10-3 0012 -
8 7 ol = : 7 6.92041°10-3 7 0.03649 6 8.05899°10-3 €2 oo02+- == 0.01- |
s s 8 | 002815 c2=[8 | 802591073 c3=8 | 003618 =1 s.68544103 S | asL ]
10 9 190 g'gigzz 9 | 9.04027-103 9 | 0.0359% AdL=[ g [ 925125103 -/ * s
. 103 — 0 L L L L 6x10 n
1 10 T o ooeoe 10 | 9.96713:10 10 | 0.03583 9 | 975571-103 o 20 40 60 80 100 e B
" X
12 11 5 002418 11 0.01081 11 0.03577 10 0.0102 ¢ 0 20 40 60 80 100
13 12 3 002353 12 0.01158 12 0.03576 11 0.01059 3600 t
B 14 6022 14 0.01291 14 | 0.03588 13 0.01121
15 .0225
16 T 15 0.01348 15 0.03598 14 0.01145
16 16 15 0.01165
16
c3(c1,c2):=2z1-¢c1 +z2.¢c2
~21-D1-(c1 - ¢1R0) — 22-D2-(c2 - c2R0) — z3-D3-(c3(c1, c2) — c3R0)
APR(c1,c2) =
Equilibration in Right compartment ’ - > > 2 F
(01 -z17-D1+ ¢c2-:z27-D2 + ¢3(c1,c2)-z3 -DS)-E
c14:=c1R0O c24 := c2R0 &34 = c3RO
clis1 Q(ch +cleq c2j+ c2eq tj c1RO - cleq cleq
= > S 4| +
C2j11 2 2 ') { c2Ro0 - c2eq c2eq
c3j:=clj+ 1.c2;
clj+ cleq c2j+ c2eq
A®R; = A®R ,
Ak 2 2
1
] 0 1 1 1 1
1 0
> 1 1 0.04 1 0.04 1 | -8.26499:10°3
3 > 2 2 2 0.04 2 0.04 2 | -8.26499-10-3 0,05 ,
2 3 - A U 3 | 0.03754 3| 00416 3 | -0.20812103 ol ~8x10
S 1 SomAeo” 4 | 003567 4 | 0.04264 4 | 981237103 o T g0
B > | 9.23551'10 5 | 0.03413 5 | 0.04336 5 -0.01025 @ 00 Yy
T ¢ o 0.01104 6 | 0.03282 6 | 0.04385 6 20.01058 3 007 - AR o
— -3 7 o / 0.0125 7 | 0.03168 7 | 0.04418 7 -0.01084 0.01 . 0012
3600 = L8 0.0137 c2=[8 | 0.03068 c3=[8 | 0.04438 A®R=["g 20.01106 o ' e
9 0.0147 0 20 40 60 80 100 -0.013
T ) 53 9 [ 0.02979 9 | 0.04449 9 -0.01123 t 0 20 40 60 80 100
L 0.0 10| 0029 10| 0.04453 10 -0.01138 — ¢
11| 10 11 0.01622 3600 —
2 1 i 11 | 0.02828 11|  0.0445 11 -0.0115 3600
12 0.01681 12 | 0.02763 12 | 0.04444 12 -0.01161
13| 12 13 0.0173
: 13 | 0.02704 13 | 0.04434 13 -0.0117
4] 13 14 0.01771
B 14 i 14 | 0.02651 14 | 0.04422 14 -0.01178
15 0.01806
16 15 | 0.02602 15 | 0.04408 15 -0.01185
L2 16 16 16




Simulations of the Yang-Pintauro experiments for two compartments separated by cation exchange membrane. We assume that the diffusion resistance is in the bulk electrolyte liquids in either compartment.

The calculations are those plotted in Figure S12 and Figure 13a of Supplementary Material

System: 1: H+ 2: Na+ 3: Cs+ 4: SO4--

ORIGIN= 1
Charges
z1:=1 z2 =1 z3:=1 z4 = -2

lonic diffusivities

p1:=93.10 9 P2 = 1.33.10" 9 p3 = 2.06-10 P4 = 1.33.10" 9
F .- 9.65.10"
w7 T .- 25+ 273.15 R = 8.3144
MWV MWV
cNa2sS04 = 0.125 cCs2S04 = 0.0054 cH2S04 = 0.125
c1L0:= 0 c2L0 := 2-cNa2S04 c3L0 := 2-cCs2S04 cAL0 := cNa2S04 + cCs2S04
c1RO:= 2.cH2SO4  c2R0:= 0 c3R0:= 0 CAR0 = cH2S04
~ (c1L0 + c1R0) ~ (c2L0 + c2R0)
clegi= ——— c2eqi= —— —— c3eq = (30 + c3RO) (G4LO + C4RO)
2 cdeqi= —=
2
_3
cleq = 0.125 c2eq = 0.125 c3eq=54x 10 cdeq = 0.1277
c1:=cleq c2 := c2eq c3 := c3eq c4 .= cdeq
c1.21.D1.21-D1  ¢1-21-(P1.22.D2) c1-21-(D1-23-D3)
D1 0 0 €2.22-D2-(z1-D1) ¢2-22-(D2-22-D2) ¢2-22-(D2-23-D3)
— ¢3-23-D3-(z1-DP1) ¢3-23-(D3-22-D2) ¢3-23-(P3-23-D3
DW:=| 0 D2 0 DLeash(c1,c2,c3) ( 2) ( - ) . ( )
0 0 B3 (01 -z1°-D1 + ¢2-22°-D2 + ¢3-z3 ~D3)
D(c1,c2,c3) := DW + DLeash(c1,c2, c3) A z1-(c1L0 — ¢c1R0) + z2-(c2L0 — c2R0) + z3-(c3L0 — c3R0)
B F
—(c1-z1 + ¢c2-22 + c3~23)~z4~ﬁ
8 := 20000 '
100
f(D,t) := exp(-B-D-t) l—lo 1 0
00 1
D1(c1,c2,c3) := eigenvals(D(c1, c2, c3))1 D2(c1,c2,c3) == eigenvals(D(c1, c2, c3))7 D3(c1,¢2, ¢3) := eigenvals(D(ct, c2, c3))3

f(D1(c1,c2,c3),1)-(D(c1,c2,c3) — D2(c1,c2,¢3)-1)-(D(c1, c2,c3) - D3(c1,c2,c3) 1)

(D1(c1,c2,¢3) - D2(c1,c2,¢3))-(D1(c1,c2,c3) — D3(c1,c2,c3))
f(D2(c1,c2,¢3),1)-(D(c1,c2,c3) — D1(c1,c2,c3) 1)-(D(c1,c2,c3) - D3(c1,c2,c3)-1)
+

(D2(c1,c2,c3) - D1(c1,c2,¢3))-(D2(c1,c2,c3) — D3(c1, c2, c3))
f(D3(c1,c2,c3),1)-(D(c1,c2,c3) — D1(c1,c2,c3):1)-(D(c1,c2,c3) — D2(c1,c2,c3)-1)

(D3(c1,c2,c3) — D1(c1,c2,c3))-(D3(c1,c2,c3) — D2(c1,c2,c3))

Q(c1,c2,c3,t) =

+

These are the simulations for the Left compartment

i:=1.200
Glq = clLo 624 1= c2L0 634 1= c3L0
ti:= (i — 1)-3600-0.4
i1 c1L0 - cleq cleq
C2i41 |:= Q(c1i,02i,c3i,ti)- c2L0 - c2eq | + | c2eq
c3i41 c3L0 — c3eq c3eq
1 1 :
1 0 1 0 1
2 0.4 1 0-25
> 0 > o 1 0.0108
3 0.8 3 | 0.0293712 SRR 2 0.0108
4 1.2 : 3 8.9765741°10°3
4 | 0.0346703 B 05173658
5 1.6 : 4 | 8.7638923-103 0.3 ' ' ' 5
5 | 0.0457209 = 0.206941 0.012 T T
6 2 : 5 8.1380768°10°3 '
6 0.0517277 5 0.2012205 c1 N i
7 2.4 : 6 | 7.8517816'10°3 0215, 0.01F
L T s /| 0058232 7 | 0.1950494 e c2 3
3600 . cl = 8 0.0633111 o2 = 3 0.1902106 7 7.51860510- __3___ | —== i c3 8x10
9 | 32 : c3=[8 | 7.2782557-103 ¢ 01
9 | 0.0680683 B 01556792 <10~ 3F
10| 36 : 9 | 7.0524943-10°3 . . )
10 | 0.0722282 10| o0.1817037 0 |
11 4 . 10 | 6.8630142:103 0 20 40 60 80 4x10°° ' L
11 | 0.0760331 B 01750741 0 20 40
12 4.4 : 11 | 6.6928496°103 t
12 | 0.0794807 N o110 — t
13 4.8 : 12 | 6.5431164°103 3600 Py
13 | 0.0826431 B 0..717475 3600
14 5.2 : 13| 6.4090719-103
14 | 0.0855485 P 0 16896253
15 5.6 : 14 | 6.2892124°103
15 | 0.0882304 B o 1c3851
16 16 : 15 | 6.1814792:103
16 16
These are the simulations for the Right compartment
c14:=c1R0 c21:=c2R0 ¢34 := c3R0
cliv1 c1RO - cleq cleq
C2i41 | = Q(c1i,02i,c3i,ti)- c2R0 - c2eq | + | c2eq
c3i41 ¢3RO0 — c3eq c3eq
1 1 .
! 0 1 0.25 - 5 1
2| 04 2 0.25 : 5 1 0
3| 08 3 | 0.2449915 2 0
7 12 . 3 | 4.6974599-10°3 3
) 2 | 02400199 T 555103 3 3.1105289°10
5 1.6 : 4 | 6.1856857-104 0.3 ' ' ' -3
5 | 0.2350907 c 0.0139874 6x10 . T
6 2 : 5 9.218906°104
6 0.2302101 5 0.0185696 c1 A i
7 2.4 : 6 | 1.2203281'103 02 -3l
t 7 | 0.2253845 - 0.0231023 c2 4<10
e00 | 8 2.8 el = : 7 | 1513159103 oo 3
3600 8 | 0.2206209 2=g 0.0275794 3 - 1 ¢
9| 32 : c3=[8 | 1.7996392-103 e oI -3
9 | 0.2159266 5 50319944 / 2x10
10 3.6 . 9 2.0790032°10°3 !l \
10 | 0.2113094 = 0.0363401 0 |
11 4 ' 10 | 2.3504796°10-3 0 20 40 60 80 0 ; ;
11 | 0.2067774 T 0.0406093 0 20 40
12 4.4 : 11 | 2.6132989-103 t
12 | 0.2023387 - 0.0447996 — t
13 4.8 : 12 | 2.8667066°10-3 3600 Py
13| 0.1980019 13 0.0483882 3600
14 5.2 : 13| 3.1099779-103
14 | 0.1937753 T 0.0528322
15 5.6 . 14 | 3.3424328:103
15 | 0.1896675 15 0.0567601
16 16 : 15 3.563453°10°3
16 16




Simulations of the Yang-Pintauro experiments for two compartments separated by cation exchange membrane.

The calculations are those plotted in Figure S13b of Supplementary Material

System: 1: H+ 2: Na+ 3: Cs+ 4: SO4--

P4:=1.33.10

ORIGIN = 1
Charges
z1:=1 z2 =1 z3:=1 z4 .= -2
lonic diffusivities
D1:=9.3.10" 2 p2:= 13310 ° P3:= 20610 °
F.- 96510
foi=9. T .= 25 + 273.15 R .- 8.3144
NW NW
cNa2S04 := 0.125 cCs2S04 = 0.005 cH2S04 = 0.12
¢1L0 = 0 20 := 2-cNa2S04 3L0 = 0
c2L0 = 0.25
¢1RO = 2.cH2S04 2RO := 0 ¢3RO0 = 2-cCs2S04

(c1L0 + c1R0) (c2L0 + c2R0)

cleq:= c2eq =

c3eq =

c1.z1-D1-z1-D1
c2-22-D2-(z1-D1)
c3-23-D3-(z1-D1)

c3eq = 5x 1073

9

We assume that the diffusion resistance is in the bulk electrolyte liquids in either compartment.

c4L0 := cNa2S04

c4R0 := cH2S04 + cCs2S04

(c3L0 + c3RO)

c4

c4 .= cdeq

c1-z1-(b1-z
c2-z2-(b2.z
c3-z3-(B3-z

(cALO + c4R0)

cdeq:=
g 2

eq=0.125

2.D2)
2.D2)
2.D2)

c1.z1-(D1-23-D3)
c2-22-(D2-23-D3)
c3-23-(D3-23-D3)

(121201 + 62.22%.D2 + 63.232-3)

2 2
cleq = 0.12 c2eq = 0.125

c1:=cleq c2 := c2eq c3 := c3eq

b1 0 O
DW:=1 0 B2 0 DLeash(c1,c2,c3) :=

0 0 B3

D(c1,c2,c3) := DW + DLeash(c1,c2, c3)
3 := 20000

f(D,t) .= exp(-B-D-t)

D1(c1,c2,c3) := eigenvals(D(c1,c2, c3))1

D2(c1,c2,c3) := eigenvals(D(c1,c2,c3))2

z1-(c1L0 - ¢1RO) + z2-(c2L0 — c2R0) + z3-(c3L0 — c3R0)

Ad = -
—(c1-z1 + c2-z2 + ¢3-23)-z4 - ——
R-T

100
010
0 0 1

D3(c1,c2,c3) := eigenvals(D(c1,c2,c3))3

Q(c1,c2,c3,t) =

f(D1(c1,¢2,c3),t)-(D(c1,c2,c3) — D2(c1,c2,¢3)-1)-(D(c1,c2,c3) — D3(c1,c2,c3)-1)
(D1(c1,c2,c3) — D2(c1,c2,¢3))-(D1(c1,c2,c3) — D3(c1,c2,c3))

f(D2(c1,c2,¢3),1)-(D(c1,c2,c3) — D1(c1,c2,c3) 1)-(D(c1,c2,c3) - D3(c1,c2,c3)-1)
+

(D2(c1,c2,c3) - D1(c1,c2,¢3))-(D2(c1,c2,c3) — D3(c1, c2, c3))
f(D3(c1,c2,c3),1)-(D(c1,c2,c3) — D1(c1,c2,c3):1)-(D(c1,c2,c3) — D2(c1,c2,c3)-1)

+
(D3(c1,c2,c3) — D1(c1,c2,c3))-(D3(c1,c2,c3) — D2(c1,c2,c3))
These are the simulations for the Leftt compartment
i:=1.200
¢lyq = cl1LO 624 = c2L0 634 := c3L0
tj:= (i — 1)-3600-0.4
i c1L0 — cleq cleq
C2i41 |:= Q(c1i,02i,c3i,ti)- c2L0 - c2eq | + | c2eq
c3j11 c3L0 - c3eq c3eq
1 1 -
1 0 1 0 1
3 0.8 3 | 0.0281964 B 22151'56 2 0
4 1.2 2 | 0.0327582 ' 3 | 2.8801194'104
5 1.6 5 0.043389 £ 0.2167298 4 5.1204182'10'4 0.3 J J J
6 2 : > | 0.2059039 5 | 7.0715216:104
6 0.0488797 6 0.200227 : cl IL 1
t 7] 24 2 | 0.0550567 : 6 | 8.9335251°10 0.2
= 8 2.8 . 7 0.1938842 o3 _(32___ N
3600 : c1=8 | 0.0597731 5 7 | 1.0590803-10| 7T Pmeeoeeeeoeee-oooo c3
9 | 32 ¢2=18 | 0.1890089 3-8 | 12180776 107 3 0.1F -
. 9 0.0642472 :
10| 36 9 | 0.1843876 9 | 1.3651742'103
. 10 0.068129 10 0.1803655 : 0 L ! !
11 4 11 0.0716915 : 10 1.505489°10-3 0 20 40 60 80
2| a4 : 11 | 0.1766705 o~ t
: 12 | 0.0749118 5 o555 11| 1.63800210
13 4.8 13| 0.0778673 - 12 | 1.7644689'10-3 3600
4| 5.2 : 13 | 0.1702477 =T 1 103
: 14 | 0.0805804 2 | 01674101 3 | 1.8850565'10
15 5.6 15 0.0830846 i 14 2.0004873-103
16 16 15| 0.1648043 15 | 2.1111058:103
16 16
These are the simulations for the Right compartment
c14:=c1R0 c21:=c2R0 ¢34 := c3R0
clit1 c1RO - cleq cleq
C2i41 | = Q(c1i,02i,03i,ti)- c2R0 - c2eq | + | c2eq
€311 ¢3RO0 - c3eq c3eq
1 1 .
1 0 1 0.24 . 0 1
2 04 2 0.24 5 0 1 0.01
3 0.8 2 0.01
2 | 12 3 | 02353499 3 | 4.6974599:10°3 > T 99506658 107
' 4| 0.2307335 4 | 9362576103 :
5 1.6 5 0.2261561 ) 4 9.9039158°10-3 0.3 J J J
6 2 ' > 0.0139905 5 | 9.8533547'103
6 | 0.2216234 c 018576 : N\ |
t 7| 24 2 | 02171414 : 6 | 9.8005836°10°3 0.2
L T e : 7 0.0231134 3 ..
3600 . cl=| g 0.2127164 7 9.745206°10 e 3
: c2=|8 0.0275968 _ 3 01 =
9| 32 9 | 02083553 c3=|8 | 9.6868345:103 o
10 3.6 10 0.2040653 > 0.0320196 9 9.625099610-3 0 / \ ) \
11 4 11| 0.1998535 10 0.0363751 10 | 9.5596585°10-3 0 20 40 60 80
12| 44 5 01957277 i; 0.0406563 11| 9.4902047-10°3 t
13 4.8 13 0.1916954 0.0448558 12 9.4164783'10'3 3600
14| 52 : = 0.0489663 13 | 9.3382765'10°3
. 14 0.1877644 :
15| 56 5 0.0529801 14 | 9.2554635'10°3
. 15 0.1839421 15 0.0568899 :
16 16 : 15 | 9.1679792:10-3
16 16

5x10 °
4x10 °F
310 °F
210 °F
%10 °

20

40

3600

60

80

0.01

910 °F
8x10 °F
7x10 °F
6x10 °F

5x10 >
0

20

40

3600

60

80



These are steady-state flux calculations when diffusion resistance is external to the IEX particle
The calculations are for two different scenarios

The calculations are those plotted in Figure S17 of Supplementary Material
System: 1: H+ 2: Na+ 3: Cl- 4: H20

ORIGIN = 1

Charges

z1:=1 z2:=1 z3 .= -1 z4:=0

lonic diffusivities

9 9 9

P2:=1.3-10 P1:=9.3-10 P3:=2.10

4
F:=9.65-10 T .= 25+ 273.15 R = 8.3144

MV

§:= 2010 °
NN

z1-c1 + z2-c2 This is the electroneutrality

c3(c1,c2) = 3
-z

c1.21% + c2.22% + c3(c1 , ¢2) 232

D1eff(c1,c2) := > > >
c1-z1 (02-22 + c3(c1,c2)-z3 )
+
b2 b1

D2eff(c1,c2) :=

c1.21% + c2.22% + c3(c1, ¢2) 232

c2 -222

(1212 + c3(c1 . c2)-23%)
+

b1

clL+ c1R c2L + c2R

clL + ¢c1R c2L + cZRj

D1eff , D2eff
2 2

b

2

b2

)

f(c1L,c1R,c2L,c2R) = z1- «(c1L - ¢c1R)| + z2-

These are the calculations are for Scenario 1

c1R:= 0.0

L = 0.0 c2R:=0.05

c1L:= 0.05 This is guess value

c3L:=c1L + c2L c3R:=c1R + c2R

c11L(c2L, c1R, c2R) := root(f(c1L,c1R, c2L, c2R), c1L)

c11L(0, 0.0, 0.05) = 0.01869

c11L(c2L,c1R,c2R) + c1R c2L + c2R
D1eff > ,

2
N1(c2L,c1R, c2R) = (c11L(c2L, c1R, c2R) — c1R)

9

c11L(c2L,c1R,c2R) + c1R c2L + c2R
D2eff > ,

2
N2(c2L, c1R, c2R) = (c2L - c2R)

N1(0,0.0,0.05) = 4.73113 x 10~ °

N2(0,0.0,0.05) = -4.73113 x 10" °

These are the calculations are for Scenario 2

T This is guess value

c3L ;= c1L + c2L c3R:= c1R + c2R
MWW NV

c22L(c1L,c1R, c2R) := root(f(c1L,c1R, c2L,c2R), c2L)

c22L(0,0.05,0) = 0.13373

o1 ﬂ(c1L+c1R 022L(c1L,c1R,02R)+02Rj
e B
2 2

N1(c1L,c1R,c2R) = -

c1L + c1R c22L(c1L,c1R,c2R) + c2R
D2e > , >

N2(c1L,c1R, c2R) =

N1(c1L, c1R, c2R) = —1.26542x 10 °

N2(c1L, c1R, c2R) = 1.26542x 107 °

These are the calculations of the effective diffusivities

ctotal := 0.05

i:=1.99

x1; = i-0.01

c1j = x1;-ctotal c2; = (1 3 x1i)-ctotal

Dieff:= D1eff(c1i, c2))

1

1| o0t 1
2 0.02 1| 9.02239
3 0.03 2| 8.76087
4| 004 3| 851408
= 0.05 4| 8.28082
6| 0.06 5 8.06
1T 007 6| 7.85065
x1=|g 0.08 9 7 7.6519
9| 0.09 D1eff10" =18 | 7.46296
0l o1 9| 7.28313
11 011 10| 7.11176
21 012 11| 6.94828
3l 013 12| 6.79213
14| 0.14 13| 6.64286
15| 0.15 = 6.5
16 15| 6.36316

16

&3j:= clj + c2;

D2eff.10° =

(c1L - ¢1R)

(c22L(c1L,c1R, c2R) — c2R)

D2eff, == D2eff(c1;, c2)

-(c2L - c2R)

1
1| 2.26404
2 2.24721
3| 2.23063
4| 2.21429
5| 2.19818
6 2.18231
7| 2.16667
8 2.15125
9 2.13604
10| 2.12105
11| 2.10627
12 2.0917
13| 2.07732
14| 2.06314
15| 2.04915

[y
(o))

10 T T

8
9
D1eff-10° &

D2eff-10° 4
2

0
0 02 04 06 08

x1

1



These are simulations of the penetration model for transient diffusion into the right compartment; two scenarios are simulated

The calculations are those plotted in Figure S18, Figure 19, and Figure 22a of Supplementary Material

System: 1: H+ 2: Na+ 3: CI+ 4: H20

ORIGIN:= 1
NV

Charges

z1:=1 z2:=1 z3:= -1 z4:=0

lonic diffusivities

P1:= 9310 ° P2:= 1310 ° p3:=210 °
F .- 9.65.10"
T T:.=25+273.15 R:= 8.3144
MWV MWV
z1-c1 + z2-.c2 is 1 i
c3(ct, c2) == This is the electroneutrality
-z3
c1.21% + c2.22% + c3(c1, ¢2) 232 c1.21% + c2.22% + c3(c1, ¢2) 232
D1eff(c1, c2) := > > > D2eff(c1, c2) := > > >
c1-z1 (02-22 + c3(c1,c2)-z3 ) c2-z2 (01 217 + ¢c3(c1,c2)-z3 )
+ +
b2 b1 b1 b2
Dref:= 10~
z
f(D,z):=|erf
D
Dref
Q1eff(c1,c2,z) .= f(D1eff(c1,c2), z)
Q2eff(c1,c2,z) := f(D2eff(c1,c2),z)
Q1eff(c1,c2,z) 0
Q(c1,c2,z) =
0 Q2eff(c1,c2,2z)

zL:=0 zZR:=8
i=1.100
(zZR-2zL) |
zi=zL + ——i
100

These are simulations for uptake of H+ into the liquid from the IEX particle

c1L:=0.0 c2L := 0.01
c3L:=z1-c1L + z2-c2L 3l = 0.01
¢1R:=0.01 c2R = 0.0 c3R:=2z2-c1R+ z2-c2R c3R = 0.01
clL + c1R c2L + c2R
cleq:= (L + cTR) c2eq = (c2L + c2R) (c3L + c3R)
2 2 c3eq .= —m888
2
clq:=cil c241:=c2L

DD1eff := D1eff(c1, c2;)

Cli41 c1R - ciL ciL
= Q(C‘]i,CZi,Zi)- +
C2j1 c2R - c2L c2L

£3j:=z1-c1j+ z2-c2;

DD2eff; := D2eff(c1, c2;)

1 ; 1 1
T | 0.8 1 0 1 0.01 1 0.01 1 1
> | 016 5 5.9504-10-4 2 9.40288:10-3 2 | 9.69882103 1 9.3 1| 228113
3| 024 3 | 618563104 3 8.79556°10°3 3 | 9.41413°10°3 2 8.5018 > | 2.22978
RS 2 | 97151104 4 8.17914:103 4 | 9.15039:10-3 3 7.736 3 | 217336
5 0.4 B 135713100 5 7.55494-103 5 | 8.91207°10°3 4 | 7.01043 4 | 211195
6 | o048 6 | 177858103 6 6.9249-10-3 6 | 8.70348:103 > | 6.33276 5 | 204599
T o056 o1 323653103 7 6.29191-10-3 7 | 8.52844'10°3 6 5.7098 6 | 197633
8 | 0.64 cl=| 8 | 272973:103 2o2=] 8 56603110 § | 839004107 DDA1eff-10° = ; 451.:1323 o L 10044
o | o7 9 3254103 9 5.03619-10-3 9 | 8.29019-10°3 : DD2eff-10° =[ g | 1.83143
10 0.8 10| 3.80184 103 10 4.42747°10°3 10 | 8.22931°10°3 9 | 421247 9 | 175981
11| 088 11| 236267103 11 3.8434°10-3 11 | 8.20608'10-3 10 | 3.84059 10 | 1.69139
21 09% D 292376100 12 3.29367-103 12 | 8.21743:10°3 11 ] 3.52832 1| 162794
31 104 13| 547184103 13 2.787-10°3 13 | 8.25883'1073 12 | 3.27045 2| 157079
4| 112 12 | 599486103 14 2.32995°10-3 14 | 8.32482'1073 13 | 3.06063 13| 152072
15 5 = 64835103 15 1.92611°10-3 15 8.4096-103 14 | 2.89201 14 | 147791
16 6 16 16 15 2.75785 15 1.44206

16 T

These are simulations for uptake of Na+ into the liquid from the IEX particle

ciL := 0.01 c2L := 0.0
c3L:=c1L + 1-c2L 3L - 0.01
CIR:= 0.0 $&R=0.01 c3R:= c1R + 1.c2R c3R = 0.01
(c1L + c1R) (c2L + c2R)
= = — c3L + c3R
cleq: > Ag:&gg,v. 5 36 e %
3 c2eq=5x 10" ° c3eq = 0.01
cleq=5x 10" a= q=0.
clq:=ciL 021 = c2L
cliy1 c1R - ciL ciL
= Q(C1i,02i,zi)- +
C2j41 c2R - c2L c2L
c3j:=clj + 1-¢2;
1 1 1 1 1

1| 0.08 1 0.01 1 0 1 0.01 1 | 2.28113

2 0.16 2 9.40288°10-3 2 7.90426°104 2 0.01019 2 2.42293

3 0.24 3 8.84421°103 3 1.54699-10-3 3 0.01039 3 2.56988

4 0.32 4 8.32322:10-3 4 2.26649°10-3 4 | 0.01059 4 | 2.72059

5 0.4 5 7.83802°103 5 2.94719°10-3 5 0.01079 5 2.87382

6 0.48 6 738612-103 6 3.58836°10-3 6 0.01097 6 3.02848

) ] o

7 0.56 7 6.96484-10°3 7 4,1899510 7 0.01115 o 7 3.18365 DD2ef.10° —
z=|8 0.64 cl=| g8 6.57148°103 z2:.c2=| g 4.75234+10-3| ¢3=| g 0.01132 DD1eff-10" =| g 3.33859

9 0.72 9 6.20352-103 9 5.27622-10-3 9 0.01148 9 3.49265

10 0.8 10 | 5.85863-103 10 | 5.76245°103 10 | 0.01162 10 | 3.64535

11| o088 11| 553473:103 11 | 6.21209°103 11 | 0.01175 11 | 3.79631

13| 1.04 13| 4.94279-103 13 | 7.00636°103 13| 0.01195 13 | 4.09191

15 1.2 15 4.4156°10°3 15 | 7.66969:103 15 | 0.01209 15 | 4.37809

16 16 16 16 16

DD1eff := D1eff(c1, c2;)

0.01

95x10 °

c3 9x10 >

8.5x10 °

8x10 2
0

DD2eff; := D2eff(c1, c2;)

1
1 1.3
2 1.34485
3 1.38894
4 1.4318
5 1.47314
6 1.51274
7 1.55049
8 1.58634
9 1.62031
10 1.65242
11 1.68275
12 1.71138
13 1.73842
14 1.76394
15 1.78807

=
(o))

0.013, T

0.0121

0.011

0.01 L
0



These are simulations of the penetration model for transient diffusion into the right compartment; two scenarios are simulated

The calculations are those plotted in Figure S20, Figure 21, and Figure 22b of Supplementary Material

System: 1: H+ 2: Ca+ 3: Cl+ 4: H20

ORIGIN = 1

Charges

z1:=1

z2 =2

lonic diffusivities

P1:=93.10" 2
F.- 96510
MW
c3(c1,c2) =

D1eff(c1,c2) :=

MV

z1-¢c1 + z2-¢c2
-z3

f(D,z) = | erf

zL=0

zj:=

clL:= 0.0 c2L := 0.005
c1R:= 0.01 c2R:= 0.0
(c1L + c1R)
cleqi=——— c2eq =
2
cly:=cil c241:=c2L

zL +

1

1 0.08

2 0.16

3 0.24

4 0.32

5 0.4

6 0.48

7 0.56

8 0.64

9 0.72

10 0.8

11 0.88

12| 0.96

13 1.04

14 1.12

15 1.2

16

1

1 0.08
2 0.16
3 0.24
4 0.32
5 0.4
6 0.48
7 0.56

Z2=| 8 0.64
9 0.72
10 0.8
11 0.88
12| 0.96
13 1.04
14 1.12
15 1.2
16

z3 = -1 z4 =0
P2~ 0792.10" 2 p3:= 210 9
T.= 25 + 273.15 R.- 8.3144
NW

c1.21% + c2.22% + c3(c1, ¢2) 232

1.2 (c2.22% + 63(c1,c2)-232)
+
P2 P
Dref:= 10 9
D
Dref

Q1eff(c1,c2,z) .= f(D1eff(c1,c2), z)

Cli41

C2j 41

(zR - zL)
100

]:: Q(c1i,02i,zi).[

Q(c1,c2,z) = [

zR:=8

&3j:= clj + z2-¢c2

=

0

c1R - ci1L
c2R - c2L

2.9594°104

6.23316°10-4

9.88062°10-4

1.39682-10-3

1.85653°103

2.37354°103

cl =

2.95206°10-3

O (N[ |W|N|—

3.59177-10-3

—
o

4.28468°103

=
—

5.01226°10-3

—
N

5.74473-10-3

—
w

6.44537-10-3

[y
N

7.08002°10-3

—
Ul

7.62734°10-3

[y
(o))

These are simulations for uptake of Ca++ into the liquid from

0.01

9.25393-10-3

8.60441-10-3

8.03003-10-3

7.51567°10-3

7.05028-10-3

6.6255810-3

cl= 6.23522:10-3

O (N[ |[h|W|N|—

5.87429°10-3

5.53888°10-3

—
o

5.2259-10-3

=
—

4.93284°103

—
N

4.65768°10"3

—
w

4.39875°10-3

[y
N

4.15465°103

—
Ul

[y
(o))

Q1eff(c1,c2,z)

0

c3L:=cl1L + z2-c2L

This is the electroneutrality

D2eff(c1,c2) :=

c1.21% + c2.22% + c3(c1, ¢2) 232

2.22% (o1.21% + 63(c1,c2)-232)

+
b1

Q2eff(c1,c2,z) := f(D2eff(c1, c2), z)

Q2eff(c1 ,c2,z)j

These are simulations for uptake of H+ into the liquid from the IEX particle

z2-C2 =

DD1eff~109 =

c3L = 0.01
c3R:= ¢c1R + z2-c2R c3R = 0.01
M (c3L + c3R)
2 c3eqi= ————
2
ciL
j + ( j DD1eff; := D1eff(c1j, c2))
c2L
1

1 0.01 1 0.01
2 9.36712°10°3 2 | 9.66306°103
3 8.71821°103 3 | 9.34153'10°3
4 8.05269°103 4 | 9.04075°103
5 7.36977°103 5 | 8.76659°10°3
6 6.66889-103 6 | 8.52542:103
7 5.95055°10-3 7 | 8.32409:10°3

22-:c2=| g 5.21772°103| ¢3=| 8 | 8.16978'103
9 4.47774°10°3 9 | 8.06951°103
10 3.7444°10-3 10 | 8.02908:103
11 3.03895°103 11| 8.05121°10°3
12 2.38829-103 12 | 8.13302:10°3
13 1.81891-103 13 | 8.26428:10°3
14 1.34839-10°3 14 | 8.42841-10°3
15 9.79627°10-4 15 | 8.60696°103
16 16

1

1 9.3
2 8.37237
3 7.47369
4 6.61384
5 5.80325
6 5.05214
7 4.36974
8 3.76355
9 3.23873
10 | 2.79755
11 2.43905
12 | 2.15867
13 1.94815
14 1.79615
15 1.68981
16

the IEX particle

GlL = 0.01 2L := 0.0
/\9\/\3/\/\|7\/:: clL + 2-c2L
SR= 0.0 A= 0.005 ¢3R = c1R + 2.c2R
JoSivR
(c1L + c1R) (c2L + c2R)
Sleq,= T o 5 c3eq =
3 c2eq=25x 107 ° c3eq = 0.01
cleq=5x 10
clq:=ciL 021 = caL
clitq c1R - ciL ciL
[ ]:: Q(C‘]i,CZi,Zi)-[ j+( j
C2j41 c2R - c2L c2L
c3j:=clj+ 2-c2;
1 1 1

1 0 1 0.01 1 | 1.45969
2 | 1.01161'10°3 2 | 0.01027 2 | 1.65641
3 | 1.92063'103 3 | 0.01053 3 | 1.85115
4 | 2.74413-103 4 | 0.01077 4 | 2.04352
5 | 3.49397°10°3 5 | 0.01101 5 | 2.23316
6 | 4.17868'10°3 6 | 0.01123 6 | 2.41977
7 | 4.80465'10°3 7 | 0.01143 o 7| 260305
8 | 5.37682:103| ©3=| 8 | 0.01161 DD1eff-10" =| g | 2.78282
9 | 5.89917-103 9 | 0.01177 9 | 2.95892
10 | 6.37507-103 10 | 0.01191 10 | 3.13127
11| 6.80747°1073 11 | 0.01203 11 | 3.29985
12 | 7.19906°1073 12 | 0.01213 12 | 3.46468
13| 7.55238:103 13 | 0.01221 13 | 3.62583
14 7.8699-10-3 14 | 0.01227 14 3.7834
15 8.154°103 15 | 0.01231 15 | 3.93752
16 16 16

DD2eff; := D2eff(c1, c2;)

DD2eff~109 =

c3L = 0.01

c3R = 0.01

(c3L + c3R)

2

DD2eff~109 =

1

2.03021

1.96678

1.8954

1.81558

1.72727

1.63104

1.5283

1.42153

OO (N[([aojL| P W[IN|H

1.31428

—_
o

1.21095

=
[y

1.11626

—
N

1.03428

—_
w

0.96749

H
o

0.91616

—
(6]

0.87855

=
(o))

DD1eff := D1eff(c1, c2;)

1

0.792

0.86644

0.93505

0.99834

1.0568

1.11085

1.16089

1.20726

OO (N[([aojL| P WIN|H

1.2503

—
o

1.29032

=
[y

1.32758

—
N

1.36235

—_
w

1.39485

H
o

1.4253

—
(6]

1.45388

=
(o))

0.015
0.01

5%10 2

c3

95x10 °

8.5x10 °F

0.01 T

9x10 >

8x10 > '
0

DD2eff; := D2eff(c1, c2;)

0.013,

0.0121
c3

0.011

0.01
0




Fo =

These simulations are for comparisons with Hwang-Helfferich numerical solution

The calculations are those plotted in Figure S25 of Supplementary Material

ORIGIN= 1
Charges
z1:=1 z2 =1

lonic diffusivities

11

P1:=110
F.- 96510
MW
1
x1L0 .= —
z1
0
Xx1R0 = —
z1

b1 0
D(x1,x2,x3) :=

3
[

z3:=1

P2:=510

T:=25+273.15
MW

11

p3:= 0210 M

R:=8.3144
MW

(1= 2z1-x1L0 — z2-x2L0)

Xeto= 5 x3L0 :=
z3
0.6
x2R0 = ——
Z2 3RO :=

(1 = z1-x1R0 — z2-x2R0)

1

.. 100

2 2 D+t 1
fexp(m,D,t) .= exp|-{ m~ - e I
rc m

6
f(D,t):= —-) (fexp(m,D,1))

i:=1..5000

ti=(i—-1)4
b1+
Foj:= ——
I"02
1
1 0
2 2.5°104
3 5-104
4 7.5:104
5 1:10-3
6 1.25-10-3
7 1.5°103
8 1.75°10-3
9 2:10-3
10 2.25°1073
11 2.5:103
12 2.75°10°3
13 3-10-3
14 3.25°103
15 3.5:1073
16

D1(x1,x2,x3) := eigenvals(D(x1,x2,x3))1

Q(x1,x2,x3,t) =

x14 = x1LO

z3

x1-212.D1.(D1 - B3)  x1-21.22-D1-(D2 — D3)

rc:=0.4-10

0 DZJ (x1.212.01 + x2.22%.D2 + x3.232.93) | x2.22.21 .D2.(B1 - D3) x2.222-92.(D2 - B3)

D2(x1,x2,x3) := eigenvals(D(x1,x2,x3))2

f(D1(x1,x2,x3),t)-(D(x1,x2,x3) — D2(x1,x2,x3)-1)

(D1(x1,x2,x3) — D2(x1,x2, x3))

f(D2(x1,x2,x3),1)-(D(x1,x2,x3) — D1(x1,x2,x3)-)
+

(D2(x1,x2,x3) — D1(x1, x2, x3))

X241 = x2L0

|

z1-x1 =

X141

X2j11

]::Q|:X1iaX2ia( 3
V4

1-z1.x1j - 22-x2;)

(1 - z1-x1j41 - 22-%2i41)

X3j1 = 3

1 1
1 1 1 0
2 0.993951 2 3.6293856°103
3 | 0.9213111 3 0.069186
4 | 0.8977628 4 0.0888761
5 0.878071 5 0.1056215
6 | 0.8621614 6 0.1190581
7 | 0.8484517 7 0.1305978
8 | 0.8363155 z22.x2=| 8 0.140779
9 | 0.8253576 9 0.1499448
10 | 0.8153245 10 0.1583148
11 | 0.8060405 11 0.1660408
12 | 0.7973786 12 0.1732328
13 | 0.7892434 13 0.1799732
14 | 0.7815612 14 0.1863257
15 | 0.7742737 15 0.1923405
16 16

x31 = x3L0

x1L0 — x1RO
Lt +
x2L0 — x2R0

x1R0O
x2R0

J

z3-x3 =

1

1 0
2 2.419590410°3
3 9.502887:10-3
4 0.0133611
5 0.0163075
6 0.0187805
7 0.0209505
8 0.0229054
9 0.0246975
10 0.0263607
11 0.0279187
12 0.0293886
13 0.0307833
14 0.0321131
15 0.0333858
16

A®P (x1,x2,x3) =

—[z1-(P1 - D3)-(x1 — x1L0) + z2-(D2 — D3)-(x2 — x2L0)]

(x1.212.91 + x2.222.92 + x3.232.93) ——

A®1 =

1

1 0
2 0
3 -3.1919308°10-4
4 -5.4476527°10-3
5 -6.5866187°10-3
6 -7.4624617°10-3
7 -8.1081781°10-3
8 -8.6268735°10-3
9 -9.0593911°10°3
10 -9.4301684°10-3
11 -9.7543845°10-3
12 -0.0100422
13 -0.0103008
14 -0.0105354
15 -0.0107499
16

R-T

(1-2z1x1; - 22-x2i)}

Ad1i 1= AP X1, %2,
z3

1 | | 0.4 T
0.8F - 0.3 T
z1.x1 23-x30.21 |
0.4 .
0.1 .
0.2 .
0 I I
0 I
0 0.5 1 1.5 0 0.5 L 15
Fo
0.8 T T
0.6 . 0 I
-3
22)(204 — —5x10 B N
0.2 — AP - 0.01] T
0 ! ! -0.015 .
0 0.5 1 1.5
Fo -0.02 :



These are the simulations for transient diffusion of counter-ions inside IEX particle; two scenarios are simulated

The calculations are those plotted in Figure S26 of Supplementary Material

ORIGIN= 1

System: 1: H+ 2: Na+ 3: Cl-
Charges
z1:=1 z2:=1

lonic diffusivities

D1:= 1510 2 p2:= 6102 Ri=83144

_3 D1 P2 _3
rc:=1-10 —2=o.015 —2:6><10 D1

—-25
rc rc D2
4
A= 9.65-10 T := 25+ 273.15
NW

z1.(b1 - B2)

Deff(x1,x2) := b1 — x1-z1-b1- 5 5
(x1 -z17-B1 + x2-22 -92)

m:=1..100

MW

2 2D 1
fexp(m,D,t) .= exp|-| m™-m -—2-t —2
rc m

6
f(D,t):= —-)  (fexp(m,D,1))

Q(x1,x2, 1) := f(Deff(x1,x2),t)

i:=1.1000
ti:== (i— 1)-0.08
In this scenario, the particle is initially loaded with Na+
x1L0:= 0 x2L0:=1-x1L0 x1R0 := 1 x2R0 := 1 - x1R0
x14 = x1LO X241 = x2L0
X111 Q{(xh +x1R0)  (x2; + x2R0) t} x1L0 - x1ROY)  (x1RO
= , N P +
X204 1 2 2 '1'{x2L0 - x2rR0 ) (x2R0
1 7 .
1 0 1
L 0 1 1
2 | 008 2 | 6.04898 103 ; 1 15
3 016 0.99395
2 14.86512
3 0.08648 3 0.91357
4 0.24 : 3 13.27768
4 0.11913 4 0.88087
5 0.32 : 4 12.72588
5 0.14389
6 0.4 5 0.85611
5 12.33723
6 0.16431 5 0.83569
7 0.48 ; 6 12.03402
o 7 0.18197 - 0.31803
=1 8 0.56 21x1= g 0.19768 : 7 11.78356
: 22:x2=| 8 | 0.80232 9
9 0.64 : D1eff-10" =| g 11.56943
9 0.21191 9 0.78809
10 0.72 : 9 11.38206
10 0.22497
1 0.8 10 | 0.77503
10 | 11.21531
11 0.23708 B 0620
12 0.88 : 11 | 11.06501
12 0.2484 - 07516
13 0.96 : 12 | 10.92814
13 0.25905 S 0.74005
14 1.04 : 13 | 10.80249
14 0.26911 B 03089
15 1.12 : 14 | 10.68636
15 0.27866 B 0554
16 16 : 15 | 10.57839
16 16
In this scenario, the particle is initially loaded with H+
A= 1 A= 1-x1L0 x1R0:= 0 x2R0:= 1 — x1R0
MWW MWW
x14 = x1LO X241 = x2L0

x1i11 Q[(xh +x1R0)  (x2; + x2R0) t} x1LO — x1RO x1R0O
= ) ) il +
X201 2 2 '1'{x2L0 - x2rR0 ) (x2R0

Dieff := Deff(x1j, x2;)

1 1 0 L 1
2 0.08 L 1 1 0 . = s
3 0.16 ; 052?:; 2 6.04898-10-3 5 07186
4 0.24 4 0.87652 = 0.0867 3 6.32923
> 0.32 5 0.84875 4 0.12348 4 6.48011
° 04 6 0.82547 > 0.15125 5 6.59885
7 0.48 - 0.80505 6 0.17453 . 7018
t=] 8 0.56 2151 < : 7 0.19495 = c 7948
9 0.64 z 0673222 22:x2=| g8 0.21335 D1eff-10° [ g 5075
10 0.72 10 0.7'5417 2 0.2302 9 6.96152
11 0.8 1 T 07395 10 0.24583 % S 0381
12 0.88 12 | 0.72575 1 0.26046 11 7.11133
13 0.96 3 071268 12 0.27425 > 18176
14 1.04 ” 0'70023 13 0.28732 E 54982
15 1.12 T 0'68833 14 0.29977 7 T
16 ' 15 0.31167 T - 3801
= 1 16
i=1.99
x1; = 0.01.i 2= 1 xi;

Dieff:= Deff(x1j, x2;)

1
1 0.01 1 1
2 0.02 1 0.99 1 14.77833
3 0.03 2 0.98 2 14.56311
4 0.04 3 0.97 3 14.35407
5 0.05 4 0.96 4 14.15094
6 0.06 5 0.95 5 13.95349
7 0.07 6 0.94 6 13.76147
x1={ g8 0.08 7 0.93 7 13.57466
9 0.09 x2=| 8 0.92 DAeff.10° = 8 13:39286
10 0.1 9 0.91 9 13.21586
11 0.11 10 0.9 10 13.04348
12 0.12 11 0.89 11 12.87554
13 0.13 12 0.88 12 12.71186
14 0.14 13 0.87 13 12.5523
15 0.15 14 0.86 14 12.39669
16 15 0.85 15 12.2449
16 16

z1-B1-(x1 - x1R0) + z2-B2-(x2 — x2R0)

x1-212.D1 + x2.22%.D2)-
(x121 2 po)
R

A® (x1,x2) :=
Dieff := Deff(x1;, x2;)
1
1 0.03853
2 0.03796
3 0.03116
4 0.0288
5 0.02713
6 0.02583
7 0.02476
A®1=| g 0.02385
9 0.02304
10 0.02233
11 0.02169
12 0.0211
13 0.02056
14 0.02006
15 0.0196
16

AD1j = AD(x1,x2j)

Ad1j = AD(x1}, x2)

A®1 =

1 0
2 9.3573-10->
3 1.40958:10-3
4 2.05557°10-3
5 2.56391°10-3
6 3.00469-10-3
7 3.40286°10-3
8 3.77104°10-3
9 4.11665°103
10 4.44454°10-3
11 4.75805°10-3
12 5.05959-10-3
13 5.351-10-3
14 5.6337-10°3
15 5.90879-10-3
16

80



These are the simulations for transient diffusion of counter-ions inside IEX particle; two scenarios are simulated

The calculations are those plotted in Figure S27 of Supplementary Material

ORIGIN= 1

System: 1: Na+ 2: Sr+ 3: CI-
Charges
z1:=1 z2:=2

lonic diffusivities

D1:=610 ° p2:= 0.4.10 ° Ri= 83144
rci= 1107 ° 9—12:6x10_3 9_22:4X10—4 o
re rc 2 " 15
£ 985:10° T,= 25+ 273.15
21.(D1 - D2)

Deff(x1,x2) .= B1 - x1-2z1-B1-

(x1.212.01 + x2.222.92)

m:=1..100

MW

2 2D 1
fexp(m,D,t) .= exp|-| m™-m -—2-t —2
rc m

6
f(D,t):= —-)  (fexp(m,D,1))

Q(x1,x2, 1) := f(Deff(x1,x2),t)

i:=1..1000
tj:=(i— 1)-0.9
In this scenario, the particle is initially loaded with Sr++
x1L0:=0 Lo .- (= 21x1L0) x1RO = 1 1-21.x1R0
72 X2RO = —————
x2L0 = 0.5
x14 = x1LO X241 = x2L0 x2R0=0
z1-B1-(x1 - x1R0) + z2-B2-(x2 — x2R0)
AP (x1,x2) = -
2 2 F
x1-z17-P1+ x2-22"-D2). ——
xTis1 Q[(xh + x1R0) (x2; + x2R0) t} x1L0 - x1R0)  (x1RO RT
= s LN +
X201 2 2 '1'{x2L0 - x2rR0 ) (x2R0
Dieff := Deff(x1j, x2;) AD1j = AD(x1j,x2j)
1 1
1 0 . 5 1 ! 1 1 1
2 0.9 2 6.04898°10-3 > 599355 1 6 1 0.17982
3 1.8 : 2 5.75555 2 0.17197
3 0.10131 - 0.89869
4 2.7 : 3 3.4344 3 0.09744
4 0.13482 7 086518
5 3.6 : 4 2.98219 4 0.08292 7
5 0.16099 : 0.83901
6 4.5 : 5 2.69594 5 0.07372 N
6 0.18221 - 081779
7 5.4 : 6 2.49655 6 0.06732 -
. 7 0.20038 7 0.79962
9 7.2 8 | 0.78362 D1eff-10" =["g | 2.22354 A®1=["g 0.05855
9 0.23076 5 0.76924
10 8.1 : 9 2.12315 9 0.05533
10 0.24386 Tl 07614
11 9 : 10 | 2.03797 10 0.0526 t
11 0.25594 Tl 072906
12 9.9 : 11 | 1.96433 11 0.05023
12 0.26715 BB 03285
13 10.8 : 12 | 1.89971 12 0.04816
13 0.27764 El 077236
14 11.7 : 13 1.8423 13 0.04631
14 0.28751 TW 071749
15 12.6 : 14 | 1.79081 14 0.04466
15 0.29683 =0 070317
16 T . 15 | 1.74422 15 0.04316
16 16 16
In this scenario, the particle is initially loaded with Na+
— 1 - z1-x1L0
X1L0 := 1 L0 = (1-z 2X )
ya — — .
x1R0 := 0 WOR0 1-2z1-x1R0
MWW 2
x14 = x1LO X241 = x2L0
x2L0 = 0 x2R0 = 0.5
x14 = x1LO X241 = x2L0
X141 Q[(xh +x1R0)  (x2; + x2R0) t} x1L0 - x1ROY) (1RO
= s LN +
X201 2 2 '1'{x2L0 - x2rR0 ) (x2R0O
Dieff:= Deff(x1j, x2;)
AD1j = AD(x1j,x2j)
1 1
1 0 . n 1 1 1
1 0
: > 2 0.99395 2 | 6.04898'103 = o4 : :
3 1.8 : 2 0.40454 2 1.45794-104
3 0.89803 - 0.10197 1
4 2.7 : 3 0.48352 3 2.68178103 ! ' '
4 0.84991 7 0.15009 !
5 3.6 : 4 0.52882 4 4,13653°10°3 0.8y
5 0.81305 c 0.18695 |
6 4.5 : 5 | 0.56658 5 5.34904°10-3 z1:x1¢ gfy
6 0.78149 - 021851
7 5.4 : 6 0.60127 6 6.46288:10-3 72-x20 4f
. 7 0.75322 = s T i (0 i I tas
-1 8 6.3 z1-x1 = : 7 0.6344 7 7.5266°10-3
9 72 . D1eff-10" = 8 | 0.66671 A®1=| g 8.56412-103 ! !
9 0.70298 5 0.29702 0
10 8.1 10 0.68007 m 0'31993 9 0.69865 9 9.58982°10-3 0 400 800
11 9 : 10 | 0.73053 10 0.01061
11 0.65824 o 034176
12 9.9 : 11 | 0.76257 11 0.01164
12 0.63731 5 0.36269
13 10.8 : 12 | 0.79496 12 0.01268
13 0.61713 = T
14 11.7 : 13 | 0.82784 13 0.01374
14 0.59761 % 0.40239
15 12.6 : 14 | 0.86134 14 0.01481
15 0.57864 = 0.42136
16 T : 15 0.8956 15 0.01591
16 16 16
i:=1.99
x1j = 0.01:i 2= 1 xi,
Dieff := Deff(x1j, x2;)
1
1 0.01 1 1
2 0.02 1 0.99 1 | 579562
2 0.03 2 0.98 2 5.6019
4 0.04 3 0.97 3 | 5.41801
5 0.05 4 0.96 4 5.24324
6 0.06 5 0.95 5 | 5.07692
! 0.07 ¢ 0.94 6 | 491845
=] 8 0.08 7 0.93 7 4.7673
9 0.09 x2=| 8 0.92 D1eff-10° =["g | 462295
10 0.1 9 0.91 9 4.48497
11 0.11 10 0.9 10 | 4.35294
12 0.12 11 0.89 11 | 4.22649
13 0.13 12 0.88 12 | 4.10526
14 0.14 13 0.87 13 | 3.98895
1> 0.15 14 0.86 14 | 3.87726
16 :
15 0.85 15 | 3.76991
16 16




Both adsorption and desorption cycles are simulated

The calculations are those plotted in Figure S30 of Supplementary Material

ORIGIN= 1
Charges
=1

z1 z2:=1

lonic diffusivities

D1:= 9.44.10° !

F.- 96510
MW

D(x1,x2,x3) := [

i:=1..5000

ti=(i—1)-1

z3

P2:=17.7-10

T:=25+273.15
MW

Il
—

=2

..100

2 2 D+t 1
fexp(m,D,t) .= exp|-{ m~ - e I
rc m

D1 j
0 b2 (x1 -z12

11

0

P3:=0.63-10

11

R:=8.3144
MW

1

x1-212.D1.(D1 - B3)  x1-21.22-D1-(D2 - D3)

D1+ x2.222.52 + x3.232.93) | x2.22.21.92.(D1 - B3)  x2.22%-D2.(D2 - D3)

6
f(D,t) = —- (fexp(m,D,t))

rc:=0.4-10

D1(x1,x2,x3) := eigenvals(D(x1,x2,x3))1

Q(x1,x2,x3,t) =

D2(x1,x2,x3) := eigenvals(D(x1,x2,x3))2

f(D1(x1,x2,x3),t)-(D(x1,x2,x3) — D2(x1,x2,x3)-1)

(D1(x1,x2,x3) — D2(x1,x2, x3))
f(D2(x1,x2,x3),1)-(D(x1,x2,x3) — D1(x1,x2,x3)-)
+

(D2(x1,x2,x3) — D1(x1,x2, x3))

Adsorption of Na+

0 0.5 (1= 2z1-x1L0 — z2-x2L0)
x1L0 == — x2L0 = — x3L0 :=
z1 z2 z3
1 0.0 (1 - z1-x1R0 — z2-x2R0)
x1R0 = — x2R0:= —  x3R0:=
z1 z2 z3
_[z1-(D1 - D3)-(x1 — x1L0) + z2-(D2 — B3)-(x2 — x2L0
A (2. x3) o 21 )-(x1 - x1L0) + 22-( )-(x2 - x2LO)]
(x1.212.01+ x2.22%.02 + x3-z32-£>3)-E
x14 := x1LO x21 := x2L0 x31 := x3L0 '
x1i11 (1-21x1j - 22.x2)) x1L0 — x1RO x1R0O
= Q| x1i, x2j, |- +
X2i 1 z3 x2L0 - x2R0 )\ x2R0
(1 - z1-x1j41 - 22-%2i41)
X3jy1 =
z3 (1-2z1x1; - z22-x2))
AP 1= AD| X1, X2,
z3
1 1 1
: 1
. 5 1 0.5 1 0.5 1 0
1 0
_ 1 > | 6048976 103 2 | 0.4969755 2 | 0.4969755 2 _2
: : : 0.0803465 3 | 0.4340009 3 | 0.4856526 3 | -4.5077074°10 3
- - 2 0 1106865 4 | 0.4094834 4 0.47983 4 1.1883378°10 : 1 , 0.01
. - E 0 133626 5 | 0.3909796 5 | 0.4753944 5 1.6456247°10 08 ]
6 | 0.3758177 6 | 0.4716773 6 2.0002901°10-3 6x10 °
6 5 6 0.1525051 525208 —
> 0 168792 7 | 0.3627879 7 | 0.4684202 7 2.2956638:103| 72X AP
7 6 211 - g 0 1832384 22x2=["g | 03512715 23x3=["8 | 0.4654901 A®1=["g | 25529037103 235304 T 210" °
8 / 5 01962919 9 | 0.3409002 9 | 0.4628079 9 2.782831-10°3 0.2r i
9 8 10 | 0.3314338 10 | 0.460322 10 | 2.991916510°3 0 == _2410°°
T 5 10 0.2082442 } 100 10
11 | 0.3227054 11 | 0.4579965 11 3.1843937°10°3 x 0
11 0.2192981 )
11 10 12 | 0.3145935 12 | 0.4558054 12 | 3.3632133-103
> m 12 0.2296011
13 | 0.3070066 13 | 0.4537289 13 3.5305305°10°3
E 5 13 0.2392645
14 | 0.2998734 14 | 0.4517518 14 3.6879771°10-3
v 3 14 0.2483748
15 | 0.2931373 15 | 0.4498618 15 3.8368242-103
. " 15 0.2570009
> T 16 16 16
16
Desorption of Na+
1 0.0
X1L0 = — X210 = ——
z1 z2
0 0.5
X1R0 = — X2R0 = ——
z1 NN 72
—[z1-(P1 - B3)-(x1 — x1L0) + z2-(D2 — D3)-(x2 — x2L0)]
Ad(x1,x2,x3) =
(x1.212.01+ x2.22%.02 + x3-z32-£>3)-E
x14 := x1LO x21 := x2L0 x31 := x3L0 '
x1i11 (1-2z1x1j - 22.x2)) x1L0 — x1RO x1R0O
= Q| x1i, x2j, |- +
X2i 1 z3 x2L0 - x2R0 )\ x2R0
(1-z1-x1j41 - 22-%2i41)
X3jy1 =
z3 (1-2z1x1; - z22-x2))
AP 1= AD| X1, X2,
z3
: 1 1 1
1 . . 1 0 1 0.5 1 0
1 0 5 0993951 2 3.024488°103 2 3.024488°103 2 0
> 1 - 3 4.5265763106
3 [ 09347167 3 0.054695 3 0.0105883 _
3 2 : 4 | -9.3922353'104
4 0.077782 4 0.0150055 1 ,
2 3 4 | 0.9072125 5 | -1.3161323103
5 0.0951028 5 0.0183978 i
5 2 > | 0.8864994 6 | -1.5896531-10-3 z1.x108 ]
6 0.1095714 6 0.0212587 oo
6 5 6 0.8691699 7 -1.8128156-10-3 2,520 / 7
7 0.1222263 7 0.0237803 22X ’ =
7 6 7 0.8539934 AP1=| g -2.0041773-10°3 0.4F ’ -
21.x1 = 22x2=| g 0.1335933 z3x3=| g 0.0260611 23:x3"" it
t= g 7 8 | 0.8403456 9 | -2.1730951'10-3 02k . -
5 | o.82785e8 9 0.1439838 9 0.0281594 : 20 \_
9 ) : 10 | -2.3250945-10-3 !
10 0.1536004 10 0.0301132 0
0 3 10 | 0.8162864 11 -2.46376310-3 1 100 1x10"
T 0805467 11 0.1625839 11 0.031949
11 10 i 12 | -2.5915847-10-3 t
5 | 09952972 12 0.1710368 12 0.033686
12 11 : 13 | -2.7103642-1073
E 0785625 13 0.1790363 13 0.0353386 _
13| 12 ' 14 0.1866427 14 0.0369183 B 282146031073
14 | 0.7764391 : : oy
14 13 : 15 | -2.9259265-10°3
15 0.1939037 15 0.0384338
15 | 0.7676626 16
T 16




Both adsorption and desorption cycles are simulated

The calculations are those plotted in Figure S31 of Supplementary Material

ORIGIN= 1
Charges
z1:=1 z2 =1 z3:=3
lonic diffusivities
p1:=944.10 " p2=177.10 M P3:= 0.092.10
F ;- 9.65.10°
A= 9 T .= 25+ 273.15 R .= 8.3144
NW NW

p1 0 1 x1-212.D1.(D1 - B3)  x1-21.22-D1-(D2 — D3)

D(x1,x2,x3) ::[ j— > 2 2
0 b2 (x1 21%.D1 + x2-22°-D2 + x3-23 -93) x2.22.21-D2-(D1 — P3)  x2-22°.D2.(D2 — D3)

rc:=0.4-10

10
m= 1..100 | =
0 1

2 2 D+t 1
fexp(m,D,t) .= exp|-{ m~ - e I
rc m

6
f(D,t):= —-)  (fexp(m,D,1))

D1(x1,x2,x3) := eigenvals(D(x1,x2,x3))1 D2(x1,x2,x3) := eigenvals(D(x1,x2,x3))2
f(D1(x1,x2,x3),t)-(D(x1,x2,x3) — D2(x1,x2,x3)-1)

(D1(x1,x2,x3) — D2(x1,x2, x3))
f(D2(x1,x2,x3),1)-(D(x1,x2,x3) — D1(x1,x2,x3)-)
+

(D2(x1,x2,x3) — D1(x1,x2, x3))

Q(x1,x2,x3,t) =

AP1

i:=1..5000
Adsorption of Na+
ti=(i—1)4
0 0.5 (1= 2z1-x1L0 — z2-x2L0)
x1L0 == — x2L0 = — x3L0 :=
z1 z2 z3
1 0.0 (1 - z1-x1R0 - z2-x2R0)
x1R0 := — x2R0:= —  x3RO0:=
z1 z2 z3
—[z1-(D1 - D3)-(x1 — x1L0) + z2-(D2 - D3)-(x2 — x2L0O
At x2.x3) - 1 )-(x1 — X1LO) + 22-( )-(x2 — x2L0)]
(x1.212.01+ x2.22%.02 + x3-z32-£>3)-E
x14 := x1LO x21 := x2L0 x31 := x3L0 '
x1i11 (1-21x1j - 22.x2)) x1L0 — x1RO x1R0O
= Q| x1i, x2j, |- +
X2j1 z3 x2L0 — x2R0 x2R0
(1 - z1-x1j41 - 22-%2i41)
X3j1 =
z3 (1-2z1x1j - z22-x2))
AP 1= AD| X1}, X2,
z3
1 1 1
] 1
] 5 1 0.5 1 0.5 1 0
1 0
_ : > 6048976 103 2 0.4969755 2 | 0.4969755 2 0
3 0.3571686 3 | 0.4858253 3 -9.4020817°10-6
- 5 3 0.1570061
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System: 1: H+ 2: Na+ 3: Cl- 4: H20

These are the results presented in Figure S39 of the Supplementary Material
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