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The process of coupled multicomponent diffusion and surface reaction is described

by  combining the Maxwell–Stefan (M–S) and Langmuir–Hinshelwood (L–H) formula-

tions. Five different systems are investigated: epoxidation of ethene C2H4 + 1
2 O2 �

C2H4O, oxidation of carbon monoxide CO + 1
2 O2 � CO2, hydrogenation of ethene H2 +

C2H4 � C2H6, CO methanation CO + 3H2 � CH4 + H2O, and chemical vapor deposition

WF6 + 2SiH4 → W(s) + 2SiHF3 + 3H2. For isothermal, isobaric operations under steady-state

conditions, multiplicity of solutions are found for all five reaction systems. The origin of the

multiplicities is traceable to the non-linear characteristics of the L–H kinetics. Application of

the  Prigogine principle of minimum entropy production indicates that the low-conversion

steady-state is the stable one that can be realized in practice. The reported results have

important consequences for modelling and design of chemical vapor deposition processes
axwell–Stefan diffusion

ultiplicity

angmuir–Hinshelwood kinetics

and  micro-channel reaction devices consisting of thin catalyst coatings on the walls.

©  2017 Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.

surface concentrations are different from the corresponding bulk phase
.  Introduction

here is increasing interest and research activity in the application

f micro-channel reaction devices in a variety of processes such

s epoxidation of ethene, methylchloride synthesis, partial oxida-

ion of methane, methanol steam reforming, dehydrogenation of

thane, methanation of carbon oxides, production of phosgene, and

ischer–Tropsch synthesis (Brooks et al., 2007; Deshmukh et al., 2010;

örke et al., 2005; Hernández Carucci et al., 2010; Kiwi-Minsker and

enken, 2005; Pennline et al., 1981; Russo et al., 2015; Schmidt et al.,

013; Venkataraman et al., 2002). A common characteristic of such

icro-reactors, that have thin catalyst coatings on the walls, is that the

ransport of reactants and products towards and away from the catalyst

urface is subject to diffusional limitations (Gervais and Jensen, 2006;

usso et al., 2015; Schmidt et al., 2013). In chemical vapor deposition

CVD) processes, the rates of deposition on metal substrates (wafers)
E-mail address: r.krishna@contact.uva.nl
ttps://doi.org/10.1016/j.cherd.2017.10.028
263-8762/© 2017 Institution of Chemical Engineers. Published by Elsev
are dictated by molecular diffusion in the gas phase adjacent to the

substrate (Kuijlaars et al., 1995).

If the surface reaction follows the generic scheme,

�1A1 + �2A2 + �3A3 + ......�nAn = 0 (1)

the steady-state transfer fluxes, Ni, from the bulk gas mixture to the

catalyst surface are coupled to one another because the ratios of the

fluxes are constrained by the reaction stoichiometry:

N1

�1
= N2

�2
= N3

�3
= .... = Nn

�n
(2)

The surface reaction influences the transfer fluxes Ni by altering

the partial pressures adjacent to the surface piı in the gas phase. The
concentrations because of diffusional limitations and differences in

ier B.V. All rights reserved.

http://www.sciencedirect.com/science/journal/02638762
www.elsevier.com/locate/cherd
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cherd.2017.10.028&domain=pdf
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Fig. 1 – Calculations of the dimensionless surface reaction
rate, following the L–H kinetic expression used by Löwe
and Bub (1976) in their Example 1. The calculations are
presented for mole fraction of A1 at the catalyst surface
fixed at the value y1ı = 0.62. The mole fractions of A2 at the
catalyst surface are varied from 0 to 0.4. Also plotted is the
flux of A3 directed away from the catalyst; the flux
calculations use Eq. (17). (b) Composition profiles in the gas
film external to the catalyst surface, corresponding to the
Solution sets I, II, and III; these calculations are based in
the adsorption strengths of the constituent species. Simply put, the

transfer fluxes influence surface reaction rates and the kinetics, in turn,

influences the transfer fluxes. One of the imprtant consequences of

such coupling effects has been highlighted by Löwe and Bub (1976); they

present a theoretical analysis of gaseous diffusion with surface reaction

A1 + 2A2 � A3, that is described by the Langmuir–Hinshelwood (L–H)

kinetic prescription,

Rate = kp1ıp2ı

(1 + K1p1ı + K2p2ı)
2

(3)

For diffusion in the bulk gas phase, Löwe and Bub (1976) employed

a simplified Maxwell–Stefan (M–S) description,

− dyi
dz

=
n∑

j = 1
j  /=  i

yjNi − yiNj

ctÐ
;  i = 1, 2, . . .n

(4)

assuming the diffusivities of the three constituent pairs to be equal to

one another, Ð12 = Ð13 = Ð23 = Ð. For isothermal, isobaric operations at

steady-state conditions, Löwe and Bub (1976) demonstrated the possi-

bility of multiple steady-states for chosen set of diffusion and reaction

parameters. For elucidating the observed multiplicities, Fig. 1a presents

calculations of the surface reaction rate, using the L–H expression (3);

the mole fractions of A2 at the catalyst surface y2ı are varied from 0

to 0.4, maintaining the mole fraction of A1 at the catalyst surface at

y1ı = 0.62; the strong non-linear dependence of the reaction rate on y2ı is

evident. For the chosen bulk gas phase mole fractions y10 = 0.6, y20 = 0.4,

y30 = 0, the flux of A3 directed away the catalyst surface will decrease

with increasing value of y2ı. There are three intersection points for the

surface reaction rate with the transfer flux, indicating the feasibility

of three different steady-state solutions; the composition profiles in

the gas “film”, corresponding to the three states are shown in Fig. 1b.

The work reported by Löwe and Bub (1976) is distinctly different from

other publications on multiplicity in reacting systems (Oh et al., 1979;

Uppal and Ray, 1977; Wedel and Luss, 1984; Witmer et al., 1986) in that

isothermal, isobaric conditions prevail, and the diffusion resistance is

external to the catalyst surface. Their analysis is potentially relevant to

the micro-channel reactors in which diffusion to the catalyst layer is

invariably of importance (Gervais and Jensen, 2006; Russo et al., 2015;

Schmidt et al., 2013).

The assumption that the binary pair diffusivities are equal to one

another is overly restrictive and not justifiable in many reaction sys-

tems of practical interest. For example, in the CVD process for W

deposition on Si substrate, WF6 + 2SiH4 → W(s) + 2SiHF3 + 3H2, the gas

phase mixture consists of four species WF6 (1), SiH4 (2), SiHF3 (3), and

H2 (4), whose molar masses are, respectively, 297.8, 32.1, 104.1, and

2 g mol−1. Using the Fuller–Schettler–Giddings estimation procedure

(Fuller et al., 1966; Rajagopal and Rao, 2004), the M–S diffusivities of the

constituent binary pairs at typical operating conditions of temperature

T = 673 K and the total pressure pt = 100 Pa are Ð12 = 0.026 ; Ð13 = 0.013 ;

Ð14 = 0.152 ; Ð23 = 0.031 ; Ð24 = 0.24 ; Ð34 = 0.172 m2 s−1; the pair diffusivi-

ties Ðij differ by more than one order of magnitude. Large differences

in the binary pair diffusivities enhances the “coupling” between con-

stituent fluxes (Krishna, 2015, 2017; Krishna and van Baten, 2016).

The first objective of our investigation is to extend the Löwe/Bub

analysis by using a more rigorous model for transfer fluxes using the

Maxwell–Stefan formulation, taking due account of differences in pair

diffusivities (Kleijn and Hoogendoorn, 1991; Krishna, 1977, 2015, 2017;

Krishna and van Baten, 2016; Kuijlaars et al., 1995; Wesselingh and

Krishna, 2000),

− dyi
dz

=
n∑

j = 1
j  /=  i

yjNi − yiNj

ctÐij
; i = 1, 2, . . .n

(5)
The M–S diffusivities of the constituent binary pairs are subject to

the symmetry constraint imposed by the Onsager Reciprocal Relations:

Eq. (16). The dimensionless rates of entropy production �

for the three sets are also indicated. Further calculation
details are provided in Supplementary material.
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ij = Ð ji. Exact analytic solutions are derived for the combined set of

–S/L–H equations; these are used to analyze five different reaction

ystems of industrial importance: epoxidation of ethene C2H4 + 1
2 O2 �

2H4O, oxidation of carbon monoxide CO + 1
2 O2 � CO2, hydrogenation

f ethene H2 + C2H4 � C2H6, CO methanation CO + 3H2 � CH4 + H2O,

nd chemical vapor deposition WF6 + 2SiH4 → W(s) + 2SiHF3 + 3H2. We

im to demonstrate the possibility of steady-state multiplicities in each

eaction system.

The second objective is to resolve the issue of multiplicities

y invoking the Prigogine principle of minimum entropy produc-

ion (Krishna, 2017; Prigogine, 1961). This principle affords a simple

nd “cheap” approach to determine the physically realizable solution

ecause its use obviates the need for undertaking a detailed stability

nalysis such as that reported by Löwe and Bub (1976).

Supplementary material accompanying the manuscript provides (a)

etailed derivation of the analytic solution to M–S equations describ-

ng diffusion with surface reaction, and (b) numerical techniques and

nput data used to demonstrate multiplicity of steady-states in the five

ifferent reaction systems.

.  Definition  and  calculation  of  effective
iffusivities

or the analysis of gas phase diffusion with surface reaction,
t is convenient to define “effective” diffusivities, Di,eff for each
omponent i in the n-component mixture,

Ni = −ctDi,eff
dyi
dz

; i = 1, 2, . . .n (6)

Eqs. (2) and (5) allow us to obtain an explicit expression for
he effective diffusivities,

1
Di,eff

==
n∑

j = 1
j /=  i

xj

Ðij

(
1 − yiNj

yjNi

)
; i = 1, 2, . . .n

(7)

The effective diffusivities are dependent on both com-
ositions, and the flux ratios. To emphasize this point,
ig. 2 presents calculations of Di,eff in four different reac-
ion systems. The effective diffusivity of H2 participating in

F6 + 2SiH4 → W(s) + 2SiHF3 + 3H2 reaction is about an order
f magnitude higher than that of WF6. For methanation of
arbon monoxide, CO + 3H2 � CH4 + H2O, the effective dif-
usivity of H2 is about a factor 3 higher than that of CO;
he product CH4 has the lowest effective diffusivity because
ts motion is in a direction opposite to the total mixture
ux, Nt = N1 + 3N1 + N1 − N1 = 2N1. For hydrogenation of ethene

2 + C2H4 � C2H6, the effective diffusivity of H2 is about a fac-
or 5 higher than that of C2H6 whose flux opposes that of the
otal mixture, Nt = N1 + N1 − N1 = N1.

Even if the binary pair M–S  diffusivities are equal to one
nother, Ð12 = Ð13 = Ð14 = Ð23 = Ð 34... = Ð, as assumed in the
öwe/Bub analysis, it is easy to check that the effective dif-
usivity of all components are not equal to one another:

1
Di,eff

=
n∑

j = 1
j /=  i

xj

Ð

(
1 − yiNj

yjNi

)
(8)

In this scenario, the differences in the effective diffusivity
alues, originate from the differing flux ratios of individ-
al species. For ethene epoxidation C2H4 + 1

2 O2 � C2H4O at

 = 573 K and the total pressure pt = 200 kPa, the M–S  dif-
usivities of the constituent binary pairs are very close to
one another: Ð12 = 2.45; Ð13 = 1.64; Ð23 = 2.08 × 10−5 m2 s−1. The
effective diffusivity of C2H4O is, however, about a factor 2 lower
than that of O2 (see Fig. 2d); this is due to the fact that the
transfer of C2H4O is in a direction opposite to the net mix-
ture flux Nt = N1 + 1

2N1 − N1 = 1
2N1, that is directed towards

the catalyst surface. Eq. (7) also holds if there are multiple
reactions occurring at the catalytic surface. In this case, the
flux ratios are dependent on both the reaction stoichiometries,
and the relative rates of the reactions at the surface; detailed
derivations are provided in Supplementary material.

3.  Exact  analytic  solution  to  the
Maxwell–Stefan  equations

For isothermal, isobaric steady-state diffusion across a “film”
of thickness �, we define a dimensionless distance: � = z

ı . The
bulk vapor compositions are specified as follows � = 0; z =
0; (y) = (y0).  At the other end of the film, the boundary con-
ditions are � = 1; z = ı; (y) = (yı);  at this position we  have
the surface reaction, as represented by Eq. (1).

The mole fractions sum to unity, and therefore only n − 1 of
Eq. (5) are independent. We define an n − 1 × n − 1 dimensional
square matrix [˚]:

˚ii =
(

�i
�1Ðin

+
k=n∑

k=1;k≈i

�k
�1Ðik

)
ı

ct
N1;

˚ik;k /= i = −
(

�i
�1Ðik

− �i
�1Ðin

)
ı

ct
N1; i = 1, 2, ..n − 1

(9)

and an n − 1 dimensional column matrix (�),

�i = −
(

�i
�1Ðin

)
ı

ct
N1; i = 1, 2, ..n − 1 (10)

Eq. (5) can be cast into n − 1 dimensional matrix notation,

d (y)
d�

= [˚] (y) + (�) (11)

For steady-state transfer across a film, the matrices [˚] and
(�) are both �-invariant. Therefore Eq. (11) represents a system
of coupled ordinary differential equations with constant coeffi-
cients [˚] and (�). Following the procedure of Krishna (2017) and
Krishna and Standart (1976), the system of equations can be
solved analytically to obtain the mole fraction profiles within
the diffusion layer,

(y� − y0) = − [exp [˚�] − [I]] [exp [˚] − [I]]−1 (y0 − yı) (12)

In Eq. (12), [I] is the identity matrix with Kronecker delta ıik
as elements. The composition gradient at the position � can
be obtained by differentiation of Eq. (12); we  get,

d (y�)
d�

= − [˚] [exp [˚�]] [exp [˚] − [I]]−1 (y0 − yı) (13)

The steady-state transfer fluxes of components 1,2,. . .n − 1
can be determined by combining Eqs. (6) and (13).

(N) = − ct
[
Deff,�

] d (y�) = ct [
Deff,�

]
[˚] [exp [˚] �]
ı d� ı

[exp [˚] − [I]]−1 (y0 − yı) (14)
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Fig. 2 – Calculation of the effective diffusivities of constituent species participating in (a) WF6 + 2SiH4 → W(s) + 2SiHF3 + 3H2

reaction at T = 673 K, pt = 100 Pa, (b) CO + 3H2 � CH4 + H2O reaction at T = 503 K, pt = 2.2 MPa,  (c) H2 + C2H4 � C2H6 reaction at
T = 293.15 K, pt = 2 MPa, and (d) C2H4 + 1

2 O2 � C2H4O reaction at T = 573 K, pt = 200 kPa. Further calculation details are

provided in Supplementary material.

where the diagonal matrix of effective diffusivities matrix
at position � is

[
Deff,�

]
, with elements Di,effıik, is calculated

from Eq. (7) using the compositions at position �. Without loss
of generality, we  may evaluate

[
Deff,�

]
at position � = 0, and

obtain,

(N) = − ct
ı

[
Deff,�=0

] d (y)
d�

|
�=0

= ct
ı

[
Deff,�=0

]
[˚] [exp [˚] − [I]]−1 (y0 − yı) (15)

In Eq. (15), the diagonal matrix of effective diffusivities is
calculated using the compositions yi0 at position � = 0. Though
the expression (15) appears to be explicit in the fluxes, it is
to be noted that the matrix factor [˚] [exp [˚] − [I]]−1 is also a
function of the transfer fluxes. Eq. (15) may be implemented

into current models for micro-channel reactors, such as that
of Russo et al. (2015).
For the special scenario in which the M–S  pair diffusivities
are assumed to equal one another, the corresponding analytic
solution to simplified set of Eq. (8) is derived by noting that

[˚] simplifies to the scalar quantity  ̊ =
(

1 +
k=n∑

k=1;k≈i

�k
�1

)
ıN1
ctÐ

;

the composition profiles in the gas film are described in this
scenario by,

yi� = yi0 − exp(˚�) − 1
exp(˚) − 1

(yi0 − yiı) (16)

The constituent transfer fluxes are then calculated from
the set of un-coupled flux equations.

Ni = �i
�1
N1 = ct

ı
Di,eff,�=0

˚

exp(˚) − 1
(yi0 − yiı) (17)

In typical practical examples, the bulk vapor composi-

tions � = 0; z = 0; (y) = (y0) are specified or determined
from a reactor material balance. The n − 1 independent



chemical engineering research and design 1 2 8 ( 2 0 1 7 ) 231–239 235

c
a
o
e
m

N

f
(
T
s

4
d

H
d
p
C
o
R
f
o
a
o
l
t
f
d
w
c
t
l
i
c
d
a
m
i

E
h

f
o
t
o
(
1
1
m
c
i
p
i
s
F
t

Fig. 3 – (a) Plot of the reaction rate C2H4 + 1
2 O2 � C2H4O and

flux of C2H4 versus the mole fraction of C2H4 at the catalyst
surface, y1ı, applying the restraint y2ı = 0.1. (b) Composition
profiles in the gas film external to the catalyst surface,
corresponding to the Solution sets I, II, and III; the rates of
entropy production � for the three sets are also indicated.
Further calculation details are provided in Supplementary
material.
ompositions at the catalytic surface � = 1; z = ı; (y) = (yı)
re all unknown. Since the flux ratios are fixed, there is only
ne unknown flux, say N1. At steady-state, the transfer flux
quals the surface reaction rate, say expressed in terms of
oles of component 1 converted per m2 of surface per second,

1 = Rate(p1ı, p2ı, ...pn−1,ı) (18)

The n − 1 independent compositions at the catalytic sur-
ace, yiı, are obtained by simultaneous solution of Eqs. (15) and
18) using an iterative procedure with starting guesses of yiı.
he results reported here are obtained using the Given-Find
olve block of MathCad 15 (PTC, 2013).

.  Steady-state  multiplicities  in  five
ifferent  reaction  systems

ernández Carucci et al. (2010) and Russo et al. (2015) have
emonstrated the advantages of using a microreactor made of
ure silver, that also acts as catalyst, for epoxidation of ethene

2H4 + 1
2 O2 � C2H4O to produce ethene oxide, an important

rganic intermediate in the process industries. According to
usso et al. (2015), the Ag catalyzed epoxidation reaction con-
orms with the L–H kinetic Eq. (3). Fig. 3a presents calculations
f the surface reaction rate with varying mole fraction of C2H4

t the catalyst surface, y1ı. The strong non-linear dependence
f the reaction rate on the mole fraction of C2H4 at the cata-

yst surface is evident, and shows the same characteristics as
hat witnessed in Fig. 1a. For the chosen bulk gas phase mole
ractions y10 = 0.5, y20 = 0.25, y30 = 0.25, the flux of C2H4 will be
irected towards the catalyst surface; the flux will decrease
ith increasing values of y1ı. Also plotted in Fig. 3a are the

alculations of the flux of C2H4 using Eq. (15). It is noteworthy
hat the variation of the flux of C2H4 with increasing y1ı is not
inear. The non-linearity emerges from the coupling effects
nherent in the use of Eq. (15). The intersection of the two
urves indicates three different solution sets. For a precise
etermination of the three steady-states, the set of Eqs. (15)
nd (18) need to be solved simultaneously. With starting esti-
ated values correspond to the three (circled) compositions

n Fig. 3a, we  obtain the converged solutions:
Set I: y1ı = 0.23246; y2ı = 0.14524; N1 = 22.8 mol  m−2 s−1,
Set II: y1ı = 0.07452; y2ı = 0.0843; N1 = 34.7 mol  m−2 s−1, and
Set III: y1ı = 2.85 × 10−3; y2ı = 0.05626; N1 = 39.9 mol  m−2 s−1.
Fig. 3b shows the composition profiles, determined using

q. (12), for the three sets; the profiles become steeper for
igher values of transfer fluxes, as is to be expected.

Plots of surface reaction rate and transfer flux vs sur-
ace composition of key component, analogous to Fig. 3a, are
btained for (a) Pt/Al2O3 catalyzed hydrogenation of ethene
o produce ethane (Uppal and Ray, 1977), (b) Pt/SiO2 catalyzed
xidation of CO to produce CO2 (Herskowitz and Kenney, 1983),
c) Ni/Al2O3 catalyzed methanation of CO (Yadav and Rinker,
993), and (d) W deposition on Si substrate (Ammerlaan et al.,
993); see Fig. 4. The detailed analyses of the steady-state
ultiplicities in each of these reaction systems, along with

omposition profiles in the gas diffusion layer, are provided
n Figs. S7–S20 of Supplementary material. Even if the sim-
lification of equal pair diffusivities is invoked and Eq. (17)

s employed for flux calculations, the multiplicities persist;
ee Figs. S10 and S14. From an examination of the plots in

igs. 3 and 4, it is evident that the origin of the multiplici-
ies resides in the non-linearities implicit in the L–H kinetics; a
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Fig. 4 – Plots of surface reaction rate and transfer flux vs surface composition of key reactant for (a) Pt/Al2O3 catalyzed
hydrogenation ethene to produce ethane, (b) the Pt/SiO2 catalyzed oxidation of CO to produce CO2, (c) Ni/Al2O3 catalyzed

ther
methanation of CO, and (d) W deposition on Si substrate. Fur

linear surface kinetics expression will only yield one intersec-
tion point.

It is worth emphasizing that the observed multiplicities
witnessed in the foregoing systems are for isothermal,  isobaric
operations; it is much more  commonplace to find multi-
plicities for non-isothermal and adiabatic operations; some
examples are listed below.

The experiments of Wedel and Luss (1984) show steady-
state multiplicities for adiabatic operation of a fixed bed
reactor for methanation of CO; the origins are traced to the
non-linear temperature and composition dependence in the
L–H kinetic description.

The existence of multiple steady states for CVD processes
has been established in the experiments of Kostjuhin and
Sotirchos (2002); these authors have not, however, under-
taken a detailed diffusion/reaction analysis and attribute the
multiplicities to “interactions of the reaction steps” in the
deposition process.

Uppal and Ray (1977) have detected three different steady

states for Pt/Al2O3 catalyzed hydrogenation of ethene, sub-
ject to intra-particle diffusion limitations. For non-isothermal
 calculation details are provided in Supplementary material.

operations in fixed-bed catalytic hydrogenation of ethyne
and ethene (Bos et al., 1993), present experimental evidence
of ignition/extinction phenomena, and dynamic oscillatory
behaviors arising from non-linear temperature and compo-
sition dependence of the L–H kinetics. The experiments of
Herskowitz and Kenney (1983) and Oh et al. (1979) demon-
strate that the Pt/SiO2 catalyzed CO oxidation to CO2 exhibits
steady-state multiplicity; neither of these works presents a
diffusion/reaction analysis to trace its origins.

5.  Resolving  multiplicities  using  the
Prigogine  principle

How do we determine which of the three steady-state solu-
tions obtained for the five reaction system is the one that
can be realized in practice? Löwe and Bub (1976) undertook
a detailed stability analysis to conclude that solution set I
in Fig. 1 is the stable one. We  adopt an alternative strategy,
seeking recourse to the theory of irreversible thermodynam-

ics (Prigogine, 1961; Standart et al., 1979; Taylor and Krishna,
1993). The second law of thermodynamics dictates that the
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Fig. 5 – Composition profiles in the gas “film” for
components participating in the process of W deposition
WF6 + 2SiH4 → W(s) + 2SiHF3 + 3H2. The profiles correspond
to the two sets of stable steady state solutions, calculated
using Eqs. (12) and (16). Further calculation details are
ate of entropy production must be positive definite, � ≥ 0; a
etailed derivation is provided in Supplementary material:

 = −RN1

�1

n∑
i=1

(
�i
yi

− �t

)
dyi
dz

≥ 0 (19)

here �t = �1 + �2 + �3 + · · · �n; the situation � = 0 manifests at
hermodynamic equilibrium. The Prigogine principle of min-
mum entropy production says that the steady state of an
rreversible process, i.e., the state in which the thermody-
amic variables are independent of the time, is characterized
y a minimum value of the rate of entropy production
Prigogine, 1961). The application of this principle for resolv-
ng multiplicities in diffusion of ternary gas mixtures has
een established (Krishna, 2017). The parallels and contrasts
etween the Lyapunov stability criterion and the Prigogine
rinciple, as applied to stability of continuous stirred tank
eactors, are discussed by Tarbell (1977).

The rates of entropy production for the sets I, II, and III of
öwe/Bub system (cf. Fig. 1) are, respectively, � = 0.362, 0.71,
nd 1.41. Application of the Prigogine principle leads to the
onclusion that the set I is the stable solution; this is the same
onclusion drawn by Löwe and Bub (1976) using a detailed
tability analysis.

For each of five reaction systems (cf. Figs. 3 and 4), the solu-
ion set I produces entropy at the minimum rate and these

ust correspond to the stable, physically realizable, steady-
tate.

.  Significance  of  diffusional  coupling
ffects  in  CVD  process

e  now examine whether there is any penalty associated
ith assuming equal diffusivities for all the constituent binary
airs, Ðij = Ð because this expediency results in a set of uncou-
led flux Eq. (17). Fig. 5 presents the composition profiles in
he gas “film” for components participating in the process of

 deposition WF6 + 2SiH4 → W(s) + 2SiHF3 + 3H2. The profiles
orrespond to the two sets of stable steady state solutions
set I), calculated using the rigorous Eq. (12), and the sim-
lified Eq. (16). In the latter case, we make the assumption

 = Ð13 = 0.013 m2 s−1, the lowest pair diffusivity in the mix-
ure. The W deposition rates for the stable solution sets I are,
espectively, N1 = 0.01916, and N1 = 0.00763 mol  m−2 s−1. The
arge differences in the deposition rates, differing by more
han a factor two, underscores the need for taking proper
ccount of differences in the binary pair diffusivities in CVD
rocesses; the same conclusion has been reached by Kuijlaars
t al. (1995).

.  Conclusions

 combination of Maxwell–Stefan and
angmuir–Hinshelwood formulations for describing dif-
usion and surface reaction has been used to analyze five
ifferent reaction systems. The following major conclusions
merge from the work.

. The effective diffusivity concept, defined in Eq. (6), is par-
ticularly convenient for diffusion/reaction systems. This

concept is implementable in existing models for micro-
channel reactors such that of Russo et al. (2015).
provided in Supplementary material.

2. The simultaneous solution of the analytic expression for
the transfer fluxes (Eq. (15)), and the L–H expression for sur-
face reaction (Eq. (18)) yields three different solution (sets
I, II, and III) for the five reaction systems. The origin of
the multiplicities is traceable to the non-linearities of L–H
kinetics.

3. The Prigogine principle of minimum entropy production
indicates that the low-conversion steady-state (set I) is the
stable one that will be realizable in practice; its use obviates
the need for undertaking a detailed stability analysis.

4. For modelling of CVD processes, it is important to take
proper account of differences in the diffusivities of the con-
stituent binary pairs in the mixture.

For reactive distillation processes, multiple steady states
are routinely observed (Higler et al., 1999; Taylor and Krishna,
2000); the analysis of such phenomena requires extension
of current work to include vapor/liquid phase equilibrium,
and intra-catalyst diffusion. The analysis also needs to be
extended to cases for which the surface chemical reactions
do not obey L–H kinetics, as may be the case of CO oxidation
(Temel et al., 2007).

Notation

Ðij M–S binary pair diffusivity, m2 s−1

Di,eff Effective diffusivity of component i, m2 s−1
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[I] Identity matrix, dimensionless
k Reaction rate constant
K Langmuir adsorption constant, Pa−1

n Number of species in the mixture, dimensionless
Ni Molar flux of species i, mol  m−2 s−1

Nt Total molar flux of mixture, mol  m−2 s−1

pi Partial pressure of component i, Pa
pt Total pressure, Pa
R Gas constant, 8.314 J mol−1 K−1

T Absolute temperature, K
yi Mole fraction of component i in gas phase, dimen-

sionless
z Direction coordinate, m

Greek letters
ı Film thickness, m
ıij Kronecker delta, dimensionless
� Dimensionless distance in diffusion layer, dimen-

sionless
�i Stoichiometric reaction coefficient, dimensionless
� Rate of entropy production, J m−3 s−1 K−1

�ij Dimensionless mass transfer rate factors, dimen-
sionless

�i Dimensionless mass transfer rate factors, dimen-
sionless

Subscript
0 Referring to position, z = 0
� Referring to position, z = ı

� Referring to position, z = �

i Component index

Appendix  A.  Supplementary  data

Supplementary data associated with this article can be
found, in the online version, at https://doi.org/10.1016/
j.cherd.2017.10.028.
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1. Preamble 

The Supplementary Material accompanying the manuscript Resolving Steady-State Multiplicities for 

Diffusion with Surface Chemical Reaction by Invoking the Prigogine Principle of Minimum Entropy 

Production provides (a) detailed derivation of the analytic solution to M-S equations describing 

diffusion with surface reaction, and (b) numerical techniques and input data used to demonstrate 

multiplicity of steady-states in five different reaction systems.  

All the calculations and simulations presented in this article were performed using MathCad 15.1 

For ease of reading, this document has been written as a stand-alone document. Consequently, there is 

some degree of overlap with the main article.  

2. The Maxwell-Stefan formulation of diffusion with surface reaction 

The Maxwell-Stefan diffusion equations for n-component ideal gas mixtures are  

 ni
Ðc

JyJy

Ðc

NyNy

dz

dy n

j ijt

jiij
n

j ijt

jiiji

ijij

,2,1;
11







 



 (1) 

The Onsager reciprocal relations demand the symmetry constraint njiÐÐ jiij ,2,1,;  .  

The molar fluxes iN  are defined in the laboratory fixed reference frame  

 niuycucN iitiii ,2,1;   

The molar average mixture velocity u  is nnuxuxuxu  2211 . We also define diffusion fluxes iJ  

with respect to the chosen molar average reference velocity frame u : 

   niuucJ iii ,..2,1;    

The diffusion fluxes iJ  sum to zero  

   
  


n

i
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i

n
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i
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and only n-1 of the fluxes Ji are independent. We have the inter-relation between the two fluxes 

 



n

i
tittiiiii ucNNNyJucN

1

;  

The M-S pair diffusivities Ðij for gaseous mixtures at low pressures, below about 10 bar, can be 

estimated to a good level of accuracy using the Fuller-Schettler-Giddings (FSG)2 method  

    
12

23/13/1

75.17

sm
1043.1 








iiij

ij
vvMp

T
Ð  where p is the pressure (expressed in bars), 

ji

ij

MM

M
11

2


  is 

the mean molecular weight of the mixture (expressed in g mol-1), iv ,  and jv  are the diffusion volumes  

(expressed in cm3 mol-1) whose values are obtained by summing the contributions of the volumes of the 

constituent atoms in the molecular species (the values are tabulated in Table 11.1 of Reid, Prausnitz, 

and Poling3). For components encountered in CVD processes, data on diffusion volumes are provided in 

Table 4 of  Rajagopal and Rao.4  According to the FSG estimation procedure, the product of Ðij and the 

total pressure, p, is a function only of temperature and is also independent of composition.  

Only n-1 of the equations (1) are independent because the mole fractions sum to unity and the mole 

fraction gradients sum to zero 0...;1 21

1


 dz

dy

dz

dy

dz

dy
y n

n

i
i .  

3. Effective diffusivity of single surface reaction 

We define a dimensionless distance: 


 z
 . The bulk vapor compositions are specified as follows 

   0;0;0 yyz  . At the other end of the film, the boundary conditions are 

    yyz  ;;1 ; at this position we have a catalytic surface with the heterogeneous reaction. 

Let us first consider a single reaction system 0A......AAA 332211  nn . The ratios of the 

fluxes Ni, in the laboratory fixed reference velocity frame, are determined by the reaction stoichiometry 
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and so 
n

nNNNN


 ....

3

3

2

2

1

1 . The total mixture flux can be expressed in terms of the flux of 

component 1: t
n

t

N
NN 










1

1

11
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1 ....1 




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


  where  

 nt   ....321 . The ratio of the total flux to the flux of component i is 

i
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1

1

. Each of the molar fluxes Ni are related to the corresponding diffusion fluxes 

Ji by 
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.  

The “effective” diffusivities, Di,eff for each component i are defined as 

 ni
dz

dy
DcN i

effiti ,2,1;,   (2) 

 Equation (1) allows us to obtain an explicit expression for the effective diffusivity of component i is 

 ni
y

y

Ð
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Ny

Ð

x

D
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j ij
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ij
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1 1,
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
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
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







  

 
  


 (3) 

Even if the binary pair M-S diffusivites are assumed to be equal to one another, 

ÐÐÐÐÐÐÐ  342423141312 ,  the M-S equations (1) simplify to  

 






n

j t

jiiji

ij

Ðc

NyNy

dz

dy

1

 (4) 

It is easy to check that the effective diffusivity of all components are not equal to one another: 

 ni
y

y

Ð

x

Ny

Ny

Ð

x

D

n

j

n

j ij

jij

ij

jij

effi
ij ij

,2,1;11
1

1 1,






















 

 
  


 (5) 
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4. Effective diffusivity of multiple surface reactions 

Let us first consider a scenario in which we have two different surface reactions taking place at 

    yyz  ;;1 .  We write the two reactions as 

0A......AAA

0A......AAA

2,2,2,32,32,22,22,12,1

1,1,1,31,31,21,21,11,1





nn

nn




.  

Let the rates of conversion of A1 at      yyz  ;;1  for the two reactions be 1,1ARate , and  

2,1ARate  respectively. 

At steady-state the flux of A1 is 2,12,11,11,11 AA RateRateN    

The flux of A2 is 2,1
2,1

2,2
1,1

1,1

1,2
2 AA RateRateN







  

The flux of A3 is 2,1
2,1

2,3
1,1

1,1

1,3
3 AA RateRateN







  

The flux of An is 2,1
2,1

2,
1,1

1,1

1,
A

n
A

n
n RateRateN







  

The flux ratios are constant across the diffusion film. 

The effective diffusivity of component i is 

 ni
Ny

Ny

Ð

x

D

n

j ij

ji

ij

j

effi
ij

,2,1;1
1

1,











 




 (6) 

To illustrate the calculations of the effective diffusivity using equation (6), we consider a set of two 

reactions at the catalyst surface: 

CO methanation: 

1Reaction O(4);H)3(CH)2(3H (1) CO 242   

Water gas shift reaction: 

2Reaction (2);H)5(CO)2(OH (1) CO 222   
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The temperature is chosen as 648 K and the total pressure pt = 2.2 MPa. Using the Fuller-Schettler-

Giddings (FSG),2  the M-S diffusivities of the constituent binary pairs are 

;73.3

;18.3;7.4

;8.11;2.16;6.12

;93.2;66.4;89.3;1.14

45

3534

252423

15141312







Ð

ÐÐ

ÐÐÐ

ÐÐÐÐ

10-6 m2 s-1.  The fluxes of the five component 

species will be 

At steady-state the flux of CO is 2,11,11 AA RateRateN   

The flux of H2 is 2,11,12 3 AA RateRateN   

The flux of CH4 is 1,13 ARateN   

The flux of H2O is 2,11,14 AA RateRateN   

The flux of CO2 is 2,15 ARateN   

Assuming that the rate of the methanation rection is twice as fast as the water gas shift reaction 

2,11,1 2 AA RateRate  , we calculate 

6.3;84.4;1.4;7.15;6.4 ,5,3,3,2,1  effeffeffeffeff DDDDD 10-6 m2 s-1. 

5. Analytic solution to the M-S equations for steady-state transfers 

For steady-state diffusion of n-component mixtures of ideal gas mixtures across a film of thickness , 

the exact analytic solution of Krishna and Standart5 is now applied for the calculation of the fluxes.  

We define a n-1 n-1 dimensional square matrix    

 1,..2,1;; 1
11

;1
;1 11


















 




 niN

cÐÐ
N

cÐÐ tin

i

ik

i
ikik

t

nk

ikk ik

k

in

i
ii














 (7) 

and an n-1 dimensional column matrix    

 1,..2,1;1
1









 niN

cÐ tin

i
i



  (8) 
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Equation (1) can be cast into n-1 dimensional matrix notation 

      


 y
d

yd
            (9) 

For steady-state transfer across a film, the matrices    and    are both -invariant. Therefore 

equation (9) represents a system of coupled ordinary differential equations with constant coefficients  

   and   .  

The system of equations can be solved analytically to obtain the mole fraction profiles within the 

diffusion layer 

                yyIIyy  
0

1
0 expexp  (10) 

In equation (10),  I  is the identity matrix with Kronecker delta ik  as elements. 

The composition gradient at the position 


 z
   can be obtained by differentiation of equation (10); 

we get  

 
             

 


yyI
d

yd
 

0
1expexp  (11) 

The steady-state transfer fluxes of components 1,2,..n-1 can be determined from 

                   


 


yyID
c

d

yd
D

c
N eff

t
eff

t  
0

1
,, expexp  where the diagonal matrix of 

effective diffusivities matrix at position   is  ,effD , with elements ikeffiD , , is calculated from 

equations (3) using the compositions at position  . Without loss of generality, we may evaluate  

 ,effD at position 0


 z
, and obtain 
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               

          
















yyI

D

D

D

D

c
N

yyID
c

d

yd
D

c
N

effn

eff

eff

eff

t

eff
t

eff
t












































0
1

0,,1

0,,3

0,,2

0,,1

0
1

0,0,

exp

0000

0000

0000

0000

0000

exp
0



 (12) 

In Equation (12), the diagonal matrix of effective diffusivities is calculated using the compositions yi0 

at position 0


 z
. Though the expression (12) appears to be explicit in the fluxes, it is to be noted 

that the matrix         1exp  I  is also a function of the fluxes.  

The Sylvester’s expansion formula, detailed in Equation (A.5.17) of Taylor and Krishna,6 is required 

for explicit calculation of        1exp  I . For the n-1 dimensional matrix   , the Sylvester’s 

expansion yields 

        
    
 

    
 

    
 

 
    
 

    
 

    
 

 
    
 

    
 

    
 11

2

31

2

11

1

1

1

12

1

32

3

12

1

2

2

11

1

31

3

21

2

1

11

1exp

1exp

1exp
exp


















































































nn

n

nnn

n

n

n

n

n

III

III

III
I













































  

If two eigenvalues are equal to one other, we need to use the confluent form of the Sylvester’s 

theorem; see equation (29) of Toor.7  

If one of the eigenvalues is zero, the application of Sylvester’s theorem for evaluation of 

       1exp  I  has to be done with care, because   1exp i

i




 needs to be evaluated by use of 

L’Hôpital’s rule:   1
1exp


i

i




.  
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For the hydrogenation reaction, 62422 HCHCH  , the matrix    is 2-dimensional and has two 

distinct eigenvalues 1  and 2 . In this case, the Sylvester’s formula yields 

        
    
   

    
 12

1

2

2

21

2

1

11

1exp1exp
exp








































  II
I  

For the methanation OHCH3H  CO 242   reaction, the matrix    is 3-dimensional and has three 

distinct eigenvalues 1 , 2 , and 3 . The Sylvester’s expansion formula yields 

 

        
    
 

    
 

 
    
 

    
 

 
    
 

    
 13

2

13

1

3

3

32

3

12

1

2

2

31

3

21

2

1

11

1exp

1exp

1exp
exp


















































































 

II

II

II
I

 

In the limit of vanishingly small transfer fluxes we have the limiting behavior 

        II  1exp .   

Entirely analogous Sylvester’s expansion formulae apply for the calculation of 

          1expexp  II  required in the determination of the composition profiles in the gas “film”. 

As illustration, for 2-dimensional   : 

           
 

    
 

 
 

    
 12

1

2

2

21

2

1

11

1exp

1exp

1exp

1exp
expexp










































  II
II  

In typical practical examples, the bulk vapor compositions    0;0;0 yyz   are specified or 

known. The n-1 independent compositions at the catalytic surface     yyz  ;;1  are all 

unknown.  The determination of the n-1 independent compositions requires an iterative procedure in 

which we start by guessing the n-1 independent compositions at the catalytic surface 

    yyz  ;;1 .  The surface reaction rate, say expressed in terms of moles of component 1 
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converted per m2 of surface per second, is described by the Langmuir-Hinshelwood formulation written 

as function of the partial pressures tii pyp   : 

 ),...,( ,1211   npppRateN  (13) 

Since the flux ratios are fixed, there is only one unknown flux, say N1. Insertion of equation (13) into 

the left member of  Equations (12) results in a set of n – 1 independent equations in n – 1 unknowns 

       































































































 

























.10,1

330

220

110

1

0,,1

0,,3

0,,2

0,,1

1
1

1

1
1

3

1
1

2

1

.

exp

0000

0000

0000

0000

0000

.
nneffn

eff

eff

eff

t

n yy

yy

yy

yy

I

D

D

D

D

c

N

N

N

N



 (14) 

In all the calculations presented in this article, we use the Given-Find solve block of MathCad 15  

Equations  (13) and (14),  form a set of n equations that need to be solved simultaneously to determine 

the n unknowns (N1, and n-1 independent compositions yi). In all the calculations presented in this 

article, we use the Given-Find solve block of MathCad 15 using starting guess values for n-1 

independent compositions yi; this fixes the flux N1 by invoking Equation  (13). 

6. Analytic solution to the M-S equations for steady-state transfers: 
special case of equal pair diffusivities 

For the scenario in which binary pair M-S diffusivites are assumed to be equal to one another, 

ÐÐÐÐÐÐÐ  342423141312 , the effective diffusivities are given by Equation (5). The n-1 n-1 

dimensional square matrix    simplifies to the scalar quantity 
Ðc

N

t

nk

ikk

k 1

;1 1

1













 





. Equations (14) 

simplify to   

   niyyD
c

NN iieffi
ti

i ,..2,1;
1)exp( 00,,1

1





  


 (15) 
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The composition profiles within the diffusion gas “film” are given by the set of n – 1 uncoupled 

equations 

   1,..2,1;
1)exp(

1)exp(
00 




 niyyyy iiii 


 (16) 

7. Second law and the rate of entropy production 

The second law of thermodynamics dictates that the rate of entropy production must be positive 

definite 

 0
1

1

 


i

n

i

i J
dz

d

T

  (17) 

Equation (17) simplifies for ideal gas mixtures to 

 






































n

i

i
t

i

i
n

i

i

i

t

i
i

n

i

i

ii

t
ii

n

i

i

i
i

dz

dy

y

N
R

dz

dy

y
NR

dz

dy

y
yNR

dz

dy

y
JR

11

1

1

11

1

1
10

1









 (18) 

For diffusion across a film thickness , with boundary conditions 
   
   


yyz

yyz




;;1

;0;0 0 , the  

integral average rate of entropy production can be approximated as follows 

    0
1

0
,1

1 









 



n

i
iit

avi

i yy
y

NR



  (19) 

In equation (19), we use the arithmetic average vapor compositions 
2

0
,

ii
avi

yy
y


 .  
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8. Multiplicity of solutions in the Löwe-Bub 321 AA2A   reaction system 

We now present a re-analysis of the multiplicity in the diffusion-reaction system considered by Löwe 

and Bub.8 Our objective is to demonstrate that the Prigogine principle of minimum entropy production 

can be gainfully employed in selecting the physically realizable, stable, solution.  

The reaction scheme considered by Löwe and Bub8 is the heterogeneous catalyzed reversible reaction 

321 AA2A  .  The stoichiometric coefficients are 1 = 1; 2 = 2; 3 = -1. The flux ratios are 

1;2
1

3

1

2 






.  The M-S diffusivities of all species is taken to be identical to one another, and equal to 

Ð.  

Even if the binary pair M-S diffusivities are equal to one another, ÐÐÐÐ  231312 , it is easy to check 

that the effective diffusivity of all components are not equal to one another: 

ni
y

y

Ð

x

Ny

Ny

Ð

x

D

n

j

n

j ij

jij

ij

jij

effi
ij ij

,2,1;11
1

1 1,






















 

 
  


 

Equation (12) simplifies to 
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2
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0

0

yy

yy

D

Dc

N

N

eff

efft  where the dimensionless flux is 

 
Ðc

N

t

 1
321  . 

The rate of reaction, expressed as mole A (species 1) reacted per m2 of external surface are per second 

is described by the Langmuir-Hinshelwood kinetic expression 
 22312

211

1 



ckck

cck
r


  where 

RT

p
yc t

 11   and 
RT

p
yc t

 22   are the molar concentrations of A (species 1) and B (species 2) at the 
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surface of the catalyst (position   z;1 ). The total molar concentration of the gas mixture, 

RT

p
c t

t  . 

At steady-state, the flux of A (component 1) is    





 2312

211
110111 11exp ckck

cck
yyÐ

c
N t







 . 

The flux of B (component 2) is    


 22022122 1exp
yyÐ

c
NN t 




 .  

The flux of C (component 3) is 133 NN  .  The total mixture flux   1321 NNt    

The diffusion fluxes are calculated from Equation (20), that simplifies to 

 ttt NyNJNyNJNyNJ 333222111 ;;    

For a specified set of bulk gas mixture compositions, y10 and y20, there are two independent flux 

relations that determine the compositions, and concentrations, at the position   z;1 : tcyc  11   

and tcyc  22  . We use the Given-Find solve block of MathCad 15 to determine the unknowns y1 and 

y2. 

Löwe and Bub8 have demonstrated the existence of multiple steady-states by considering two 

different examples, Example 1, and Example 2. The diffusivity and kinetic data used Löwe and Bub8 is 

presented in terms of dimensionless variables.  

We shall first reproduce their published results for Example 1, for which the parameter values are 

 
2

2
3

1 105.5
1


 t

t

ckÐ

ck 
; 3-

2

3 10
k

k
, 0.97

1 3

3 
 t

t

ck

ck
. In example 1, bulk gas composition is maintained 

at y10 =0.6, y20 = 0.4, y30 = 0.  

As illustration, Figure 1 presents calculations of the dimensionless reaction rates 

  Ðcckck

cck

t






2

2312

211

1 
, following the L-H kinetic expression used by Löwe and Bub8 in their Example 

1. The calculations. are presented for a specific choices of mole fraction of A1 at the catalyst surface, 

62.01 y .  The mole fractions of A2 at the catalyst surface 2y  are varied from 0 to 0.4. The strong 
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non-linear dependence of the reaction rate on the mole fraction of A2 at the catalyst surface is evident. 

For the chosen bulk gas phase mole fractions y10 =0.6, y20 = 0.4, y30 = 0, the flux of A3 directed away the 

catalyst surface will decrease with increasing value of 2y . Also plotted in Figure 1 are the calculations 

of the flux of A3; these calculations are based on equations (15). The intersection of the two curves 

indicates the possible existence of three different steady-state solutions, as indicated.  The intersection 

points serve as good starting point for determination of the precise compositions at the catalyst surface. 

With the starting guesses: y1 = 0.62 and y2 = 0.34, 0.08926
1 2312

2111 






ckck

cck
r

Ðc

N

t

,  we obtain 

Solution set I: 13694.0;23568.0;62739.00.12103; 321
1  


yyy
Ðc

N

t

. The composition profiles, 

calculated using equation (10), are shown in Figure 2a. Since the composition profiles are practically 

linear, the rate of entropy production, Equation (18) simplifies to 
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 (21) 

For this solution set I, the dimensionless rate of entropy production is  
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With the starting guesses: y1 = 0.62 and y2 = 0.1, 0.20943
1 2312

2111 






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N

t

, we obtain 

Solution set II: 22.0;13601.0;644.00.18232; 321
1  


yyy
Ðc

N

t

. The composition profiles, 

calculated using equation (10), are shown in Figure 2c. For this solution set II, the dimensionless rate of 

entropy production is  
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With the starting guesses: y1 = 0.62 and y2 = 0.01, 0.20995
1 2312
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, we obtain 

Solution set III: 32298.0;01243.0;6646.00.24916; 321
1  


yyy
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N

t

. The composition profiles, 

calculated using equation (10), are shown in Figure 2b. For this solution set III, the dimensionless rate 

of entropy production is  
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. 

Invoking the Prigogine principle, the stable, physically realizable, steady-state corresponds to the one 

that produces entropy at the minimum rate; this implies the stable steady state solution is Solution set I: 

13694.0;23568.0;62739.00.12103; 321
1  


yyy
Ðc

N

t

. It is noteworthy, that Löwe and Bub8 have 

reported identical results for Solution sets I, II, and III, as should be expected. Löwe and Bub8 present a 

detailed stability analysis to reach the same conclusion that Solution set I is the stable steady-state; see 

Figure 5 of their paper. 

We now reproduce the results for multiplicity for Example 2 of Löwe and Bub.8 In  this case the 

reaction kinetics and diffusivity data are chosen by Löwe and Bub8 to correspond with the Eley-Rideal 

reaction mechanism as described by equation (9) in the paper by Löwe and Bub.8 The bulk phase 

compositions are the same as in Example 1, i.e. y10 =0.6, y20 = 0.4, y30 = 0.0. 

Two different solutions are reported by Löwe and Bub;8 these are referred to here as Solution set I and 

Solution set II. 
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For Solution set I: y1 = 0.6414 and y2 = 0.1514, 0.173311 
Ðc

N

t


. The composition profiles, 

calculated using equation (10), are shown in Figure 3a. For this solution set I, the dimensionless rate of 

entropy production is  
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For Solution set II: y1 = 0.6555 and y2 = 0.0669, 0.220781 
Ðc

N

t


. The composition profiles, 

calculated using equation (10), are shown in Figure 3b. For this solution set II, the dimensionless rate of 

entropy production is  
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 Our contention is that the stable, physically realizable, steady-state corresponds to the one that 

produces entropy at the minimum rate; this implies the realizable solution is Solution set I: y1 = 0.6414 

and y2 = 0.1514, 0.173311 
Ðc

N

t


. Löwe and Bub8 present a detailed stability analysis to reach the same 

conclusion that Solution set I is the stable steady-state; see Figure 4 of their paper. The use of the 

Prigogine principle of minimum entropy production obviates the need for performing detailed stability 

analysis to determine the stable steady-state. 
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9. Steady-state multiplicities for OHCO
2

1
HC 42242   reaction 

For epoxidation of ethene  OHCO
2

1
HC 42242    the gas phase mixture consists of three species 

C2H4 (1), O2 (2), and C2H4O (3). The molar masses of the species are, respectively: 28, 32, and 44 g 

mol-1. The flux ratios are 1;
2

1

1

3

1

2 






. 

Using the publications of Hernández Carucci et al.,9 and Russo et al.10 on epoxidation of C2H4 in a 

micro-reactor made of pure silver, that also acts as catalyst, the temperature is chosen as 573 K and the 

total pressure pt = 200 kPa. Using the Fuller-Schettler-Giddings (FSG) estimation procedure,2 the M-S 

diffusivities of the constituent binary pairs are 08.2;64.1;45.2 231312  ÐÐÐ  10-5 m2 s-1.  

Calculations of the effective diffusivities according to eq. (2) are shown in Figure 4 for conditions in 

which the ratio of the compositions x2/x1 = 1. The effective diffusivity of C2H4O is about a factor 2 

lower than that of O2; this is ascribable to the fact that the transfer of C2H4O is in a direction opposite to 

the net mixture flux 1111 2

1

2

1
NNNNNt  , that is directed towards the catalyst surface. 

According to the work of Russo et al.m10 the Ag catalyzed epoxidation reaction follows Langmuir-

Hinshelwood kinetics 




221

211

1 cKcK

cck

OE 
 mol m-3 s-1, where 

RT

p
yc t

 11   and 
RT

p
yc t

 22   are the 

molar concentrations of C2H4 (1), and O2 (2), at the surface of the catalyst (position   z;1 ) 

expressed in mol m-3. For our calculations, we use the kinetic parameters  as listed in Table 3 of  Russo 

et al.10 At the chosen reaction temperature, T = 573 K, we obtain the parameter values, 7056.01 k , 

1.4EK , and 316.02 OK . The rate of surface reaction, expressed as mole CO (species 1) reacted per 

m2 of external surface are per second is calculated from 





221

211
3

21 1

10
),(

cKcK

cck
ccRate

OE 
  where the 

factor 103 is used to convert to reaction rate per surface area of catalyst.  
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The mole fractions of C2H4 (1), O2 (2), and C2H4O (3) in the bulk gas phase at position 0;0  z  

are chosen as 25.0,25.0,5.0 302010  yyy . The total molar concentration of the gas mixture, 

RT

p
c t

t   = 41.98 mol m-3, is constant across the diffusion “film”, whose thickness is taken to be,  = 

10-5 m.  

At steady-state, the flux of C2H4, N1, equals the reaction rate, i.e. 

 





221

211
3

211 1

10
),(

cKcK

cck
ccRateN

OE 
  (22) 

As illustration, Figure 5  presents calculations of the surface reaction rate using equation (22) for 

varying mole fraction of C2H4 at the catalyst surface, 1y  from 0 to 0.4 while constraining the mole 

fraction of O2 at the surface to 1.02 y . The strong non-linear dependence of the reaction rate on the 

mole fraction of C2H4 at the catalyst surface is evident. For the chosen bulk gas phase mole fractions 

25.0,25.0,5.0 302010  yyy , the flux of C2H4 will be directed towards the catalyst surface; the flux 

will decrease with increasing values of 1y . Also plotted in Figure 5 are the calculations of the flux of 

C2H4; these calculations are based on Equations (14). The intersection of the two curves indicates the 

possible existence of three different steady-state solutions.  The intersection points serve as good 

starting point for determination of the precise compositions at the catalyst surface. 

For a chosen bulk gas mixture composition, 25.0,25.0,5.0 302010  yyy , the Given-Find solve 

block of MathCad 15 was used for solving the set of 2 independent Equations (14). 

For the starting guess values 0.1 0.4; 21   yy , and 

1-2-

221

211
3

211 s m mol8.9
1

10
),( 







 cKcK

cck
ccRateN

OE

 the final converged values are  

-1-2
121 s m mol22.7 0.14524;0.23246;  Nyy  . Let us term this as solution set I. The composition 

profiles in the “film”, calculated using equation (10) are shown as the continuous red lines in Figure 6. 
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For this solution set I, the rate of entropy production is   7
3

1
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m-3 K-1 s-1. 

For the starting guess values 0.1 0.08; 21   yy , and 
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 the final converged values are  

-1-2
121 s m mol34.7 0.0843;0.07452;  Nyy  . Let us term this as solution set II. The composition 

profiles in the “film”, calculated using equation (10) are shown as the continuous blue lines in Figure 6. 

For this solution set II, the rate of entropy production is   7
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For the starting guess values 0.1 0.01; 21   yy , and 
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 the final converged values are  

-1-2
12

3
1 s m mol39.9 0.05626;;1085.2   Nyy  . Let us term this as solution set III. The 

composition profiles in the “film”, calculated using equation (10) are shown as the continuous green 

lines in Figure 6. For this solution set III, the rate of entropy production is 
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Invoking the Prigogine principle, the stable, physically realizable, steady-state corresponds to the one 

that produces entropy at the minimum rate; this implies the realizable solution is Solution set I, 

corresponding to the “low conversion” steady-state. 
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10. Steady-state multiplicities for the OHCH3H  CO 242   reaction 

For methanation of carbon monoxide, OHCH3H  CO 242    the gas phase mixture consists of 

four species CO (1), H2 (2), CH4 (3), and H2O (4). The molar masses of the four species are, 

respectively: 28, 2, 16.04, and 18 g mol-1. The flux ratios are 1;1;3
1

4

1

3

1

2 









. 

The temperature in the methanation reactor is chosen as 503 K and the total pressure pt = 2.2 MPa. 

Using the Fuller-Schettler-Giddings (FSG) estimation procedure,2  the M-S diffusivities of the 

constituent binary pairs are 

;022.3

;4.10;1.8

;3;5.2;04.9
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
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10-6 m2 s-1.  Calculations of the effective 

diffusivities according to eq. (2) are shown in Figure 7 for conditions in which the ratio of the 

compositions x2/x1 = 3, and x4/x3 = 1. The effective diffusivity of H2 is about a factor 3 higher than that 

of CO.  

For Ni/Al2O3 catalyst, the reaction rate ),,,( 4321  ppppRate , expressed as moles of CO converted 

per m2 of surface per second is calculated by the kinetic expression of Yadav and Rinker11: 

 25.0
21
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211

4321
1

),,,(





CpBp

pApk
ppppRate


  wherein the partial pressures are expressed in kPa. The 

equilibrium constants have the values 63.831A , 42.354B , and 57.50B   and the reaction rate 

constant has the value 801 k , yielding the reaction rate in the units of CO converted per m2 of surface 

per second. At steady-state, the flux of CO, N1, equals the reaction rate, i.e. 

  25.0
21

5.0
211

4321
1

),,,(



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CpBp

pApk
ppppRate


  (23) 

The total molar concentration of the gas mixture, 
RT

p
c t

t   = 526.07 mol m-3, is constant across the 

diffusion “film”, whose thickness is taken to be,  = 1 mm.  
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As illustration, Figure 8  presents calculations of the surface reaction rate using equation (23) for 

varying mole fraction of CO at the catalyst surface, 1y  from 0 to 0.1 with restraints 

35.0;25.0 32   yy . The strong non-linear dependence of the reaction rate on the mole fraction of 

CO at the catalyst surface is evident. For the chosen bulk gas phase mole fractions 

26.0,25.0,37.0,12.0 40302010  yyyy , the flux of CO will be directed towards the catalyst surface; 

the flux will decrease with increasing values of 1y . Also plotted in Figure 8  are the calculations of the 

flux of CO; these calculations are based on Equations (14), with the simplification 

        II  1exp . The intersection of the two curves indicates the possible existence of three 

different steady-state solutions.  The intersection points serve as good starting point for determination of 

the precise compositions at the catalyst surface. 

For a chosen bulk gas mixture composition, 26.0,25.0,37.0,12.0 40302010  yyyy , the Given-

Find solve block of MathCad 15 was used for solving the set of 3 independent Equations (14).  

For the starting guess values 0.35 0.25; 0.1; 321   yyy , and 
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N  the final converged values are  

-1-2
1321 s m mol0.0808 0.29527;0.33129;0.07689;  Nyyy  . Let us term this as solution set I. 

The composition profiles in the “film”, calculated using equation (10) are shown as the red lines in 

Figure 9. For this solution set I, the rate of entropy production is 

  716.0
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For starting guess values 0.35 0.25 0.04; 321   yyy , and 
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N  the final converged values are  

-1-2
1321 s m mol0.15484 0.33811;0.29462;0.0362;  Nyyy  . Let us term this as solution set 

II. The composition profiles in the “film”, calculated using equation (10), are shown as blue lines in 
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Figure 9. For this solution set II, the rate of entropy production is 

  95.2
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For starting guess values 0.35 0.25 0.001; 321   yyy , and 
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1









CpBp

pApk
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1 s m mol0.2188 0.37621;0.26199;;101.05  Nyyy  . Let us term this as solution set 

III. The composition profiles in the “film”, calculated using equation (10), are shown as green lines in 

Figure 9. For this solution set III, the rate of entropy production is 

  83.6
4

1
0

,1

1 









 

i
iit

avi

i yy
y

NR



  kJ m-1 K-1 s-1. 

Invoking the Prigogine principle, the stable, physically realizable, steady-state corresponds to the one 

that produces entropy at the minimum rate; this implies the realizable solution is Solution set I, 

corresponding to the “low conversion” steady-state. 

Multiple steady states also manifest if all the constituent M-S diffusivities are taken to be equal to one 

another, 5.213  ÐÐ 10-6 m2 s-1, corresponding to the lowest pair diffusivity. In this simplified 

scenario, the set of n-1 independent equations (15) need to be solved for the n-1 unknown compositions 

at the catalyst surface, and equations (16) are used to calculate the composition profiles. 

For the starting guess values 0.35 0.25; 0.05; 321   yyy , we obtain the solution set I, with the 

final converged values:  -1-2
1321 s m mol0.06904 0.33317;0.24469;0.07786;  Nyyy  . The 

composition profiles in the “film”, calculated using equation (10) are shown as the red lines in Figure 

10. For this solution set I, the rate of entropy production is   27.1
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m-3 K-1 s-1. 
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For the starting guess values 0.35 0.25; 0.04; 321   yyy , we obtain the solution set II, with the 

final converged values: -1-2
1321 s m mol0.15887 0.45533;0.0604;0.01597;  Nyyy  . The 

composition profiles in the “film”, calculated using equation (10) are shown as the blue lines in Figure 

10. For this solution set II, the rate of entropy production is   2.9
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m-3 K-1 s-1. 

For the starting guess values 0.35 0.25; 0.001; 321   yyy , we obtain the solution set III, with 

the final converged values: -1-2
132
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1 s m mol0.18015 0.4868;0.01321;;109.1   Nyyy  . The 

composition profiles in the “film”, calculated using equation (10) are shown as the green lines in Figure 

10. For this solution set III, the rate of entropy production is   3.13
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11. Steady-state multiplicities for the 23(s)46 H3SiHF2WSiH2WF   
reaction 

In the chemical vapor deposition (CVD) process for production of tungsten by surface reaction on a Si 

substrate wafer,12 23(s)46 H3SiHF2WSiH2WF  , the gas phase mixture consists of four species 

WF6 (1), SiH4 (2), SiHF3 (3), and H2 (4). The molar masses of the four species are, respectively: 297.8, 

32.1, 104.1, and 2 g mol-1. The flux ratios are 3;2;2
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The temperature in the CVD reactor is chosen as 673 K and the total pressure pt = 100 Pa. Using the 

Fuller-Schettler-Giddings (FSG) estimation procedure,2, 4  the M-S diffusivities of the constituent binary 

pairs are 

;172.0

;24.0;031.0

;152.0;013.0;026.0
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 m2 s-1.  Calculations of the effective diffusivities 

according to eq. (2) are shown in Figure 11 for conditions in which the ratio of the compositions x2/x1 = 

2, and x4/x3 = 3/2. The effective diffusivity of H2 is about an order of magnitude higher than that of 
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WF6. The large differences in the effective diffusivities of WF6 (1), SiH4 (2), SiHF3 (3), and H2 (4) have 

a significant influence on the composition profiles in the effective diffusion layer between the bulk gas 

phase and the surface of the wafer.  

The reaction rate ),,,( 4321  ppppRate , expressed as moles of W deposited per m2 of surface per 

second is calculated by the kinetic expression of Ammerlaan et al.12: 
3
41

2
21

4321 ),,,(
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
 pp

pk
ppppRate   

wherein the partial pressures are expressed in Pa, and the reaction rate constant  101 k , yielding the 

units of moles of W deposited per m2 of surface per second. At steady-state, the flux of WF6, N1, equals 

the reaction rate, i.e. 

 
3
41
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21

43211 ),,,(



 pp

pk
ppppRateN   (24) 

The total molar concentration of the gas mixture, 
RT

p
c t

t   = 0.01787 mol m-3, is constant across the 

diffusion “film”, whose thickness is taken to be,  = 1 mm.  

As illustration, Figure 12  presents calculations of the surface reaction rate using equation (24) for 

varying mole fraction of WF6 at the catalyst surface, 1y  from 0 to 0.1 with restraints 

35.0;25.0 32   yy . The strong non-linear dependence of the reaction rate on the mole fraction of 

WF6 at the catalyst surface is evident. For the chosen bulk gas phase mole fractions 

32.0,22.0,31.0,15.0 40302010  yyyy , the flux of WF6 will be directed towards the catalyst 

surface; the flux will decrease with increasing values of 1y . Also plotted in Figure 12   are the 

calculations of the flux of WF6; these calculations are based on Equations (14), with the simplification 

        II  1exp . The intersection of the two curves indicates the possible existence of three 

different steady-state solutions.  The intersection points serve as good starting point for determination of 

the precise compositions at the catalyst surface. 
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For a chosen bulk gas mixture composition, 32.0,22.0,31.0,15.0 40302010  yyyy , the Given-

Find solve block of MathCad 15 was used for solving the set of 3 independent Equations (14).  

For the starting guess values 0.35 0.25; 0.09; 321   yyy , and 
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N  the final converged values are  

-1-2
1321 s m mol0.01916 0.29949;0.2669;0.10108;  Nyyy  . Let us term this as solution set I. 

The composition profiles in the “film”, calculated using equation (10) are shown as the red lines in 

Figure 13. For this solution set I, the rate of entropy production is 

  226.0
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For slightly different starting guess values 0.35 0.25; 0.04; 321   yyy , and 
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pp

pk
N  the final converged values are  

-1-2
1321 s m mol0.05284 0.43835;0.19167;0.01563;  Nyyy  . Let us term this as solution set 

II. The composition profiles in the “film”, calculated using equation (10) are shown as blue lines in 

Figure 13.  The composition profiles for set II are steeper than for set I. For this solution set II, the rate 

of entropy production is   84.1
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We were unable to able to find the third solution set. 

Invoking the Prigogine principle, the stable, physically realizable, steady-state corresponds to the one 

that produces entropy at the minimum rate; this implies the realizable solution is Solution set I.   

Multiple steady states also manifest if all the constituent M-S diffusivities are taken to be equal to one 

another, 013.013  ÐÐ  m2 s-1, corresponding to the lowest pair diffusivity. In this simplified scenario, 

the set of n-1 independent equations (15) need to be solved for the n-1 unknown compositions at the 

catalyst surface, and equations (16) are used to calculate the composition profiles. 
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For the starting guess values 0.35 0.25; 0.09; 321   yyy , we obtain the solution set I, with the 

final converged values: -1-2
1321 s m mol0.00763 0.269899;0.22621;0.10842;  Nyyy  . The 

composition profiles in the “film”, calculated using equation (10) are shown as the red lines in Figure 

14. For this solution set I, the rate of entropy production is   126.0
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For slightly different starting guess values 0.35 0.25; 0.01; 321   yyy , we obtain the solution 

set II, with the final converged values: 

-1-2
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1 s m mol0.03028 0.4;;1045.9;1045.9   Nyyy  . The composition profiles in the 

“film”, calculated using equation (10) are shown as the blue lines in Figure 14. For this solution set II, 

the rate of entropy production is   2.2
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12. Steady-state multiplicities for the 62422 HCHCH   reaction 

For hydrogenation of ethene,13 62422 HCHCH    the gas phase mixture consists of three species H2 

(1), C2H4 (2), and C2H6 (3). The molar masses of the species are, respectively: 2, 28, and 30 g mol-1. The 

flux ratios are 1;1
1

3
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2 
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. 

Following the work of Uppal and Ray,13  the temperature in the hydrogenation  reactor is chosen as 

293.15 K and the total pressure pt = 2 MPa. Using the Fuller-Schettler-Giddings (FSG) estimation 

procedure,2  the M-S diffusivities of the constituent binary pairs are 

56.0;63.2;76.2 231312  ÐÐÐ  10-6 m2 s-1.  Calculations of the effective diffusivities according 

to eq. (2) are shown in Figure 15 for conditions in which the ratio of the compositions x2/x1 = 1. The 

effective diffusivity of H2 is about a factor 5 higher than that of C2H6.  
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According to the work of Uppal and Ray,13 the Pt/Al2O3 catalyzed hydrogenation reaction follows 

Langmuir-Hinshelwood kinetics. The rate of surface reaction, expressed as mole H2 (species 1) reacted 

per m2 of external surface are per second is described by the Langmuir-Hinshelwood kinetic expression 






21

211
321 1

),,(
pKpK

ppKKk
pppRate

BA

BA


  where tpyp  11   and tpyp  22   are the partial pressures of 

H2 (species 1) and C2H4 (species 2) at the surface of the catalyst (position   z;1 ). The total 

pressure of the gas mixture, pt = 2 MPa. The mole fractions H2 (1), C2H4 (2), and C2H6 (3) in the bulk 

gas phase at position 0;0  z  are 05.0,4.0,55.0 302010  yyy . The total molar concentration of 

the gas mixture, 
RT

p
c t

t   = 820.6 mol m-3, is constant across the diffusion “film”, whose thickness is 

taken to be,  = 1 mm. The adsorption constants are 5105.0 AK  Pa-1, and 51030 BK  Pa-1.  The 

reaction rate constant 41 k  mol m-2 s-1 for conformity with the units for fluxes. 

At steady-state, the flux of H2, N1, equals the reaction rate, i.e. 
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
  (25) 

As illustration, Figure 16 presents calculations of the surface reaction rate using equation (25) for 

varying mole fraction of C2H4 at the catalyst surface, 2y  from 0 to 0.4 while constraining the mole 

fraction of H2 at the surface to 49.01 y . The strong non-linear dependence of the reaction rate on the 

mole fraction of C2H4 at the catalyst surface is evident. For the chosen bulk gas phase mole fractions, 

05.0,4.0,55.0 302010  yyy , the flux of C2H4 will be directed towards the catalyst surface; the flux 

will decrease with increasing values of 2y . Also plotted in Figure 16 are the calculations of the flux of 

C2H4; these calculations are based on Equations (14). The intersection of the two curves indicates the 

possible existence of three different steady-state solutions.  The intersection points serve as good 

starting point for determination of the precise compositions at the catalyst surface. 
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For a chosen bulk gas mixture composition, 05.0,4.0,55.0 302010  yyy , the Given-Find solve 

block of MathCad 15 was used for solving the set of 2 independent Equations (14). 

For the starting guess values 0.01 0.49 21   yy , and 
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BA  the final converged values are  

-1-2
121 s m mol0.12109 0.26699;0.52344;  Nyy  . Let us term this as solution set I. The 

composition profiles in the “film”, calculated using equation (10) are shown as the red lines in Figure 

17. For this solution set I, the rate of entropy production is   69.1
3

1
0

,1

1 









 

i
iit

avi

i yy
y

NR



  kJ 

m-3 K-1 s-1. 

For slightly different starting guess values 0.02 0.49; 21   yy , and 
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BA  the final converged values are 

-1-2
121 s m mol0.24944 0.11088;0.49314;  Nyy  . Let us term this as solution set II. The 

composition profiles in the “film”, calculated using equation (10) are shown as blue lines in Figure 17. 

For this solution set II, the rate of entropy production is   8.5
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For slightly different starting guess values 0.009 0.49; 21   yy , and 
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BA  the final converged values are 

-1-2
121 s m mol0.33333 0.00123;0.47234;  Nyy   . Let us term this as solution set III. The 

composition profiles in the “film”, calculated using equation (10) are shown as green lines in Figure 17. 

For this solution set III, the rate of entropy production is   5.10
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Invoking the Prigogine principle, the stable, physically realizable, steady-state corresponds to the one 

that produces entropy at the minimum rate; this implies the realizable solution is Solution set I, 

corresponding to the “low conversion” steady-state. 

13. Steady-state multiplicities for the 22 COO
2

1
CO   reaction 

For oxidation of carbon monoxide,14  22 COO
2

1
CO    the gas phase mixture consists of three 

species CO (1), O2 (2), and CO2 (3). The molar masses of the species are, respectively: 28, 32, and 44 g 

mol-1. The flux ratios are 1;
2

1

1

3

1

2 






. 

Following the work of Herskowitz and Kenney,14 the temperature in the oxidation  reactor is chosen 

as 437 K and the total pressure pt = 100 kPa. Using the Fuller-Schettler-Giddings (FSG) estimation 

procedure,2 the M-S diffusivities of the constituent binary pairs are 2.3;24.3;11.4 231312  ÐÐÐ  

10-5 m2 s-1.  Calculations of the effective diffusivities according to eq. (2) are shown in Figure 18  for 

conditions in which the ratio of the compositions x2/x1 = 1. The effective diffusivity of CO2 is about a 

factor 1.5 lower than that of O2.  

According to the work of Herskowitz and Kenney,14 the Pt/SiO2 catalyzed oxidation reaction follows 

Langmuir-Hinshelwood kinetics. For our calculations, we use their Model I, with parameters listed in 

Table 2 of  Herskowitz and Kenney.14  The rate of surface reaction, expressed as mole CO (species 1) 

reacted per m2 of external surface are per second is described by the Langmuir-Hinshelwood kinetic 

expression 





221

221
21

1
),(

cKcK

cKcKk
ccRate

OCO

OCOf


  where 

1000

1
11 RT

p
yc t

   and 
1000

1
22 RT

p
yc t

   

are the molar concentrations of CO (1), and O2 (2), at the surface of the catalyst (position   z;1 ) 

expressed in kmol m-3.  
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The mole fractions of CO (1), O2 (2), and CO2 (3) in the bulk gas phase at position 0;0  z  are 

chosen as 12.0,44.0,44.0 302010  yyy . The total molar concentration of the gas mixture, 
RT

p
c t

t   

= 27.51 mol m-3, is constant across the diffusion “film”, whose thickness is taken to be,  = 1 mm. The 

adsorption constants are 31013.6 AK  kmol-1 m3 and 51038.1 BK  kmol-1 m3.  The reaction rate 

constant 310527.6 fk  mol m-2 s-1 for conformity with the units for the fluxes. 

At steady-state, the flux of CO, N1, equals the reaction rate, i.e. 

 





221

221
211

1
),(

cKcK

cKcKk
ccRateN

OCO

OCOf


  (26) 

As illustration, Figure 19 presents calculations of the surface reaction rate using equation (26) for 

varying mole fraction of CO at the catalyst surface, 2y  from 0 to 0.42 while constraining the mole 

fraction of O2 at the surface to 25.02 y . The strong non-linear dependence of the reaction rate on the 

mole fraction of C2H4 at the catalyst surface is evident. For the chosen bulk gas phase mole fractions, 

12.0,44.0,44.0 302010  yyy , the flux of CO will be directed towards the catalyst surface; the flux 

will decrease with increasing values of 2y . Also plotted in Figure 19 are the calculations of the flux of 

CO; these calculations are based on Equations (14). The intersection of the two curves indicates the 

possible existence of three different steady-state solutions.  The intersection points serve as good 

starting point for determination of the precise compositions at the catalyst surface for the three steady-

states. 

For a chosen bulk gas mixture composition, 12.0,44.0,44.0 302010  yyy , the Given-Find solve 

block of MathCad 15 was used for solving the set of 2 independent Equations (14). 

For the starting guess values 0.22 0.1 21   yy , and 
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N
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OCOf  the final converged values are  
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-1-2
121 s m mol0.03706 0.42606;0.40918;  Nyy  . Let us term this as solution set I. The 

composition profiles in the “film”, calculated using equation (10) are shown as the continuous red lines 

in Figure 20. For this solution set I, the rate of entropy production is 

  124.0
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For different starting guess values 0.22 0.01; 21   yy , and 
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-1-2
121 s m mol0.45858 0.244;;01057.0  Nyy  . Let us term this as solution set II. The 

composition profiles in the “film”, calculated using equation (10) are shown as blue lines in Figure 20. 

For this solution set II, the rate of entropy production is   9.13
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For different starting guess values 0.22 0.001; 21   yy , and 
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-1-2
12

-3
1 s m mol0.46514 0.24079;;103.6  Nyy  . Let us term this as solution set III. The 

composition profiles in the “film”, calculated using equation (10) are shown as green lines in Figure 20. 

For this solution set III, the rate of entropy production is   4.14
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The composition profiles for sets II and III are practically indistinguishable from each other. 

Invoking the Prigogine principle, the stable, physically realizable, steady-state corresponds to the one 

that produces entropy at the minimum rate; this implies the realizable solution is Solution set I, 

corresponding to the “low conversion” steady-state. 
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14. Notation 

a  catalyst surface area per m3, m2 m-3 

ci  molar concentration of component i, mol m-3 

ct  total molar concentration of mixture, mol m-3 

Ðij  M-S binary pair diffusivity, m2 s-1 

Di,eff,  effective diffusivity of component i, m2 s-1 

 I   Identity matrix, dimensionless 

Ji molar diffusion flux of species i with respect to u , mol m-2 s-1 

k reaction rate constant 

K adsorption constant 

Mi molar mass of species i, kg mol-1 

n number of species in the mixture, dimensionless 

Ni molar flux of species i, mol m-2 s-1 

Nt total molar flux of mixture, mol m-2 s-1 

ip   partial pressure of component i,, Pa 

tp   total pressure, Pa 

R  gas constant, 8.314 J mol-1 K-1  

T  absolute temperature, K  

yi  mole fraction of component i in gas phase, dimensionless 

u   molar average mixture velocity, m s-1 

z  direction coordinate, m  

 

Greek letters 



   film thickness, m 

 ij  Kronecker delta, dimensionless 

  dimensionless distance in diffusion layer, dimensionless 
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i  eigenvalues of    , dimensionless 

i  molar chemical potential of component i, J mol-1 

νi  stoichiometric reaction coefficient, dimensionless 

  rate of entropy production, J m-3 s-1 K-1 

 ij  dimensionless mass transfer rate factors, dimensionless 

 i  dimensionless mass transfer rate factors, dimensionless 

 

 

Subscript 
 

0  Referring to position, 0z  

  Referring to position, z  

  Referring to position, z  

i  Component index         

k  Component index 
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16.   Caption for Figures 

 

 

 

Figure 1.  Calculations of the dimensionless reaction rates 
  Ðcckck
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, following the L-H 

kinetic expression used by Löwe and Bub8 in their Example 1. The parameters used are 
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ck

ck
. The calculations are presented for mole fraction of 

A1 at the catalyst surface fixed at the value 62.01 y .  The mole fractions of A2 at the catalyst surface 

are varied from 0 to 0.4. Also plotted in red line is the flux of A3 directed away from the catalyst. 

 

 

Figure 2. Composition profiles in the gas film external to the catalyst surface with heterogeneous 

chemical reaction 321 AA2A  . The red, blue, and green lines are the composition profiles, 

calculated using equations (10), for the solution sets I, II, and III for Example 1 of Löwe and Bub.8 

 

 

Figure 3. Composition profiles in the gas film external to the catalyst surface with heterogeneous 

chemical reaction 321 AA2A  . The red, and blue lines are the composition profiles for the solution 

sets I, and II for Example 2 of Löwe and Bub.8 
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Figure 4. Calculation of the effective diffusivities of the three species C2H4 (1), O2 (2), and C2H4O (3) 

participating in the surface reaction OHCO
2

1
HC 42242   at a temperature of 573 K and the total 

pressure pt = 200 kPa. In these calculations, the ratio of the compositions x2/x1 = 1. 

 

 

Figure 5.  Plot of the rate of reaction OHCO
2

1
HC 42242   and flux of C2H4 versus the mole fraction 

of C2H4 at the catalyst surface, 1y , with the restraint 1.02 y . 

 

 

Figure 6. Calculation of the composition profiles in the gas “film” in the gaseous mixture C2H4 (1), O2 

(2), and C2H4O (3) participating in the surface reaction OHCO
2

1
HC 42242   at a temperature of 573 

K and the total pressure pt = 200 kPa. The red, blue, and green lines are the composition profiles, 

calculated using equations (10), for the solution sets I, II, and III. 

 

 

Figure 7. Calculation of the effective diffusivities of the four species CO (1), H2 (2), CH4 (3), and H2O 

(4) participating in the surface reaction OHCH3H  CO 242   at a temperature of 503 K and total 

pressure 2.2 MPa. In these calculations, the ratio of the compositions x2/x1 = 3, and x4/x3 = 1. 
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Figure 8.  Plot of the rate of reaction OHCH3H  CO 242   and flux of CO versus the mole fraction 

of CO at the catalyst surface, with restraints 35.0;25.0 32   yy .  

 

Figure 9. Calculation of the composition profiles in the gas “film” in the gaseous mixture CO (1), H2 

(2), CH4 (3), and H2O (4) participating in the surface reaction OHCH3H  CO 242   at a temperature 

of 503 K and total pressure 2.2 MPa. The red, blue, and green lines are the composition profiles, 

calculated using equations (10), for the solution sets I, II, and III. 

 

 

Figure 10. Calculation of the composition profiles in the gas “film” in the gaseous mixture CO (1), H2 

(2), CH4 (3), and H2O (4) participating in the surface reaction OHCH3H  CO 242   at a temperature 

of 503 K and total pressure 2.2 MPa. The calculations are based on Equation (16); all pair diffusivities 

are taken to be equal, 13ÐÐ  . The red, blue, and green lines are the composition profiles, calculated 

using equations (16), for the solution sets I, II, and III. 

 

 

 

 

Figure 11. Calculation of the effective diffusivities of the four species WF6 (1), SiH4 (2), SiHF3 (3), and 

H2 (4) participating in the surface reaction 23(s)46 H3SiHF2WSiH2WF   at a temperature of 673 

K and total pressure 100 Pa. In these calculations, the ratio of the compositions x2/x1 = 2, and x4/x3 = 

3/2. 
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Figure 12. Plot of the rate of reaction 23(s)46 H3SiHF2WSiH2WF   and flux of WF6 versus the 

mole fraction of WF6at the Si substrate surface, with restraints 35.0;25.0 32   yy . 

 

Figure 13. Calculation of the composition profiles in the gas “film” in the gaseous mixture WF6 (1), 

SiH4 (2), SiHF3 (3), and H2 (4) participating in the surface reaction 

23(s)46 H3SiHF2WSiH2WF   at a temperature of 673 K and total pressure 100 Pa. The red, blue, 

and green lines are the composition profiles, calculated using equations (10), for the solution sets I, II, 

and III. 

 

 

Figure 14. Calculation of the composition profiles in the gas “film” in the gaseous mixture WF6 (1), 

SiH4 (2), SiHF3 (3), and H2 (4) participating in the surface reaction 

23(s)46 H3SiHF2WSiH2WF   at a temperature of 673 K and total pressure 100 Pa. The 

calculations are based on Equation (16); all pair diffusivities are taken to be equal, 13ÐÐ  .The red, 

and blue lines are the composition profiles for the solution sets I, and II. 

 

 

 

Figure 15. Calculation of the effective diffusivities of the three species H2 (1), C2H4 (2), and C2H6 (3) 

participating in the surface reaction 62422 HCHCH   at a temperature of 293.15 K and total pressure 

2 MPa. In these calculations, the ratio of the compositions x2/x1 = 1. 
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Figure 16. Plot of the rate of 62422 HCHCH   and flux of C2H4 versus the mole fraction of C2H4 at 

the catalyst surface, with restraint 49.01 y . 

 

 

Figure 17. Calculation of the composition profiles in the gas “film” in the gaseous mixture H2 (1), C2H4 

(2), and C2H6 (3) participating in the surface reaction 62422 HCHCH   at a temperature of 293.15 K 

and total pressure 2 MPa. The red, blue, and green lines are the composition profiles, calculated using 

equations (10), for the solution sets I, II, and III. 

 

 

 

 

Figure 18. Calculation of the effective diffusivities of the three species CO (1), O2 (2), and CO2 (3) 

participating in the surface reaction 22 COO
2

1
CO   at a temperature of 437 K and the total pressure 

pt = 100 kPa. In these calculations, the ratio of the compositions x2/x1 = 1. 

 

 

 

Figure 19. Plot of the rate of reaction 22 COO
2

1
CO   and flux of CO versus the mole fraction of CO 

at the catalyst surface, with restraint 25.02 y .  
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Figure 20. Calculation of the composition profiles in the gas “film” in the gaseous mixture CO (1), O2 

(2), and CO2 (3) participating in the surface reaction 22 COO
2

1
CO   at a temperature of 437 K and 

the total pressure pt = 100 kPa. The red, blue, and green lines are the composition profiles, calculated 

using equations (10), for the solution sets I, II, and III.  

 

 

 

 

 



Fig.  S1Surface reaction rate and flux for
Löwe-Bub Example 1 
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Fig.  S3
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Fig.  S4Effective Diffusivities:
C2H4 epoxidation reaction
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Fig.  S5Surface reaction rate and flux
for C2H4 epoxidation reaction

Mole fractions of C2H4 at surface, y1

0.0 0.1 0.2 0.3 0.4

Su
rfa

ce
 re

ac
tio

n 
ra

te
 o

f C
2H

4 /
 m

ol
 m

-2
 s

-1

0

10

20

30

40

50

60

70

80

Rate of reaction of C2H4

Flux of C2H4

T = 573 K; 
pt = 200  kPa;
Bulk gas: y10=0.5;y20=0.25;y30=0.25

At  catalyst surface:
y2= 0.1

set I

set II

set III



Fig.  S6
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Fig.  S7
Effective diffusivities in methanation reaction
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Fig.  S8Surface reaction rate and flux
for methanation reaction
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Fig.  S9
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Fig.  S10
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Fig.  S11
Effective diffusivities in CVD
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Fig.  S12Surface reaction rate and flux
for W deposition
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Fig.  S13
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Fig.  S14
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Fig.  S15
Effective diffusivities in hydrogenation reaction
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Fig.  S16Surface reaction rate and flux
for C2H4 hydrogenation reaction
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Fig.  S17

Dimensionless distance, 

0.0 0.2 0.4 0.6 0.8 1.0

G
as

 p
ha

se
 m

ol
e 

fra
ct

io
ns

 in
 d

iff
us

io
n 

la
ye

r

0.0

0.1

0.2

0.3

0.4

0.5 Set I:  = 1.69
Set II:  = 5.8
Set III:  = 10.5

H2

C2H4

C2H6

H2(1)/C2H4(2)/C2H6(3)
293.15 K; pt = 2 MPa

H2

C2H4

C2H6

P
t/

A
l 2

O
3

C
at

al
ys

t

=0 Diffusion layer,  =1

Composition profiles in “Film”
Hydrogenation reaction

 
62422 HCHCH 



Fig.  S18
Effective diffusivities in oxidation reaction
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Fig.  S19Surface reaction rate and flux
for CO oxidation reaction
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