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There is increasing research interest on the use of two-dimensional (2D) nanoporous

materials, such as graphenes and graphene oxides, in a variety of membrane separation

applications. The membrane permeation selectivitites are governed by a variety of fac-

tors that include surface diffusion as an important constituent. The primary objective

of  this article is to present a Maxwell–Stefan (M–S) formulation for surface diffusion of

binary (1, 2) mixtures on 2D nanoporous graphene surfaces. In the developed formula-

tion,  adsorbate–adsorbate interactions, either attractive or repulsive, are described by the

quasi-chemical (QC) mean field approximation of Guggenheim. Such interactions have a

direct influence on the occupancy dependencies of the M–S diffusivities, Ð1 and Ð2, that

quantify molecule-surface “friction”. An essential feature of the M–S  formulation is the

inclusion of exchange coefficients, Ð12, that quantify correlation, or slowing-down effects

for  surface diffusion; the tardier-more-strongly-adsorbed species usually “slows down” the

more-mobile-less-strongly-adsorbed species. Kinetic Monte Carlo (KMC) simulations on 2D

square lattice of adsorption sites are used to quantify the the loading dependence of the M–S

diffusivities, and also correlation effects. The usefulness of the developed model, combining

QC  and M–S approaches, is illustrated for CO2/CH4, CO2/H2, CO2/N2, and CH4/H2, mixture

separations. For all four mixtures, the neglect of correlation effects leads to a severe under-

estimation of the membrane permeation selectivities that favor the more strongly adsorbed
species.

© 2018 Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.

pathway that includes surface adsorption, surface diffusion, and pore
1.  Introduction

Two-dimensional (2D) nanoporous materials such as graphenes and

graphene oxides, have attracted a lot of interest in recent years for

separation of a variety of mixtures of light gases (H2/CO2, H2/N2,

H2/CH4, CO2/N2, CO2/CH4), water/alcohol mixtures, and water purifica-

tion (Celebi et al., 2014; Gadipelli and Guo, 2015; Kim et al., 2013; Koenig

et al., 2012; Li et al., 2013; Liu et al., 2015; Nair et al., 2012; Wang et al.,

2017a, 2014). Experimental investigations, on their own, do not pro-

vide sufficient insights into the precise mechanisms underlying, and

driving, separation selectivities. For this reason, a number of theoret-
ical investigations, largely based on Density Functional Theory (DFT),

E-mail address: r.krishna@contact.uva.nl
https://doi.org/10.1016/j.cherd.2018.03.033
0263-8762/© 2018 Institution of Chemical Engineers. Published by Elsev
and Molecular Dynamics (MD) simulations, serve to elucidate the con-

stituent mechanisms contributing to separations (Blankenburg et al.,

2010; Du et al., 2011; Hauser and Schwerdtfeger, 2012; Jiao and Xu, 2015;

Khakpay et al., 2017; Pedrielli et al., 2017; Schrier, 2012; Solvik et al.,

2013; Sun and Bai, 2017a, 2017b; Sun et al., 2014; Wang et al., 2017b;

Wen et al., 2015; Yuan et al., 2017). Two different pathways for trans-

membrane transport of gaseous guest molecules may be identified; see

schematic in Fig. 1: (1) fluid-phase pathway that is of prime importance

in size-selective separations using graphene layers with pores smaller

than say 1 nm (Drahushuk and Strano, 2012), and (2) adsorbed-phase
translocation (Drahushuk and Strano, 2012; Jiao and Xu, 2015; Sun and

ier B.V. All rights reserved.
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Fig. 1 – Schematic showing transport mechanisms across 2D graphene membrane. Implicit in this schematic is that the
inter-pore spacing is significantly larger than the length scale characteristics of surface diffusion; see Drahushuk and Strano
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2012).

ai, 2017a; Sun et al., 2014; Yuan et al., 2017). For gaseous mixtures,

he flux contribution of the gas-phase pathway, also termed the “direct

ux” (Sun and Bai, 2017a, 2017b; Sun et al., 2014), may be calculated

sing the Knudsen prescription (Celebi et al., 2014; Drahushuk and

trano, 2012; Knudsen, 1909).

The importance of the contribution of the surface flux to the over-

ll permeation flux has been underscored in a number of publications

Du et al., 2011; Schrier, 2012; Shan et al., 2012; Sun and Bai, 2017a; Sun

t al., 2014; Wen et al., 2015). For permeation of guest species such as

O2, and CH4, that adsorb strongly on the surface, the contribution of

he surface diffusion flux may often be significant fraction of the overall

ermeation flux (Schrier, 2012; Sun and Bai, 2017a; Sun et al., 2014). For

2/N2 separations, Du et al. (2011) demonstrate that the separations

re H2-selective for smaller pore sizes, whereas with larger pore sizes,

he separations become N2-selective, because of the increasing signif-

cance of the contribution of the adsorbed-phase pathway. Shan et al.

2012) demonstrate the possibility of increasing the CO2/N2 selectivities

n porous graphene membranes by chemical functionalization of the

raphene sheet and the pore rim, thereby enhancing the adsorption

trength of CO2. For CH4/H2 and CH4/N2 separations, the more strongly

dsorbed CH4 has the effect of reducing the permeance of partner

pecies, H2 and N2; this effect is termed “inhibition” by Wen  et al. (2015).

olvik et al. (2013) demonstrate how entropy effects in adsorption may

e exploited for separations of ethene/ethane, propene/propane, n-

utane/1,3-butadiene, and butene isomer mixtures.

Generally speaking, the relative importance of the different trans-

ort mechanisms, sketched in Fig. 1, depends on a variety of factors

hat include pore size, pore geometry and shape, spacing between

ores, adsorption strength on surface and pore rim, and surface mobil-

ties of the adsorbates (Drahushuk and Strano, 2012; Jiao and Xu, 2015;

un and Bai, 2017a; Sun et al., 2014; Yuan et al., 2017). This article

rovides a quantitative analysis of the scenario in which the adsorbed-

hase pathway is the main determinant of membrane permeation

ates and selectivities. The primary objective is to develop a model
or mixture diffusion of adsorbates along the 2D graphene surface in

he direction of the pores, a precursor to pore translocation. We aim to
explore, and elucidate, the subtle interplay between relative adsorption

strengths and mobilities, that influence the permeation selectivities.

The “inhibition” effect exerted by the more strongly adsorbed species,

as highlighted by Wen et al. (2015), is shown to have two distinct origins:

(1) competitive mixture adsorption, and (2) correlation effects in surface

diffusion of mixtures. To meet the objectives set above, we adopt the

Maxwell–Stefan (M–S) formalism to describe the 2D surface diffusion

fluxes (Krishna, 1990, 2009, 2017). For quantifying the correlation effects

that are of prime importance in surface diffusion, we resort to Kinetic

Monte Carlo (KMC) simulations using the methodology described in

published works (Krishna et al., 2004; Paschek and Krishna, 2000, 2001a,

2001b).

2.  The  Maxwell–Stefan  description  of
mixture  diffusion  on  2D  surfaces

The M–S  equations represent a balance between the force
exerted per mole of species i with the drag, or friction, experi-
enced with each of the partner species in the mixture (Krishna,
2015, 2016a). We  may expect that the frictional drag to be
proportional to differences in the velocities of the diffusing
species

(
ui − uj

)
, where ui is the velocity of motion of the

adsorbate on the 2D surface, that is considered to be station-
ary. For a mixture containing a total of n penetrants, the M–S
equations take the form (Krishna, 2017)

−d�i
dz

=
n∑

j=1;j /=  i

RT

Ðij
xj(uj − un) + RT

Ði
(ui); i = 1, 2, .. n (1)

The left members of Eq. (1) are the negative of the gradients

of the chemical potentials, with the units N mol−1; it repre-
sents the driving force acting per mole of species i. We define
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Notation

bi Parameter in the pure component Langmuir
adsorption isotherm, Pa−1

[B] Matrix of inverse Maxwell–Stefan coefficients,
m−2 s

dpore Pore diameter, m
Ði M–S  diffusivity of component i for molecule-

surface interactions, m2 s−1

Ði(0) M–S  diffusivity at zero-loading, m2 s−1

Ðij M–S  exchange coefficient, m2 s−1

Ð12 M–S  exchange coefficient for binary mixture,
m2 s−1

Di,self Self-diffusivity of species i, m2 s−1

fi Partial fugacity of species i, Pa
L Inter-pore spacing on graphene layer, m
n Number of penetrants, dimensionless
Ni Molar flux of species i, mol  m−2 s−1

pi Partial pressure of species i, Pa
pt Total system pressure, Pa
qi Molar loading of species i, mol  kg−1

qi,sat Molar loading of species i at saturation,
mol  kg−1

qt Total molar loading of mixture, mol  kg−1

rl,i(t) Position vector for molecule l of species i at any
time t, m

R Gas constant, 8.314 J mol−1 K−1

T Absolute temperature, K
ui Velocity of motion of i, m s−1

w Energy of interaction, J mol−1

xi Mole fraction of species i in adsorbed phase,
dimensionless

z Distance coordinate, m

Greek letters
ˇ  Parameter defined in Eq. (9), dimensionless
�ij Thermodynamic factors, dimensionless
[�] Matrix of thermodynamic factors, dimension-

less
ı Diffusion distance as indicated in Fig. 1, m
ε Fractional pore area relative to membrane area,

dimensionless
� Coordination number, dimensionless
� Dimensionless distance, dimensionless
�i Fractional occupancy of component i, dimen-

sionless
�t Fractional occupancy of adsorbed mixture,

dimensionless
� Jump distance on 2D lattice, m
[	] Matrix of Maxwell–Stefan diffusivities, m2 s−1

�i Molar chemical potential, J mol−1


 Jump frequency, s−1

� Parameter defined in Eq. (9), dimensionless
� Mass density of graphene layer, kg m−3

Subscripts
1 Referring to species 1
2 Referring to species 2
i,j Components in mixture
i Referring to component i
t Referring to total mixture
sat Referring to saturation conditions

Vector and matrix notation
() Component vector
[] Square matrix
the mole fractions of the components in the adsorbed phase,
xi:

xi = qi/qt (2)

where qi is the molar loading of adsorbate i, expressed say as
moles per kg of graphene, and qt is the total mixture loading

qt =
n∑
i=1

qi.

The term RT/Ði is interpreted as the drag or friction coeffi-
cient between the penetrant i and the membrane. The term
RT/Ðij is interpreted as the friction coefficient for the i − j
pair of penetrants. At the molecular level, the coefficients Ðij

reflect how the facility for transport of species i correlates with
that of species j; they are also termed exchange coefficients.
The inclusion of such correlation effects is vital because the
tardier-more-strongly-adsorbed species usually “slows down”
the more-mobile-less-strongly-adsorbed species, as shall be
demonstrated later in this article.

The Maxwell–Stefan diffusion formulation (1) is consistent
with the theory of irreversible thermodynamics; the Onsager
Reciprocal Relations imply that the M–S pair diffusivities are
symmetric

Ðij = Ðji (3)

For uniformly spaced pores, each say of diameter dpore,
with inter-pore spacing L, the maximum distance to be tra-

versed along the surface for any adsorbate is ı =
√

2L−dpore
2 . The

area fraction of pores relative to the total membrane cross-

sectional area is ε = d2
pore/4

L2 ; the fractional area available for
surface adsorption is 1 − ε. The membrane permeation flux,
defined as the number of moles transported across the mem-
brane per second per m2 of total membrane surface area is

Ni ≡ (1 − ε) �qiui (4)

In Eq. (4), � is the mass density of the graphene layer,
expressed in the units of kg m−3. Multiplying both sides of Eq.
(1) by (1 − ε)qi, the M–S  equations take the form (Krishna, 2014,
2016b, 2017; Krishna and van Baten, 2011)

−�(1 − ε)
qi
RT

d�i
dz

=
n∑

j = 1
j /=  i

xjNi − xiNj

Ðij
+ Ni

Ði
; i = 1, 2, ..n

(5)

The chemical potential of component i in the adsorbed
phase equals the chemical potential of that component in
the bulk fluid mixture, i.e. d�i = RTdln fi, where fi is the par-
tial fugacity in the bulk fluid phase. The chemical potential
gradients d�i/dz can be related to the gradients of the molar
loadings, qi, by defining thermodynamic correction factors �ij

q d�
n∑ dqj q ∂f
i

RT
i

dz
=

j=1

�ij dz
;  �ij = i

fi

i

∂qj
; i, j = 1, ....n (6)
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Fig. 2 – KMC simulations (symbols) of normalized (a)
Maxwell–Stefan and (b) self-diffusivities on a square lattice,
plotted as a function of the fractional occupancy for four
different values of � = exp (w/RT) = 0, 0.5, 1.5, 2. The
continuous solid lines are the calculations using Eqs. (8)
and (9). (c) The degree of correlations Ð1/Ð11 plotted as a
function of the fractional occupancy.
The thermodynamic correction factors �ij can be calculated
y differentiation of the model describing mixture adsorp-
ion equilibrium, that relates the molar loadings, qi, to the
artial fugacities in the bulk fluid mixture, fi. Generally speak-

ng, the Ideal Adsorbed Solution Theory (IAST) of Myers and
rausnitz (1965) is the preferred method for estimation of mix-
ure adsorption equilibrium.

Though a limited number of MD  simulation data on unary
elf-diffusivities have been reported (Jiao and Xu, 2015; Sun
nd Bai, 2017a, 2017b; Sun et al., 2014), to our knowledge, there
s no available MD  or experimental data on the M–S diffu-
ivities Ði, and Ðij that are required in the use of Eq. (5) to
alculate surface diffusion fluxes. The subsequent sections of
his article address the following set of questions.

1) How do the M–S  diffusivities Ði depend on the molar load-
ings, qi?

2) Are the coefficients Ði characterizing unary diffusion iden-
tifiable with those describing mixture diffusion?

3) How do adsorbate–adsorbate interactions influence the
Ði?

4) How do we  estimate the exchange coefficients Ðij?
5) How do the exchange coefficients Ðij influence the mem-

brane separation selectivities?

.  Unary  diffusion  on  a  square  array  of
dsorption  sites

he 2D surface may be viewed as consisting of a square array
f adsorption sites. A molecule, say species i, may hop from
ne site to an adjacent one, provided that site is vacant. In
he simplest scenario, when there are no molecule-molecule
nteractions, either attractive or repulsive, the jump frequency

i is proportional to the fractional vacancy: 
i = 
i (0) (1 − �)
here �i = qi/qi,sat is the fractional occupancy. In this scenario,

he M–S  diffusivity is a linearly decreasing function of occu-
ancy

i = Ði(0)(1 − �i) (7)

In Eq. (7), the M–S  diffusivity in the limit of vanishingly
mall occupancies is Ði(0) = 1

� 
i(0)�2, where � is the coordina-
ion number of the lattice and � is the jump distance on the
quare lattice; for a square lattice, � = 4.

More  generally, molecule-molecule interactions serve to
nfluence the jump frequencies by a factor that depends on
he energy of interaction, w. For repulsive interactions, w > 0,
hereas for attractive interactions, w < 0. Using the quasi-

hemical approach of Reed and Ehrlich (1981) to quantify such
nteractions, the following expression is obtained for the load-
ng dependence of the M–S  diffusivities (Krishna et al., 2004;
rishna and van Baten, 2009b)

i = Ði(0)(
1  + ˇi

2 (1 − �i)
)
−�

(1 + (ˇi − 1 + 2�i)�
2 (1 − �i)

)
�−1

(8)

In Eq. (8) the following dimensionless parameters are
efined

ˇi =
√

1 − 4 �i (1 − �i) (1 − 1/�); � = exp (w/RT) (9)

In the limiting case of no interactions, w = 0, � = 1, ˇi = 1 and

q. (7) is recovered. The continuous solid lines in Fig. 2a are the
alculations of the occupancy dependence of the normalized
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M–S  diffusivity using Eqs. (8), and (9) for four different values of
� = exp (w/RT) = 0, 0.5, 1.5, 2. The symbols in Fig. 2a are Kinetic
Monte Carlo (KMC) simulation data for the M–S  diffusivity, Ði,
determined by monitoring the mean square displacement of
an ensemble of molecules on a square lattice using the method-
ology described in detailed in our previous works (Krishna
et al., 2004; Paschek and Krishna, 2000, 2001a, 2001b). There
is excellent match between the KMC  simulation data and the
Reed–Ehrlich model calculations. In our previous work using
MD simulations, we  had established the applicability of the
Reed–Ehrlich model for diffusion of linear alkanes in carbon
nanotubes (Krishna and van Baten, 2006).

The symbols in Fig. 2b are the KMC  simulation data
for the self-diffusivities, Di,self, determined by analyzing the
mean square displacement of individual molecules. The self-
diffusivities are generally lower than the corresponding values
of the M–S  diffusivities, i.e. Di,self < Ði; the extent of lowering is
due to correlation effects; a molecule may jump to a site whence
it originated. In order to derive the relation between the self-
diffusivities and the M–S  diffusivities, we  apply Eq. (5) for a
binary mixture consisting of tagged, or tracer, species (i*) and
untagged species i that are otherwise identical; this yields

1
Di,self

= 1
Ði

+ 1
Ðii

(10)

We  define the degree of correlations as

Ði
Ðii

= Ði
Di,self

− 1 (11)

The degree of correlations determined using Eq. (11) are
plotted in Fig. 2c as a function of the fractional occupancy; the
dependence is nearly linear. It is interesting to note that cor-
relation effects are practically uninfluenced by the interaction
energies, and almost the entire data set lies within the nar-
row range; the value Ði

Ðii
= 0.9�i is a fairly good representation

of the entire data set.
For predicting the loading dependence of the M–S diffusiv-

ities, we  need good estimates of the interaction energies, wi.
In principle, this information can be extracted from the unary
adsorption isotherms. Application of the quasi-chemical (QC)
mean field approximation of Guggenheim for adsorption on
a lattice (Krishna and van Baten, 2013b) yields the relation
between the fugacity, fi, in the gas phase and the fractional
occupancy on the surface

bifi = �i
(1 − �i)

(
2(1 − �i)
ˇi + 1 − 2�i

)�

(12)

In the limiting case of no interactions, w = 0, � = 1, ˇi = 1, and
Eq. (12) reduces to the Langmuir isotherm bifi = �i

(1−�i) , where bi

is the Langmuir adsorption constant. By fitting experimental
isotherm data to Eq. (12), we  can determine � = exp (w/RT);

see illustrative examples in Figs. S5–S7 of the Supplementary
material accompanying this publication.
4.  Surface  diffusion  of  binary  mixtures

For surface diffusion of binary mixtures, the Maxwell–Stefan
Eq. (5) reduce to the set of two equations

−�(1 − ε)
q1

RT

d�1

dz
= x2N1 − x1N2

Ð12
+ N1

Ð1

−�(1 − ε)
q2

RT

d�2

∂z
= x1N2 − x2N1

Ð12
+ N2

Ð2

(13)

The first members on the right hand side of Eq. (13) are
required to quantify slowing-down effects that characterize
binary mixture diffusion (Krishna, 2009, 2012; Krishna and van
Baten, 2013a). For a binary mixture, the exchange coefficient
Ð12 can be estimated

by interpolating between the self-exchange coefficients of
pure components: Ð11 and Ð22. On the basis of extensive MD
data on mixture diffusivities in zeolites and MOFs the follow-
ing interpolation formula, based on the Vignes (1966) model
for diffusion in liquid mixtures has been proposed (Krishna,
2009, 2012; Krishna and van Baten, 2009a)

Ð12 = (Ð11)x1 (Ð22)x2 (14)

For surface diffusion on square lattices, the self-exchange
coefficients are calculated on the basis of the information pre-
sented in Fig. 2c, but based on the total occupancy, �t = �1 + �2
Ði
Ðii

= 0.9�t, and not the individual component occupancies.
Let us define the square matrix [B]

[B] =

⎡
⎢⎣

1
Ð1

+ x2

Ð12
− x1

Ð12

− x2

Ð12

1
Ð2

+ x1

Ð12

⎤
⎥⎦ (15)

Eq. (13) can be re-cast into 2-dimensional matrix notation

−� (1 − ε)

⎛
⎜⎝

q1

RT

d�1

dz

q2

RT

d�2

dz

⎞
⎟⎠ = [B]

⎛
⎝N1

N2

⎞
⎠ ;

⎛
⎝N1

N2

⎞
⎠ = − (1 − ε) [B]−1

⎛
⎜⎝

q1

RT

d�1

dz

q2

RT

d�2

dz

⎞
⎟⎠

(16)

We  define the square matrix [�] ≡ [B]−1; The inverse of the
square matrix [B] can be determined explicitly

[�] ≡ [B]−1 = 1

1 + x1Ð2

Ð12
+ x2Ð1

Ð12⎡
⎢⎣ Ð1

(
1 + x1Ð2

Ð12

)
x1Ð1Ð2

Ð12

x2Ð1Ð2

Ð12
Ð2

(
1 + x2Ð1

Ð12

)
⎤
⎥⎦ (17)
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Fig. 3 – (a, b) KMC  simulation data (indicated by symbols)
Combining Eqs. (13), (16), and (17) we obtain

⎛
⎝N1

N2

⎞
⎠ = −�(1 − ε) [�] [�]

⎛
⎜⎝

dq1

dz

dq2

dz

⎞
⎟⎠ ;

⎛
⎝N1

N2

⎞
⎠ = − �(1 − ε)

1 + x1Ð2

Ð12
+ x2Ð1

Ð12⎡
⎢⎣ Ð1

(
1 + x1Ð2

Ð12

)
x1Ð1Ð2

Ð12

x2Ð1Ð2

Ð12
Ð2

(
1 + x2Ð1

Ð12

)
⎤
⎥⎦

⎡
⎣ �11 �12

�21 �22

⎤
⎦

⎛
⎜⎝

dq1

dz

dq2

dz

⎞
⎟⎠

(18)

The elements �ij can be determined from MD  or KMC
simulations by monitoring molecule displacements; see Sup-
plementary material for details. The Onsager Reciprocal
Relation (ORR) impose the symmetry constraint x2�12 = x1�21.

Fig. 3a presents KMC  simulation data for �ij for equimo-
lar binary mixtures (x1 = x2 = 0.5), plotted as a function of the
total occupancy, �t = �1 + �2. The ratio of the unary diffusivities
Ð2(0)/Ð1(0) = 8; the value of the interaction energy, w/RT = 0;
� = 1. The continuous solid lines in Fig. 3a are based on Eq.
(17) in which the M–S diffusivities are calculated Ð1, and
Ð2 are calculated using Eq. (8), along with the interpolation
formula (14), taking Ði

Ðii
= 0.9�t. There is excellent agreement

between the KMC data and the estimations of the M–S  model;
this demonstrates the power of the M–S  model to predict the
characteristics of the surface diffusion of mixtures based on
information on unary diffusivities. The same good agreement
between KMC  simulation data and the Maxwell–Stefan model
holds for repulsive interactions between adjacent species, tak-
ing � = 1.5; see Fig. 3b.

For a more  stringent test of the predictive capability of the
M–S  model, Fig. 3c presents comparison of the M–S  model with
KMC simulation data for the elements of the �ij for binary
mixtures as a function of the mole fraction, x1, of component 1
in the adsorbed phase, keeping the total occupancy, �t = �1 + �2

at a constant value of 0.48. The M–S  model, along with the
interpolation Formula (14) is able to provide good estimates of
the elements of the �ij over the entire composition range.

The good agreement between KMC simulation data and
the M–S model holds also for other choices of the diffusivity
ratios Ð2(0)/Ð1(0) = 1, 2, 4, 16, for scenarios assuming attractive
(� = 0.5) or repulsive interactions (� = 1.5, 2); see KMC  data in

Figs. S7–S9 of the Supplementary material.

for the elements of the �ij for equimolar binary mixtures
(x1 = x2 = 0.5), plotted as a function of the total occupancy,
�t = �1 + �2. (c) KMC  simulation data (indicated by symbols)
for the elements of the �ij for binary mixtures as a function
of the mole fraction, x1, of component 1 in the adsorbed
phase, keeping the total occupancy, �t = �1 + �2 at a constant
value of 0.48. The KMC  data are normalized with respect to
the unary diffusivity Ð1(0). The ratio of the unary
diffusivities are Ð2(0)/Ð1(0) = 8. In (a) and (c), the value of the
interaction energy, w/RT = 0; � = 1. In (b) the value of � = 1.5.
The continuous solid lines are the calculations of the M–S
model.
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Fig. 4 – (a) Surface fluxes, and (b) permeation selectivities
for permeation of binary CO2(1)/CH4(2) mixtures across a 2D
pillared graphene membrane at 300 K. The calculations are
presented in terms of the dimensionless fluxes

Niı

�(1 − ε)Ð1(0)q1,sat
; i = 1, 2 for equimolar bulk fluid

mixtures, with partial pressures p1 = p2. The ratio of the
zero-loading M–S diffusivities is taken as Ð2(0)/Ð1(0) = 2.
The interaction energies for both species are zero, i.e. � = 1
for both species. The input data are provided in the
Supplementary material accompanying this publication.
5.  Steady-state  surface  fluxes,  and
permeation  selectivities

For steady-state transfer across a distance ı, along the surface
as indicated in Fig. 1, the surface fluxes Ni are obtained by
solving the set of two coupled ordinary differential Eq. (18) for
the following set of boundary conditions)

upstream face : z = 0; pi = pi0; qi = qi0; �i = �i0;

�V = �V0

downstream face : z = �; pi = piı; qi = qiı; �i = �iı;

�V = �Vı

A simple linearized approximation (Krishna, 2017), is suf-
ficiently accurate for practical applications. In the linearized
approximation, the two matrices [	], and [� ] are assumed
to be independent of compositions and loadings with values
evaluated say at the upstream conditions. Alternatively, the
two matrices [	], and [� ] may be evaluated at the arithmetic
averaged compositions across the diffusion path (Krishna,
2017). In this linearized model, the surface fluxes are calculated
explicitly as follows

(
N1

N2

)
= � (1  − ε)

ı
[�] [�]

(
q10 − q1ı

q20 − q2ı

)
(19)

In order to demonstrate the application of Eq. (19), we
analyse the permeation of equimolar binary CO2(1)/CH4(2)
mixtures across a 2D pillared graphene surface, using the
isotherm data of (Pedrielli et al., 2017). The ratio of the
zero-loading M–S  diffusivities is taken as Ð2(0)/Ð1(0) = 2. The
calculations are presented in terms of the dimensionless

fluxes
Niı

�(1 − ε)Ð1(0)q1,sat
; i = 1, 2 ; see Fig. 4a. The CO2 flux

is higher than that of CH4 despite the fact that CH4 is the
more  mobile species. The larger flux of CO2 is due to two sep-
arate, and complimentary, reasons: (1) the mixture adsorption
equilibrium favors CO2, and (2) correlation effects tend to slow
down the more  mobile CH4.

The continuous solid line in Fig. 4b is the permeation selec-
tivities, Sperm calculated from

Sperm = N1/N2

p10/p20
(20)

The dashed lines are the calculations of the CO2/CH4

permeation selectivities using a scenario in which the
slowing-down effects are ignored, i.e.

[�] =
[

Ð1 0

0 Ð2

]
(21)

Ignoring correlation effects underestimates the CO2/CH4

permeation selectivities by about 60%. Correlation and
slowing-down effects cannot be neglected.

Fig. 5a presents the corresponding results for permeation
selectivities for binary CO2(1)/N2(2) mixtures; the ratio of the
zero-loading M–S  diffusivities is taken as Ð2(0)/Ð1(0) = 4. The
permeation selectivities are strongly in favor of CO2, and are

in the range 10–100. Neglecting correlations, underestimates
the selectivities by factor of about three.
Slowing-down effects become increasingly important if
the differences in the mobilities are larger. As illustration,
Fig. 5b; the ratio of the zero-loading M–S  diffusivities is
taken as Ð2(0)/Ð1(0) = 10; in this case, neglecting correlation
effects underestimates the CO2/H2 permeation selectivities by
about an order of magnitude. For permeation of CH4(1)/H2(2)
mixtures, neglecting correlation effects underestimates the
CH4/H2 permeation selectivities by a factor of about three;
see Fig. 5c.

In the four mixtures analyzed in Figs. 4 and 5 the sur-
face transport of the more  mobile species is hindered, i.e.
slowed-down, by the tardier-more-strongly-adsorbed species.
Our analysis quantifies the “inhibition” effect referred to by
Wen et al. (2015).
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Fig. 5 – Selectivities for permeation of binary (a)
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across a 2D pillared graphene membrane at 300 K. The
input data are provided in the Supplementary material
accompanying this publication.

6
p

F
s

mobilities. For CO2/CH4, CO2/H2, CO2/N2, and CH4/H2, mix-
.  Applying  the  surface  diffusion  model  in
ractice

or convenience of the readers we  provide below a step-by-

tep methodology for practical application of the developed
M–S  model for mixture diffusion consisting of components 1
and 2.

The first step is to analyze the experimental data on unary
isotherms using the QC theory; these isotherms are of vital
importance in the analysis. By fitting Eq. (12) to the experimen-
tal unary isotherm data, the saturation capacity, along with
the parameters bi, and w can be determined; the procedure
is outlined in the Supplementary material, and illustrated by
the examples in Figs. S5–S7. With the information on the unary
isotherms, the matrix of thermodynamic correction factors [� ]
can be calculated using the Ideal Adsorbed Solution Theory.

The second step is to perform unary permeation experi-
ments in order to back-out the zero-loading M–S  diffusivities,
Ði(0). The loading dependence of the M–S diffusivities, Ði, can
then be determined using Eqs. (8) and (9); these diffusivities
will also hold for mixture diffusion.

The third step is to estimate the exchange coefficient
Ð12 using the interpolation Formula (14), wherein the self-
exchange coefficients calculated from knowledge of the total
mixture occupancy: �t = �1 + �2 using the formula Ði

Ðii
= 0.9�t. For

this purpose, we use the average of the occupancies in the
upstream and downstream conditions.

The fourth step is the estimation of [	] at the average occu-
pancy with the aid of Eq. (17).

The final step is the explicit calculation of the permeation
fluxes of components 1 and 2 using the linearized Eq. (19).

7.  Conclusions

In this article, the Maxwell–Stefan (M–S) formulation has been
used to model the surface diffusion of binary mixtures of
adsorbates on 2D graphene surfaces. The characteristics of the
M–S  diffusivities were investigated with the aid of KMC  simu-
lations of unary and binary mixtures on a 2D square lattice of
adsorption sites, taken as being representative of the graphene
sheet. The following major conclusions can be drawn on the
basis of the simulation results and analysis.

(1) The Reed–Ehrlich model, based on the quasi-chemical
(QC) mean field approximation of Guggenheim, provides a
convenient platform to quantify the loading dependence
of the unary M–S diffusivities Ð1 and Ð2, characterizing
the molecule-surface “friction”. The model takes account
of adsorbate–adsorbate interactions, either attractive or
repulsive. In principle, the interaction energies can be
determined from the unary adsorption isotherms.

(2) An important advantage of the M–S formulation is that the
M–S diffusivities Ði retain the same magnitude and char-
acteristics for both unary diffusion and for diffusion in the
presence of partner species. For binary mixture diffusion,
the loading dependence of each of the M–S  diffusivities
Ði is to be determined on the basis of the total mixture
occupancy �t = �1 + �2.

(3) The KMC simulations provide guidelines for estimation of
the exchange coefficient, Ð12, that quantifies correlation,
or slowing-down effects for surface diffusion. The tardier-
more-strongly-adsorbed species usually “slows down” the
more-mobile-less-strongly-adsorbed species.

(4) Slowing-down effects become increasingly important with
increasing differences in the adsorption strengths, and
ture separations, neglecting of slowing-down effects leads
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to severe underestimations of the membrane permeation
selectivities that favor the more  strongly adsorbed species.

The next step in our investigation is the development of
a more  comprehensive model for mixture permeation that
includes all of the individual steps shown in Fig. 1.

Appendix  A.  Supplementary  data

Supplementary data associated with this article can be
found, in the online version, at https://doi.org/10.1016/
j.cherd.2018.03.033.
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1. Preamble 

This Supplementary material  accompanying our manuscript The Maxwell-Stefan Description 

of Mixture Permeation across Nanoporous Graphene Membranes provides: 

(a) Detailed derivation of the Maxwell-Stefan equations describing surface diffusion 

(b) Data on unary isotherm fits used in the illustrative examples  

For ease of reading, this Supplementary material is written as a stand-alone document. As a 

consequence, there is some overlap of material with the main manuscript.  

2. The Maxwell-Stefan description of mixture diffusion on 2D 
surfaces 

The primary focus is on the surface diffusion phenomenon shown in the schematic in Figure 1. 

The M-S equations represent a balance between the force exerted per mole of species i with the 

drag, or friction, experienced with each of the partner species in the mixture. We may expect that 

the frictional drag to be proportional to differences in the velocities of the diffusing species 

 ji uu  , where iu  is the velocity of motion of the adsorbate on the 2D surface. For a mixture 

containing a total of n penetrants, 1, 2, 3,..n we write 

     niuuX
Ð

RT
uuX

Ð

RT

dz

d
mim

im

n

ijj
njj

ij

i ,..2,1;
;1

 



 (1) 

The left members of equation (1) are the negative of the gradients of the chemical potentials, 

with the units N mol-1; it represents the driving force acting per mole of species i. The subscript 

m refers to the membrane, that is regarded as the (n+1)th component in the mixture; the 

membrane is considered to be stationary, i.e., um = 0. The term imÐRT  is interpreted as the drag 
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or friction coefficient between the penetrant i and the membrane. The term ijÐRT  is interpreted 

as the friction coefficient for the i-j pair of penetrants. The multiplier Xj in each of the right 

members represents a measure of the composition of component j in the adsorbed mixture 

because we expect the friction to be dependent on the number of molecules of j relative to that of 

component i. Since the composition fraction Xm of the 2D membrane is undefined, we redefine 

the M-S diffusivity for interaction of the penetrant i with the membrane as mimi XÐÐ  .   

At the molecular level, the coefficients ijÐ  reflect how the facility for transport of species i 

correlates with that of species j; they are also termed exchange coefficients. The inclusion of 

such correlation effects is vital because the tardier-more-strongly-adsorbed species usually 

“slows down” the more-mobile-less-strongly-adsorbed species, as shall be demonstrated later in 

this article.  

If qi is the molar loading of adsorbate i, expressed say as moles per kg of the graphene layer, 

and qt is the total mixture loading 



n

i
it qq

1

, we may define the mole fractions of the 

components in the adsorbed phase, xi: 

 tii qqx /   (2) 

In terms of mole fractions, equations (1) are modified as follows 

     niu
Ð

RT
uux

Ð

RT

dz

d
i

i

n

ijj
njj

ij

i ,..2,1;
;1

 



 (3) 

The Maxwell-Stefan diffusion formulation (3) is consistent with the theory of irreversible 

thermodynamics; the Onsager Reciprocal Relations imply that the M-S pair diffusivities are 

symmetric  
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 jiij ÐÐ   (4) 

For uniformly spaced pores, each say of diameter dpore, with inter-pore spacing L, the 

maximum distance to be traversed along the surface for any adsorbate is 
2

2 poredL 
 ; see 

Figure 2. The area fraction of pores relative to the total membrane cross-sectional area is 

2

2 4

L

d pore
  .  The fractional area available for surface adsorption is 

2

2 4
11

L

d pore
  . The 

membrane permeation flux, defined as the number of moles transported across the membrane per 

second per m2 of total membrane surface area is  

   iii uqN  1  (5) 

In equation (5),  is the mass density of the graphene layer, expressed in the units of kg m-3. 

Multiplying both sides of equation (3) by   iq1 , the M-S equations take the form1-3 

   ni
Ð

N

Ð

NxNx

dz

d

RT

q n

j i

i

ij

jiijii

ij

,..2,1;1
1




 



  (6) 

The chemical potential of component i in the adsorbed phase equals the chemical potential of 

that component in the bulk fluid mixture, i.e. ii fRTdd ln , where fi is the partial fugacity in 

the bulk fluid phase. The chemical potential gradients dzd i  can be related to the gradients of 

the molar loadings, qi, by defining thermodynamic correction factors ij 

 nji
q

f

f

q

dz

dq

dz

d

RT

q

j

i

i

i
ij

n

j

j
ij

ii ,....1,;;
1





 


 (7) 

The thermodynamic correction factors ij can be calculated by differentiation of the model 

describing mixture adsorption equilibrium, that relates the molar loadings, qi, to the partial 
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fugacities in the bulk fluid mixture, fi. Generally speaking, the Ideal Adsorbed Solution Theory 

(IAST) of Myers and Prausnitz 4 is the preferred method for estimation of mixture adsorption 

equilibrium.   

In some special cases, the mixed-gas Langmuir model for ideal gas mixtures, with partial 

pressures, pi 

 2,1;
1 2211,




 i
pbpb

pb

q

q ii

sati

i
i  (8) 

may be of adequate accuracy. Analytic differentiation of equation (8) yields 5 
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 (9) 

where the fractional vacancy V is defined as 

 211  V  (10) 

Though a limited number of MD simulation data on unary self-diffusivities have been 

reported,6-9 to our knowledge, there is no available MD or experimental data on the M-S 

diffusivities iÐ , and ijÐ  that are required in the use of equations (6) to calculate surface 

diffusion fluxes. The subsequent sections of this article address the following set of questions. 

(1) Are the coefficients iÐ  characterizing unary diffusion identifiable with those describing 

mixture diffusion?  

(2) How do the M-S diffusivities iÐ  depend on the molar loadings, qi?  

(3) How do adsorbate-adsorbate interactions influence the iÐ ? 
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(4) How do we predict the exchange coefficients ijÐ ?  

(5) How do the exchange coefficients ijÐ  influence the membrane separation selectivities? 

3. Unary diffusion on a square array of adsorption sites 

For the purposes of describing surface diffusion, the 2D surface may be viewed as consisting 

of a square array of adsorption sites; see schematic in Figure 3. A molecule, say species i, may 

hop from one site to an adjacent one, provided that site is vacant. In the simplest scenario, when 

there are no molecule-molecule interactions, either attractive or repulsive, the jump frequency i  

is proportional to the fractional vacancy:     10ii  where satiii qq ,/  is the fractional 

occupancy. In this scenario, the M-S diffusivity is a linearly decreasing function of occupancy  

 iii ÐÐ  1)0(  (11) 

In equation (11), the M-S diffusivity in the limit of vanishingly small occupancies,  

2)0(
1

)0( 
 iiÐ  , where  is the coordination number of the lattice and is the jump distance 

on the square lattice; for a square lattice,  = 4. 

More generally, molecule-molecule interactions serve to influence the jump frequencies by a 

factor that depends on the energy of interaction, w. For repulsive interactions, w > 0, whereas for 

attractive interactions, w < 0. Using the quasi-chemical approach of Reed and Ehrlich10 to 

quantify such interactions, the following expression is obtained for the loading dependence of the 

M-S diffusivities11, 12  

 
1

)1(2

)21(
1

)1(2

1
)0(


































i

ii

i

i
ii ÐÐ  (12) 
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In equation (12) the following dimensionless parameters are defined 

     RTwiii exp;/11141    (13) 

In the limiting case of no interactions, w = 0, = 1, i= 1 and equation (11) is recovered. The 

continuous solid lines in Figure 4a are the calculations of the occupancy dependence of the 

normalized M-S diffusivity using equations (12), and (13) for four different values of 

 RTwexp  = 0, 0.5, 1.5, 2. The symbols in Figure 4a are Kinetic Monte Carlo (KMC) 

simulation data for the M-S diffusivity, Ði, determined by monitoring the mean square 

displacement of an ensemble of molecules on a square lattice using the methodology described in 

detailed in our previous works11, 13-15 
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  (14) 

In equation (14), ni is the number of molecules of species i in simulation box, and rl,i(t)  is the 

position vector for molecule l of species i at any time t, and t is the time interval for sampling. 

There is excellent match between the KMC simulation data and the Reed-Ehrlich model 

calculations. In our previous work, using MD simulations, we had established the applicability of 

the Reed-Ehrlich model for diffusion of linear alkanes in carbon nanotubes.16 

The symbols in Figure 4b are the simulation data for the self-diffusivities, Di,self, determined by 

analyzing the mean square displacement of individual molecules 
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l
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i
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1
lim

1
rr


 (15) 

The self-diffusivities are generally lower than the corresponding values of the M-S 

diffusivities, i.e. iselfi ÐD , ; the extent of lowering is due to correlation effects; a molecule may 
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jump to a site whence it originated. In order to derive the relation between the self-diffusivities 

and the M-S diffusivities, we apply equations (6) for a binary mixture consisting of tagged, or 

tracer, species (i*) and untagged species i that are otherwise identical. For equimolar diffusion, 

i.e. 0*  ii NN , equations (6) yield 

    
i

iiii

i

ii

iiiii N
ÐÐÐ

N

Ð

Nxx

dz

d

RT

q













11
1 *  (16) 

Equation (16) defines the self-diffusivity Di,self   

  
selfi

iii

D

N

dz

d

RT

q

,

1 
  (17) 

and we obtain  

iiiselfi ÐÐD

111

,

          (18) 

We define the degree of correlations as  

 1
,


selfi

i

ii

i

D

Ð

Ð

Ð
 (19) 

The degree of correlations determined using equation (19) are plotted in Figure 4c as a 

function of the fractional occupancy; the dependence is nearly linear.  It is interesting to note that 

correlation effects are practically uninfluenced by the interaction energies, and almost the entire 

data set lies within the narrow range; the value  i
ii

i

Ð

Ð 9.0  is a fairly good representation of the 

entire data set. 

For predicting the loading dependence of the M-S diffusivities, we clearly need good estimates 

of the interaction energies, wi. In principle, this information can be extracted from the unary 

adsorption isotherms. Application of the quasi-chemical (QC) mean field approximation of 
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Guggenheim for adsorption on a lattice17 yields the relation between the fugacity, fi, in the gas 

phase and the fractional occupancy on the surface 























ii

i

i

i
ii fb

21

)1(2

)1(
 (20) 

In the limiting case of no interactions, w = 0,  = 1, i= 1, and equation (20) reduces to the 

Langmuir isotherm 
)1( i

i
ii fb





 , where bi is the Langmuir adsorption constant. By fitting 

experimental isotherm data to equation (20), we can determine  RTwexp .  

As illustration, Figures 5a,b,c,d present the experimental isotherm data of Zhang et al.18 for 

unary isotherms of (a) CH4, (b) C2H6, (c) C3H8, and (d) nC4H10 for graphene sheets at T = 283 K, 

293 K, and 303 K. The continuous solid lines represent calculations using equation (20) with 

fitted values of the parameters. qi,sat, bi, and RTw  for each guest at any T.  For example at T = 

303 K, the energies of interaction for C2H6 are repulsive, whereas for nC4H10, the interactions are 

attractive. 

Figure 6a compare the isotherm data of Sun and Bai8 for CO2 on a 2D graphene surface, 

obtained from molecular simulations, with calculations using equation (20), taking RTw  = -0.5, 

0, 1. The best fit is achieved taking the interaction energy to be zero.  Also, for CH4 adsorption 

on graphene, the best fit is obtained taking RTw  = 0; see Figure 6b. 

The unary isotherm data obtained from molecular simulations of Pedrielli et al.19 for CO2,  

CH4, N2, and  H2 on pillared graphene can also be fitted taking RTw  = 0; see Figure 7. 
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4. Surface diffusion of binary mixtures 

For surface diffusion of binary mixtures, the Maxwell-Stefan equations (6) reduce to the set of 

two equations 
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RT
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Ð
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NxNx

dz

d

RT

q

















 (21) 

The first members on the right hand side of Equation (21) are required to quantify slowing-down 

effects that characterize binary mixture diffusion.20-22 For a binary mixture, the exchange 

coefficient Ð12 can be estimated by interpolating between the self-exchange coefficients of pure 

components: Ð11 and Ð22. On the basis of extensive MD data on mixture diffusivities in zeolites 

and MOFs the following interpolation formula, based on the Vignes23 model for diffusion in 

liquid mixtures has been proposed20, 21, 24  

    21

221112
xx ÐÐÐ   (22) 

For surface diffusion on square lattices, the self-exchange coefficients are calculated on the 

basis of the information presented in Figure 4c, but based on the total occupancy, t = 1+2 

t
ii

i

Ð

Ð 9.0 , and not the individual component occupancies.  

Let us define the square matrix [B] 
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Equation (21) can be re-cast into 2-dimensional matrix notation 
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We define the square matrix   1][  B ; The inverse of the square matrix [B] can be obtained 

explicitly 
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 Combining equations (21), (24), and (25) we obtain  
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 (26) 

The elements ij can be determined from MD or KMC simulations using the formula  
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 (27) 

In this expression nj represent the number of molecules of species j in the simulation system, and 

rl,i(t) is the position of molecule l of species i at any time t. For unary systems equation (27) 

degenerates to equation (14). The Onsager Reciprocal Relation (ORR) impose the symmetry 

constraint 211122  xx .  



 

Supplementary material 13

Figures 8a,b,c,d,e present KMC simulation data for ij for equimolar binary mixtures (x1 = x2= 

0.5), plotted as a function of the total occupancy, t = 1+2. The ratio of the unary diffusivities 

Ð2(0)/Ð1(0) are chosen equal to 1, 2, 4, 8 and 16; the KMC data are normalized with respect to 

the unary diffusivity Ð1(0). The value of the interaction energy, RTw  = 0; =1 in all five cases. 

The continuous solid lines in Figure 8 are based on equation (25) in which the M-S 

diffusivities are calculated Ð1, and Ð2 are calculated using equation (12), along with the 

interpolation formula (22), together with t
ii

i

Ð

Ð 9.0 . There is good agreement between the 

KMC data and the estimations of the M-S model in all five cases; this demonstrates the power of 

the M-S model to predict the characteristics of the surface diffusion of mixtures based on 

information on unary diffusivities.  

For a more stringent test of the predictive capability of the M-S model, Figure 9 presents 

comparison of the M-S model with  KMC simulation data for the elements of the ij for binary 

mixtures as a function of the mole fraction, x1, of component 1 in the adsorbed phase, keeping 

the total occupancy, t = 1+2 at a constant value of 0.48. The ratio of the unary diffusivities are 

(a) Ð2(0)/Ð1(0) =1,  (b) Ð2(0)/Ð1(0) =2, (c) Ð2(0)/Ð1(0) =4, and (d) Ð2(0)/Ð1(0) =8;  the KMC 

data are normalized with respect to the unary diffusivity Ð1(0) and the value of the interaction 

energy, RTw  = 0;  =1 in all four cases. The M-S model, along with the interpolation formula 

(22) is able to provide good estimates of the elements of the ij in all four cases. 

In order to test the predictive capability of the M-S model for cases in which the interaction 

energies are finite, Figures 10a,b,c compares KMC simulation data for ij for equimolar binary 

mixtures (x1 = x2= 0.5), plotted as a function of the total occupancy, t = 1+2 for three different 

choices of the interaction energies: (a)  RTwexp  = 0.5; (b)  RTwexp  = 1.5, and (c) 
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 RTwexp  = 2.  In each of these three case studies, interaction energies apply equally for 1-

1, 2-2, and 1-2 neighboring pairs. The continuous solid lines are the calculations of the M-S 

model; the agreement is good in all cases. 

5. Steady-state surface fluxes, and permeation selectivities 

For steady-state transfer across a distance 
2

2 poredL 
 , along the surface as indicated in 

Figure 1, the surface fluxes Ni are obtained by solving the set of two coupled ordinary differential 

equations (26) for the following set of boundary conditions) 

0000 ;;;;0  :face upstream VViiiiii qqppz     

  VViiiiii qqppz  ;;;;  :face downstream  

A simple linearized approximation,25 is sufficiently accurate for practical applications. In the 

linearized approximation, the two matrices   , and    are assumed to be independent of 

compositions and loadings with values evaluated say at the upstream conditions. Alternatively, 

the two matrices   , and    may be evaluated at a suitably averaged compositions and 

loadings.25 In this linearized model, the surface fluxes are calculated explicitly as follows 
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 (28) 

In order to demonstrate the application of equation (28), we calculate the permeation fluxes 

and selectivities for diffusion of binary CO2(1)/CH4(2) mixtures on a 2D graphene surface, using 

the isotherm data of Sun and Bai.8 The ratio of the zero-loading M-S diffusivities is taken as 

Ð2(0)/Ð1(0) = 2.   
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The calculations are presented in terms of the dimensionless fluxes 

  2,1;
)0(1 ,11




i
qÐ
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i




 for equimolar bulk gas mixtures, with equal partial pressures p1=p2; 

see Figure 11a. The CO2 flux is a factor higher than that of CH4 despite the fact that CH4 is the 

more mobile species. The larger flux of CO2 is due to two separate, and complimentary, reasons: 

(1) the mixture adsorption equilibrium favors CO2, and (2) correlation effects tend to slow down 

the more mobile CH4. The corresponding values of the permeation selectivities, Sperm:  
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NN
S perm   (29) 

are shown by the continuous solid line in Figure 11b. The dashed lines are the calculations of the 

CO2/CH4 permeation selectivities using a scenario in which the slowing-down effects are 

ignored, i.e. 
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 and the permeation fluxes are calculated using 
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Ignoring correlation effects underestimates the CO2/CH4 permeation selectivities by about 

30%. Correlation and slowing-down effects cannot be neglected. 

Slowing-down effects become increasingly important if the differences in the adsorption 

strengths are larger. To demonstrate this, Figure 12a presents calculations of the surface fluxes 

fordiffusion of binary CO2/CH4 mixtures on a 2D pillared graphene surface at 300 K, using the 

isotherm data of Pedrielli et al.19 The ratio of the zero-loading M-S diffusivities is taken as 
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Ð2(0)/Ð1(0) = 2. Due to stronger adsorption, the CO2/CH4 permeation selectivities are strongly in 

favor of CO2. In this case, neglecting correlation effects underestimates the CO2/CH4 permeation 

selectivities by about 60%. 

Figure 13 presents the corresponding results for surface fluxes, and permeation selectivities for 

diffusion of binary CO2(1)/N2(2) mixtures on a 2D pillared graphene surface at 300 K. The ratio 

of the zero-loading M-S diffusivities is taken as Ð2(0)/Ð1(0) = 4. The permeation selectivities are 

strongly in favor of CO2, and are in the range 10 – 100.  Neglecting correlations, underestimates 

the selectivities by factor of about three. 

Slowing-down effects are also of significant importance if the differences in the mobilities are 

larger. As illustration, Figures 14a,b present the permeation fluxes, and permeation selectivities 

for diffusion of binary CO2/H2 mixture on a 2D pillared graphene surface at 300 K using the 

isotherm data of Pedrielli et al.19 The ratio of the zero-loading M-S diffusivities is taken as 

Ð2(0)/Ð1(0) = 10. In this case, neglecting correlation effects underestimates the CO2/H2 

permeation selectivities by about an order of magnitude. 

Figures 15a,b present the corresponding results for surface fluxes, and selectivities for 

diffusion of binary CH4(1)/H2(2) mixtures on a 2D pillared graphene surface at 300 K. In this 

case, neglecting correlation effects underestimates the CH4/H2 permeation selectivities by a 

factor of about three.  

6. Entropy effects for permeation across graphene membranes 

For mixture adsorption at high pressures, entropy effects favor the component with the higher 

saturation capacity; see published works.26, 27 As illustration of entropy effects, we consider the 

permeation of C3H8(1)/nC4H10(2) mixtures across a graphene membrane at 283 K. The unary 

isotherm fit parameters are provided by Zhang et al.18 From the QC isotherm fits in Figures 5, we 
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conclude that both C3 and nC4 exhibit repulsive interactions.  For use in the Reed-Ehrlich 

model, we use  RTwexp  = 1.5. With increasing pressures, entropy effects favor the 

adsorption of the smaller C3 that has the higher saturation capacity. This implies that with in 

Figure  16a presents a plot of the dimensionless surface fluxes   2,1;
)0(1 ,11




i
qÐ

N

sat

i




 for 

equimolar bulk fluid mixtures, with partial pressures p1=p2. With increasing total pressure pt= 

p1=p2, we note that there is a significant increase in the C3 flux whereas the nC4 flux tends to 

reach a plateau value.  The permeation selectivity (cf. Figure  16b) becomes increasingly in favor 

of C3.  In this case, correlation effects tend to lower the permeation selectivity due to slowing-

down effects.    
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7. Notation 

 

bi  parameter in the pure component Langmuir adsorption isotherm, Pa-1 

[B]  matrix of inverse Maxwell-Stefan coefficients, m-2 s 

dpore pore diameter, m 

Ði  M-S diffusivity of component i for molecule-surface interactions, m2 s-1 

)0(iÐ    M-S diffusivity at zero-loading, m2 s-1  

Ðij  M-S exchange coefficient, m2 s-1 

Ð12  M-S exchange coefficient for binary mixture, m2 s-1 

Di,self  self-diffusivity of species i, m2 s-1  

fi partial fugacity of species i, Pa 

L inter-pore spacing on graphene layer, m 

Ni molar flux of species i, mol m-2 s-1 

n number of penetrants, dimensionless 

ni   number of molecules of species i in simulation box, dimensionless 

pi  partial pressure of species i, Pa 

pt  total system pressure, Pa 

qi  molar loading of species i, mol kg-1 

qi,sat  molar loading of species i at saturation, mol kg-1 

qt  total molar loading of mixture, mol kg-1 

rl,i(t)   position vector for molecule l of species i at any time t, m   

R  gas constant, 8.314 J mol-1 K-1  

T  absolute temperature, K  

ui  velocity of motion of i,  m s-1 

w  energy of interaction,  J mol-1  



 

Supplementary material 19

xi   mole fraction of species i in adsorbed phase, dimensionless 

z  distance coordinate, m  

  

Greek letters 

 

β  parameter defined in equation (13), dimensionless 

ij  thermodynamic factors, dimensionless 

    matrix of thermodynamic factors, dimensionless 

δ   diffusion distance  as indicated in Figure 2, m 

  fractional pore area relative to membrane area, dimensionless 

ζ  coordination number, dimensionless 

  dimensionless distance, dimensionless 

i  fractional occupancy of component i, dimensionless 

t  fractional occupancy of adsorbed mixture, dimensionless 

V  fractional vacancy, dimensionless 

λ   jump distance on 2D lattice, m 

    matrix of Maxwell-Stefan diffusivities, m2 s-1  

i  molar chemical potential, J mol-1 

  jump frequency, s-1 

  parameter defined in equation (13), dimensionless

  mass density of graphene layer, kg m-3 

 

 

Subscripts 

 

1  referring to species 1  

2  referring to species 2  
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i,j  components in mixture 

i  referring to component i 

t  referring to total mixture 

sat  referring to saturation conditions 

V  vacancy 

 

 

Vector and Matrix Notation 

 

( )  component vector 

[ ]  square matrix 
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9. Captions for Figures 

 

 

Figure 1. Schematic showing transport mechanisms across 2D graphene membrane. Implicit in 

this schematic is that the inter-pore spacing is significantly larger than the length scale 

characteristics of surface diffusion; see Drahushuk and Strano.28 

 

Figure 2. Schematic showing inter-pore spacing and diffusion distances. 

 

 

Figure 3.  Two-dimensional array of adsorption sites representing the 2D graphene surface. 

 

Figure 4. KMC simulations (symbols) of normalized (a) Maxwell-Stefan and (b) self-

diffusivities on a square lattice, plotted as a function of the fractional occupancy for four 

different values of  RTwexp  = 0, 0.5, 1.5, 2. The continuous solid lines are the calculations 

using equations (12), and (13).  (c) The degree of correlations  111 ÐÐ  plotted as a function of 

the fractional occupancy. 
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Figure 5. Experimental isotherm data of Zhang et al.18 for unary isotherms of (a) CH4, (b) C2H6, 

(c) C3H8, and (d) nC4H10 for graphene sheets at T = 283 K, 293 K, and 303 K. The continuous 

solid lines represent calculations using equation (20). 

 

  

 

 

Figure 6.  Isotherm data obtained from molecular simulations for (a) CO2, and (b) CH4  on a 2D 

graphene (data scanned from Figure 3 of Sun and Bai8). The continuous solid lines represent 

calculations using equation (20): (a) taking RTw  = -0.5, 0, 1;  saturation capacity, qi,sat = 9.6 

molecules nm-2; bi = 2.62×10-7 Pa-1, (b) taking RTw  = 0;  the saturation capacity, qi,sat = 9.6 

molecules nm-2; bi = 7.67×10-8 Pa-1. 

 

 

Figure 7. Isotherm data obtained from molecular simulations for CO2, CH4, N2, and H2  on 

pillared graphene (data scanned from Figures S37, S39, and S40 of  the Supplementary material 

accompany the paper of Pedrielli et al.19 for Pillar Type 4, with pillar density of 1.37 pillars nm2) 

The continuous solid lines represent calculations using equation (20)taking RTw  = 0; and CO2:   

saturation capacity, qi,sat = 8 mol kg-1; bi = 1.5×10-5 Pa-1; CH4: saturation capacity, qi,sat = 6 mol 

kg-1; bi = 4×10-6 Pa-1; N2:  saturation capacity, qi,sat = 5  mol kg-1; bi = 1×10-6 Pa-1; H2:  saturation 

capacity, qi,sat = 3.1 mol kg-1; bi = 1×10-7 Pa-1. 
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Figure 8. KMC simulation data (indicated by symbols) for the elements of the ij for equimolar 

binary mixtures (x1 = x2= 0.5), plotted as a function of the total occupancy, t = 1+2. The KMC 

data are normalized with respect to the unary diffusivity Ð1(0). The ratio of the unary 

diffusivities are (a) Ð2(0)/Ð1(0) =1,  (b) Ð2(0)/Ð1(0) =2, (c) Ð2(0)/Ð1(0) =4, (d) Ð2(0)/Ð1(0) =8, 

and (e) Ð2(0)/Ð1(0) =16. The value of the interaction energy, RTw  = 0;  =1 in all five cases. 

The continuous solid lines are the calculations of the M-S model. 

 

 

Figure 9. KMC simulation data (indicated by symbols) for the elements of the ij for binary 

mixtures as a function of the mole fraction, x1, of component 1 in the adsorbed phase, keeping 

the total occupancy, t = 1+2 at a constant value of 0.48. The KMC data are normalized with 

respect to the unary diffusivity Ð1(0). The ratio of the unary diffusivities are (a) Ð2(0)/Ð1(0) =1,  

(b) Ð2(0)/Ð1(0) =2, (c) Ð2(0)/Ð1(0) =4, and (d) Ð2(0)/Ð1(0) =8. The value of the interaction 

energy, RTw  = 0;  =1 in all four cases. The continuous solid lines are the calculations of the 

M-S model. 

 

 

Figure 10. KMC simulation data (indicated by symbols) for the elements of the ij for equimolar 

binary mixtures (x1 = x2= 0.5), plotted as a function of the total occupancy, t = 1+2. The KMC 

data are normalized with respect to the unary diffusivity Ð1(0). (a)  RTwexp   = 0.5, 

Ð2(0)/Ð1(0) = 8; (b)  RTwexp  = 1.5, Ð2(0)/Ð1(0) = 8; (c)  RTwexp  = 2, Ð2(0)/Ð1(0) 

= 2. The continuous solid lines are the calculations of the M-S model. 
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Figure 11. (a) Surface fluxes, and (b) permeation selectivities for permeation of binary 

CO2(1)/CH4(2) mixtures across a 2D graphene membrane at 300 K. The calculations are 

presented in terms of the dimensionless fluxes   2,1;
)0(1 ,11




i
qÐ

N

sat

i




 for equimolar bulk 

fluid mixtures, with partial pressures p1=p2. The ratio of the zero-loading M-S diffusivities is 

taken as Ð2(0)/Ð1(0) = 2.  The interaction energies for both species are zero, i.e.  = 1 for both 

species. The unary isotherm fit parameters are specified in the legend to Figure 6. The mixture 

adsorption equilibrium was calculated using the mixed-gas Langmuir model because it is 

applicable for mixtures with equal saturation capacities. 

 

 

Figure 12. (a) Surface fluxes, and (b) permeation selectivities for permeation of binary 

CO2(1)/CH4(2) mixtures across a 2D pillared graphene membrane at 300 K. The calculations are 

presented in terms of the dimensionless fluxes   2,1;
)0(1 ,11




i
qÐ

N

sat

i




 for equimolar bulk 

fluid mixtures, with partial pressures p1=p2. The ratio of the zero-loading M-S diffusivities is 

taken as Ð2(0)/Ð1(0) = 2.  The interaction energies for both species are zero, i.e.  = 1 for both 

species. The unary isotherm fit parameters are specified in the legend to Figure 7. The mixture 

adsorption equilibrium was calculated using the IAST.  
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Figure 13. (a) Surface fluxes, and (b) permeation selectivities for permeation of binary 

CO2(1)/N2(2) mixtures across a 2D pillared graphene membrane at 300 K. The calculations are 

presented in terms of the dimensionless fluxes   2,1;
)0(1 ,11




i
qÐ

N

sat

i




 for equimolar bulk 

fluid mixtures, with partial pressures p1=p2. The ratio of the zero-loading M-S diffusivities is 

taken as Ð2(0)/Ð1(0) = 4. The interaction energies for both species are zero, i.e.  = 1 for both 

species. The unary isotherm fit parameters are specified in the legend to Figure 7. The mixture 

adsorption equilibrium was calculated using the IAST. 

 

 

Figure 14. (a) Surface fluxes, and (b) permeation selectivities for permeation of binary 

CO2(1)/H2(2) mixtures across 2D pillared graphene membrane at 300 K. The calculations are 

presented in terms of the dimensionless fluxes   2,1;
)0(1 ,11




i
qÐ

N

sat

i




 for equimolar bulk 

fluid mixtures, with partial pressures p1=p2. The ratio of the zero-loading M-S diffusivities is 

taken as Ð2(0)/Ð1(0) = 10.  The interaction energies for both species are zero, i.e.  = 1 for both 

species. The unary isotherm fit parameters are specified in the legend to Figure 7. The mixture 

adsorption equilibrium was calculated using the IAST. 

 

 

Figure 15. (a) Surface fluxes, and (b) permeation selectivities for permeation of binary 

CH4(1)/H2(2) mixtures across a 2D pillared graphene membrane at 300 K. The calculations are 

presented in terms of the dimensionless fluxes   2,1;
)0(1 ,11




i
qÐ

N

sat

i




 for equimolar bulk 
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fluid mixtures, with partial pressures p1=p2. The ratio of the zero-loading M-S diffusivities is 

taken as Ð2(0)/Ð1(0) = 5. The interaction energies for both species are zero, i.e.  = 1 for both 

species. The unary isotherm fit parameters are specified in the legend to Figure 7. The mixture 

adsorption equilibrium was calculated using the IAST. 

 

 

Figure 16. (a) Surface fluxes, and (b) permeation selectivities for permeation of binary C3H8(1)/ 

nC4H10(2) mixtures across a graphene membrane at 283 K. The calculations are presented in 

terms of the dimensionless fluxes   2,1;
)0(1 ,11




i
qÐ

N

sat

i




 for equimolar bulk fluid mixtures, 

with partial pressures p1=p2. The ratio of the zero-loading M-S diffusivities is taken as 

Ð1(0)/Ð2(0) = 2. The interaction energies for both species are  RTwexp  = 1.5. The unary 

isotherm fit parameters are provided by Zhang et al.18 The mixture adsorption equilibrium was 

calculated using the IAST. 
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Isotherm fitting to determine interaction energies
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