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A B S T R A C T

In kinetically driven separations using microporous crystalline adsorbents, the more mobile component is re-
covered during the desorption phase of pressure swing adsorption (PSA) processes. The primary focus of this
article is on the modelling of mixture desorption kinetics. The Maxwell-Stefan (M-S) formulation of intra-
crystalline diffusion is used to model the transient desorption of four different binary mixtures (N2/CH4, CO2/
C2H6, O2/N2, and C3H6/C3H8) in fixed beds packed with LTA-4A, DDR, CHA, or ZIF-8, that have cage-window
structural topologies. The intra-crystalline flux of each species is coupled with that of partner species; the
coupling effects are quantified by a 2×2 dimensional matrix of thermodynamic correction factors whose ele-
ments Γij can be determined from the model used to describe mixture adsorption equilibrium. For desorption
from a single crystallite, thermodynamic coupling effects cause transient undershoots in the loading of the more
mobile component. If the Γij are assumed to equal δij, the Kronecker delta, no undershoots are realized. The
recovery of the more mobile component during the blowdown phase of PSA operations is significantly enhanced
by the off-diagonal elements of Γij. The major conclusion to emerge from this study is that modelling of mixture
desorption kinetics need to properly account for thermodynamic coupling effects.

1. Introduction

While the majority of separations in fixed-bed adsorbers, such a H2

purification, rely on exploitation of mixture adsorption equilibria
[1–8], there are a number of practical instances in which diffusional
effects over-ride the influence of mixture adsorption equilibrium and
are the prime driver for separations [9,10]. Examples of kinetically
driven separations include production of N2 from air, removal of N2

from natural gas, and C3H6/C3H8 separations [2–4,11–15]. For en-
hancement of diffusion selectivities, the porous adsorbent materials are
chosen to have restricted pore sizes [10,16,17]. Examples of such ma-
terials include LTA, CHA, DDR, ERI, and ZIF-8 that have narrow win-
dows in the 3–4.5 Å size range. In such structures, the narrow windows
allow the inter-cage hopping of only one molecule at a time; conse-
quently, the inter-cage jumps are practically un-correlated [18–20]. For
the scenario in which correlation effects are of negligible importance,
the Maxwell-Stefan (M-S) formulation [19,21–24] simplifies to yield
the following expression for the intra-crystalline fluxes for binary
mixtures [10]
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In Eq. (1) R is the gas constant, T is the temperature, ρ represents the

framework density of the microporous crystalline material, r is the ra-
dial distance coordinate, and the component loadings qi are defined in
terms of moles per kg of framework. The Ði characterize and quantify
the interaction between species i and pore walls. The persuasive ad-
vantage of the M-S formulation Eq. (1) is that the M-S diffusivity Ði

equals the corresponding diffusivity for a unary system, determined at
the same pore occupancy [19]. Furthermore, the M-S diffusivity Ði for
any species i, in a mixture remains invariant to choice of the partner
species [19,25].

The chemical potential gradients ∂ ∂μ r/i can be related to the gra-
dients of the molar loadings, qi, by defining thermodynamic correction
factors Γij
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The thermodynamic correction factors Γij can be calculated by dif-
ferentiation of the model describing mixture adsorption equilibrium
such as the Ideal Adsorbed Solution Theory (IAST) theory [26] or the
mixed-gas Langmuir model:
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In Eq. (3), pi are the component partial pressures, qi are the com-
ponent loadings defined in terms of moles per kg of framework, qi,sat are
the saturation capacities, and bi are Langmuir binding constants, with
units of Pa−1.

Combining Eqs. (1), and (2), we get
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Finite magnitudes of the off-diagonal elements ≠i jΓ ( )ij cause the
flux of species i to be also influenced by the gradient of the molar
loading of species j [27]. In order to appreciate the significance of such
thermodynamic “coupling”, Fig. 1 presents the calculations of Γ /Γ12 11,
and Γ /Γ21 22 for 50/50 C3H6(1)/C3H8(2) mixture adsorption in ZIF-8 at
303 K. We note that at a total pressure of 100 kPa, the cross-coefficients
are about 60% of the magnitudes of the diagonal elements, indicating
that thermodynamic coupling effects may be significant.

A number of experimental [12,28–33] and theoretical investigations
[9,10,24,34] have demonstrated that an important consequence of
thermodynamic coupling effects is the occurrence of uphill diffusion,
overshoots, and the attainment of supra-equilibrium loadings during
transient uptake of binary mixtures in zeolites, and ZIFs. The primary
objective of this article is investigate, and highlight, the strong influ-
ence of ≠i jΓ ( )ij on the kinetics of mixture desorption operations in
kinetically driven separation of four different mixtures: N2/CH4, CO2/
C2H6, O2/N2, and C3H6/C3H8. We aim to highlight the phenomena of
undershoots during transient desorption, and draw consequences for the
recovery of the more mobile partner species during the blowdown
phase of PSA operations.

2. Transient undershoots during mixture desorption from
crystallites

We begin by considering the transient desorption of components
from spherical crystallites of radius rc exposed to a bulk gas phase
mixture maintained at constant composition and total pressure. The
radial distribution of molar loadings, qi, is obtained from a solution of a
set of two differential equations
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The intra-crystalline fluxes Ni, in turn, are related to the radial
gradients in the molar loadings by Eq. (4). Combination of Eqs. (4) and
(5) results in a set of coupled differential equations that need to be
solved numerically; details are provided in the Supplementary material.

At any time t, the component loadings at the surface of the particle
=q r t q( , ) *i c i is in equilibrium with the bulk phase gas mixture. The

loadings q*i are determined by the IAST or mixed-gas Langmuir model,
as appropriate [35].

At any time t, during the transient approach to thermodynamic
equilibrium, the spatial-averaged component loading within the crys-
tallites of radius rc is calculated using
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Fig. 2a shows the component loadings of N2 and CH4 in LTA-4A
crystal on exposure to 20/80 N2/CH4 gas phase mixture whose total
pressure is reduced at time t=0 from 100 kPa to 10 kPa. The nitrogen
molecule has a “pencil-like” shape with dimensions of 4.4 Å × 3.3 Å; it
can hop length-wise across the narrow 4.1 Å × 4.5 Å 8-ring windows of
LTA-4A [9,20]. The methane molecule has spherical shape with di-
mensions of 3.7 Å; it is much more severely constrained in the window
regions and has a diffusivity that is 22 times lower than that of N2

Nomenclature

Latin alphabet

bi Langmuir binding constant, −Pa 1

ci molar concentration of species i, mol m−3

ci0 molar concentration of species i in fluid mixture at inlet,
mol m−3

Ði Maxwell-Stefan diffusivity for molecule-wall interaction,
m2 s−1

n number of species in the mixture, dimensionless
L length of packed bed adsorber, m
Ni molar flux of species i with respect to framework,

mol m−2 s−1

pi partial pressure of species i in mixture, Pa
pt total system pressure, Pa
qi component molar loading of species i, mol kg−1

qi,sat molar loading of species i at saturation, mol kg−1

qt total molar loading in mixture, mol kg−1

q t¯ ( )i spatial-averaged component uptake of species i, mol kg−1

r radial direction coordinate, m
rc radius of crystallite, m
R gas constant, 8.314 Jmol−1 K−1

t time, s
T absolute temperature, K
v interstitial gas velocity in packed bed, m s−1

xi mole fraction of species i in adsorbed phase, dimensionless
z distance along the adsorber, m

Greek alphabet

Γij thermodynamic factors, dimensionless
δij Kronecker delta, dimensionless
ε voidage of packed bed, dimensionless
μi molar chemical potential, J mol−1

ρ framework density, kg m−3

τ time, dimensionless

Fig. 1. Calculations of Γ /Γ12 11, and Γ /Γ21 22 for 50/50 C3H6(1)/C3H8(2) mixture
adsorption within crystals of ZIF-8 at 303 K. The isotherm data are provided in
Chapter 8 of Supplementary Material.
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[20,34]. The adsorption strength of CH4 is higher than that of N2 by a
factor 2.2. The continuous solid lines, that are the simulations obtained
by solving Eqs. (4) and (5), show a pronounced undershoot in the
loading of the more mobile N2 during initial transience. This under-
shoot signals the phenomenon of uphill diffusion, causing sub-equili-
brium loadings of N2 to be realized. If thermodynamic coupling effects
are ignored (i.e. = δΓij ij, the Kronecker delta) and a simplified uncoupled
flux relation
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is invoked, the undershoot disappears and the transient equilibration
process is monotonic in nature; see dashed lines in Fig. 2a.

Fig. 2b shows the component loadings of O2, and N2 in LTA-4A
zeolite on exposure to 21/79 O2/N2 bulk gas phase mixture whose total
pressure is reduced at time t=0 from 600 kPa to 100 kPa. The mixture

Fig. 2. (a) Transient desorption of N2, and CH4 in LTA-4A crystal at 194 K,
exposed to 20/80 N2(1)/CH4(2) bulk gas mixtures with total pressure reduction
from 100 kPa to 10 kPa. (b) Transient desorption of O2 and N2 in LTA-4A crystal
at 298 K, exposed to 21/79 O2(1)/N2(2) mixtures with total pressure reduction
from 600 kPa to 100 kPa. (c) Transient desorption of CO2 and C2H6 in DDR
zeolite at 298 K, exposed to 50/50 CO2(1)/C2H6(2) bulk gas mixtures with total
pressure reduction from 40 kPa to 4 kPa. The continuous solid lines are simu-
lations based on Eq. (4). The dashed lines are the simulations based on Eq. (7).
Further details and input data are provided in Chapters 5, 6, and 7 of
Supplementary Material.

Fig. 3. (a) Transient desorption of C3H6 and C3H8 in CHA crystal at 353 K,
exposed to 50/50 C3H6(1)/C3H8(2) bulk gas mixtures with total pressure re-
duction from 100 kPa to 10 kPa. (b) Transient desorption of C3H6 and C3H8 in
ZIF-8 crystal at 303 K, exposed to 50/50 C3H6(1)/C3H8(2) bulk gas mixtures
with total pressure reduction from 100 kPa to 10 kPa. The continuous solid lines
are simulations based on Eq. (4). The dashed lines are the simulations based on
Eq. (7). Further details and input data are provided in Chapter 8 of
Supplementary Material.
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adsorption equilibrium is in favor of N2 that has a higher quadrupole
moment compared to O2. Due to its smaller size, the diffusivity of O2 is
37 times higher than that of N2. Simulations that take due account of
thermodynamic coupling effects show a pronounced undershoot in the
loading of the more mobile O2 during initial transience. If thermo-
dynamic coupling effects are neglected, and Eq. (7) is invoked, no O2

undershoot is experienced.
For CO2/C2H6 diffusion in DDR, the adsorption equilibrium is in

favor of C2H6 but the inter-cage hopping CO2 across the 3.65 Å ×
4.37 Å 8-ring windows of DDR occurs at a rate that is three orders of
magnitude higher than for C2H6 [34]. During the transient desorption
process, CO2 exhibits a marked undershoot, that disappears if the
simpler Equation (7) is used in the flux calculations; see Fig. 2c.

Diffusion-selective separations of C3H6/C3H8 mixtures are achiev-
able with CHA [12], ZIF-8 [36], and KAUST-7 [37]. Due to subtle dif-
ferences in bond angles and bond lengths, the diffusivity of the un-
saturated alkene is significantly higher in these materials. Fig. 3(a,b)
show transient desorption of C3H6 and C3H8 in (a) CHA and (b) ZIF-8

crystals, exposed to 50/50 C3H6(1)/C3H8(2) bulk gas mixtures subject
to pressure reduction at time t=0 from 100 kPa to 10 kPa. The more
mobile C3H6 exhibits transient undershoots in both hosts, signaling the
phenomena of uphill diffusion.

3. Simulations of vacuum blowdown operations in fixed-bed
adsorbers

The phenomena of uphill diffusion and the attainment of sub-
equilibrium loadings during transient desorption, as witnessed in
Figs. 2 and 3, have consequences for the recovery of the more mobile
components during the blowdown operations of PSA operations. To
illustrate this, we performed transient breakthrough simulations in
fixed bed adsorbers. For an n-component gas mixture flowing under
plug flow conditions through a fixed bed adsorber maintained under
isothermal, isobaric, conditions, the molar concentrations in the gas
phase at any position and instant of time are obtained by solving the
following set of partial differential equations for each of the species i in

Fig. 4. Transient breakthroughs of components during co-current vacuum blowdown. (a) LTA-4A zeolite packed bed initially equilibrated with 20/80 N2(1)/CH4(2)
feed gas mixtures at 194 K and 100 kPa. (b) DDR packed bed initially equilibrated with 50/50 CO2(1)/C2H6(2) feed gas mixtures at total pressure of 40 kPa. (c) CHA
zeolite packed bed initially equilibrated with 50/50 C3H6(1)/C3H8(2) feed gas mixtures at 353 K and total pressure of 100 kPa. (d) ZIF-8 packed bed initially
equilibrated with 50/50 C3H6(1)/C3H8(2) feed gas mixtures at 303 K and total pressure of 100 kPa. The continuous solid lines are simulations based on Eq. (4). The
dashed lines are the simulations based on Eq. (7). Further details and input data are provided in the Supplementary Material.
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the gas mixture [4,23,27]
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In Eq. (8), t is the time, z is the distance along the adsorber, ε is the
bed voidage, v is the interstitial gas velocity, and q t z¯ ( , )i is the spatially
averaged molar loading within the crystallites of radius rc, monitored at
position z, and at time t; these are determined using Eq. (6) in con-
junction with Eq. (4). The fixed bed of crystalline particles is considered
to be initially equilibrated with co-current flow of the feed gas mixtures
at a specified temperature and total pressure. At time t=0 the vacuum
blowdown operation commences. The numerical methodology for sol-
ving the set of partial differential equations is described in the
Supplementary material.

Fig. 4a shows the % N2 exiting the bed during vacuum blowdown of
a fixed bed of LTA-4A zeolite bed that is initially equilibrated with co-
current flow of 20/80 N2/CH4 feed gas mixtures at 194 K and 100 kPa.
The x-axis is the dimensionless time, =τ tv L/ , obtained by dividing the
actual time, t, by the characteristic time, L v/ , where L is the length of
adsorber. For simulations that properly account for thermodynamic
coupling, based on Eq. (4), the composition of the exiting gas is richer
in the more mobile N2. If thermodynamic coupling effects are ignored,
and Eq. (7) is invoked to describe the intra-crystalline fluxes, the exit
gas is significantly poorer in N2 during the early stages of blowdown
operations.

Precisely analogous conclusions emerge for blowdown operations
for CO2/C2H6/DDR (see Fig. 4b), C3H6/C3H8/CHA (see Fig. 4c), and
C3H6/C3H8/ZIF-8 (see Fig. 4d). In all cases, the inclusion of thermo-
dynamic coupling effects results in an exit gas that is richer in the more
mobile component during the initial stages of vacuum blowdown.

4. Conclusions

The Maxwell-Stefan diffusion formulation has been used to model
the desorption kinetics of kinetically driven mixture separation in fixed
beds of microporous crystalline adsorbents. Four different mixture se-
parations N2/CH4, CO2/C2H6, O2/N2, and C3H6/C3H8 in cage-window
host structures (LTA-4A, DDR, CHA, ZIF-8) have been analyzed to
highlight the influence of thermodynamic coupling. For transient des-
orption from single crystals, the off-diagonal elements ≠i jΓ ( )ij en-
gender undershoots in the loading of the more mobile partner species
during early stages of equilibration. Such undershoots, signifying uphill
diffusion, result in enhanced recovery of the more mobile component
during the vacuum blowdown phase of PSA operations.

Appendix A. Supplementary material

Supplementary data to this article can be found online at https://
doi.org/10.1016/j.seppur.2019.115790.
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1 Preamble 

This Supplementary Material accompanying the article Maxwell-Stefan Modelling of Mixture 

Desorption Kinetics in Microporous Crystalline Materials provides: 

(a) Brief summary of the Ideal Adsorbed Solution theory for calculation of mixture adsorption 

equilibrium, along with derivations of the mixed-gas Langmuir model  

(b) Brief summary of the Maxwell-Stefan theory of diffusion in microporous materials 

(c) Methodology adopted for numerical solutions to transient uptake within single crystalline particle 

(d) Methodology used for transient breakthroughs in fixed bed adsorbers, incorporating the Maxwell-

Stefan description of intra-particle diffusion 

(e) Four different case studies illustrating kinetic separations of CO2/C2H6, N2/CH4, O2/N2, and 

C3H6/C3H8 mixtures. Simulation details and input data on pure component isotherms, and 

Maxwell-Stefan diffusivities are provided for each of the four case studies.  

For ease of reading, the Supplementary Material is written as a stand-alone document. 
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2 The Ideal Adsorbed Solution Theory (IAST) 

A brief summary of the IAST theory is provided in order to facilitate comparisons with the statistical 

thermodynamics based models to be discussed later in this article. 

2.1 Brief outline of theory 

Within microporous crystalline materials, the guest molecules exist in the adsorbed phase. The Gibbs 

adsorption equation1 in differential form is 





n

i
iidqAd

1

  (S-1)

The quantity A is the surface area per kg of framework, with units of m2 per kg of the framework of 

the crystalline material; qi is the molar loading of component i in the adsorbed phase with units moles 

per kg of framework; i is the molar chemical potential of component i. The spreading pressure   has 

the same units as surface tension, i.e. N m-1. 

The chemical potential of any component in the adsorbed phase, i, equals that in the bulk fluid phase.  

If the partial fugacities in the bulk fluid phase are fi, we have 

ii fRTdd ln  (S-2)

where R is the gas constant (= 8.314 J mol-1 K-1). 

 Briefly, the basic equation of Ideal Adsorbed Solution Theory (IAST) theory of Myers and Prausnitz2 

is the analogue of Raoult’s law for vapor-liquid equilibrium, i.e. 

nixPf iii ,...2,1;  0   (S-3)

where xi is the mole fraction in the adsorbed phase 

n

i
i qqq

q
x

...21 
  (S-4)
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and 0
iP  is the pressure for sorption of every component i, which yields the same spreading pressure,   

for each of the pure components, as that for the mixture:  

...
)()()(

0
3

0
2

0
1

0

0
3

0

0
2

0

0
1  

PPP

df
f

fq
df

f

fq
df

f

fq

RT

A
 (S-5)

where )(0 fqi  is the pure component adsorption isotherm. The units of 
RT

A
, also called the adsorption 

potential,3  are mol kg-1. 

The unary isotherm may be described by say the 1-site Langmuir isotherm   

 
bf

bf

bf

bf
qfq sat 





1

;
1

0   (S-6)

where we define the fractional occupancy of the adsorbate molecules,   satqfq0 . The superscript 0 

is used to emphasize that  fq0  relates the pure component loading to the bulk fluid fugacity. More 

generally, the unary isotherms may need to be described by, say, the dual-Langmuir-Freundlich model 

B
B

B
B

satBA
A

A
A

satA fb

fb
q

fb

fb
qfq 













11
)( ,,

0  (S-7)

or the 3-site Langmuir-Freundlich model: 

0
, , ,1 1 1

CA B

CA B

CA B
A sat B sat C sat

A B C

b fb f b f
q q q q

b f b f b f

 

   
  

 (S-8)

Each of the integrals in Equation (S-5) can be evaluated analytically. For the 3-site Langmuir-

Freundlich isotherm, for example, the integration yields for component i,  

        
0

0

0
, , ,0 0 0

0

0
, , ,

0

( )
ln 1 ln 1 ln 1

( )
ln 1 ln 1 ln 1

i
A B C

A B Ci

P
A sat B sat C sat

A i B i C i
A B Cf

P
A sat B sat C sati i i

A B C
A i B i C if

q q qq f
df b P b P b P

f

q q qf f fq f
df b b b

f x x x

  

  

  

  





     

          
                              




 (S-9)

The right hand side of equation (S-9) is a function of 0
iP . For multicomponent mixture adsorption, 

each of the equalities on the right hand side of Equation (S-5) must be satisfied. These constraints may 
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be solved using a suitable equation solver, to yield the set of values of 0
1P , 0

2P , 0
3P ,.. 0

nP , all of which 

satisfy Equation (S-5). The corresponding values of the integrals using these as upper limits of 

integration must yield the same value of 
RT

A
 for each component; this ensures that the obtained solution 

is the correct one. 

The adsorbed phase mole fractions xi are then determined from  

ni
P

f
x

i

i
i ,...2,1;

 
0

  (S-10)

A key assumption of the IAST is that the enthalpies and surface areas of the adsorbed molecules do 

not change upon mixing. If the total mixture loading is tq , the area covered by the adsorbed mixture is 

tq

A
 with units of m2 (mol mixture)-1. Therefore, the assumption of no surface area change due to 

mixture adsorption translates as      000
2

0
2

2
0

1
0
1

1

nn

n

t Pq

Ax

Pq

Ax

Pq

Ax

q

A
 ; the total mixture loading is tq  is 

calculated from  

)(
....

)()(

1
...

000
2
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2

2
0

1
0
1

1
21

nn

n
nt

Pq

x

Pq

x

Pq

x
qqqq


  

(S-11)

in which )( 0
1

0
1 Pq , )( 0

2
0
2 Pq ,… )( 00

nn Pq  are determined from the unary isotherm fits, using the sorption 

pressures for each component 0
1P , 0

2P , 0
3P ,.. 0

nP  that are available from the solutions to equations 

Equations (S-5), and (S-9). 

The entire set of equations (S-3) to (S-11) need to be solved numerically to obtain the loadings, qi of 

the individual components in the mixture.  



The Ideal Adsorbed Solution Theory (IAST)    

S-8 
 

2.2 IAST model: 1-site Langmuir isotherms 

The IAST procedure for will be explained in a step-by-step manner for binary mixture adsorption in 

which the unary isotherms are described by the 1-site Langmuir model. The objective is to determine 

the molar loadings, q1, and q2, in the adsorbed phase.  

Performing the integration of Equation (S-5) results in an expression relating the sorption pressures 

0
iP  of the two species 

   

1exp;1exp

1ln1ln

,2

0
22

,1

0
11

0
22,2

0
11,1


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






















RTq

A
Pb

RTq

A
Pb

PbqPbq
RT

A

satsat

satsat





 (S-12)

The adsorbed phase mole fractions of component 1, and component 2 are given by equation (S-10)  

0
2

2
120

1

1
1

 
1;

 

P

f
xx

P

f
x   (S-13)

Since the mole fractions add to unity, we may combine equations (S-12), and (S-13) to obtain a 

relation in just one unknown, x1: 





















1

2
2,2

1

1
1,1 1

1ln1ln
x

f
bq

x

f
bq

RT

A
satsat


 (S-14)

Equation (S-14) is a non-linear equation 

0
1

1ln1ln
1

2
2,2

1

1
1,1 




















x

f
bq

x

f
bq satsat  (S-15)

The partial fugacities of the two components in the bulk gas phase are known, and equation (S-15) 

needs to be solved using a root finder to solve for the unknown, x1. Once 1x , and 12 1 xx   are 

determined, the sorption pressures can be calculated: 

1

2

2

20
2

1

10
1 1

  
;

 

x

f

x

f
P

x

f
P


  (S-16)

The total amount adsorbed, 21 qqqt   can be calculated from  
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1
21
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Pq

x
qqqt


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(S-17)

in which )( 0
1

0
1 Pq , and )( 0

2
0
2 Pq  are determined from the Langmuir parameters along with the sorption 

pressures, determined from equation (S-16). The component loadings, q1, and q2 are then determined 

from  1211 1; xqqxqq tt  .  

2.3 Langmuir isotherms with equal saturation capacities 

For the special case of binary mixture adsorption with equal saturation capacities, 1, 2,sat sat satq q q  , 

the component loadings can be determined explicitly. Equation (S-15) can be solved explicitly to obtain 

the adsorbed phase mole fractions 

2211

222
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111
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22
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1 ;;
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q

q
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fbfb
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q

q
x

fb

fb

q

q

x

x

tt 



  (S-18)

Equation (S-12) simplifies to yield   
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1exp1exp

1ln1ln
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 (S-19)

From equation (S-16) we get  

2211
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 (S-20)

Equations (S-17), (S-18),  (S-19), and (S-20)  yield  

   

22211
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 (S-21)

Combining equations (S-18), and (S-21) we obtain the following explicit expressions for the 

component loadings, and fractional occupancies  
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1 1 1 2 2 2
1 2

1 1 2 2 1 1 2 2

;
1 1sat sat

q b f q b f

q b f b f q b f b f
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 (S-22)

Equation (S-22) is commonly referred to as the mixed-gas Langmuir model, or extended Langmuir 

model. Rao and Sircar4 show that the mixed-gas Langmuir model described by Equation (S-22) passes 

the thermodynamic consistency test only when the saturation capacities equal each other, i.e. 

1, 2,sat satq q .  

From Equation (S-22), it also follows that the adsorbed phase mole fraction is 

1
2 2

1 1

1

1
x

b f

b f




 
(S-23)
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3 Diffusion in Microporous Crystalline Materials 

3.1 The Maxwell-Stefan (M-S) description of diffusion 

Within micro-porous crystalline materials, such as zeolites, metal-organic frameworks (MOFs), and 

zeolitic imidazolate frameworks (ZIFs), the guest molecules exist in the adsorbed phase. The Maxwell-

Stefan (M-S) equations for n-component diffusion in porous materials is applied in the following 

manner5-12  

     

     

     

1
2 1 2 3 1 3 1

12 13 1

2
1 2 1 3 2 3 2

21 23 2

1 1 2 3
1 2

...

...

...n
n n n

n n n

RT RT RT
x u u x u u u

r Ð Ð Ð

RT RT RT
x u u x u u u

r Ð Ð Ð

RT RT RT
x u u x u u u

r Ð Ð Ð








      



      



      




 (S-24)

The left members of equation (S-24) are the negative of the gradients of the chemical potentials, with 

the units N mol-1; it represents the driving force acting per mole of species 1, 2, 3,..n. The iu  represents  

the velocity of motion of the adsorbate, defined in a reference frame with respect to the framework 

material. The crystalline framework is considered to be stationary. The term iRT Ð  is interpreted as the 

drag or friction coefficient between the guest species i and the pore wall. The term ijÐRT  is 

interpreted as the friction coefficient for the i-j pair of guest molecules. The multiplier tii qqx /  where 

qi is the molar loading of adsorbate, and qt is the total mixture loading 



n

i
it qq

1

.  We expect the 

friction to be dependent on the number of molecules of j relative to that of component i.  

An important, persuasive, argument for the use of the M-S formulation for mixture diffusion is that 

the M-S diffusivity iÐ  in mixtures can be estimated using information on the loading dependence of the 
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corresponding unary diffusivity values. Put another way, the M-S diffusivity iÐ  can be estimated from 

experimental data on unary diffusion in the porous material. 

The M-S diffusivity ijÐ  has the units m2 s-1 and the physical significance of an inverse drag 

coefficient. The magnitudes of the M-S diffusivities ijÐ  do not depend on the choice of the mixture 

reference velocity because equation (S-24) is set up in terms of velocity differences. At the molecular 

level, the Ðij reflect how the facility for transport of species i correlates with that of species j; they are 

also termed exchange coefficients.  

For mesoporous materials with pores in the 20 Å to 100 Å size range the values of the exchange 

coefficient Ð12 are the nearly the same as the binary fluid phase M-S diffusivity, Ð12,fl, over the entire 

range of pore concentrations.7, 8, 12-14 For micro-porous materials, the exchange coefficient Ð12 cannot be 

directly identified with the corresponding fluid phase diffusivity Ð12,fl because the molecule-molecule 

interactions are also significantly influenced by molecule-wall interactions. 

The Maxwell-Stefan diffusion formulation (S-24) is consistent with the theory of irreversible 

thermodynamics. The Onsager Reciprocal Relations imply that the M-S pair diffusivities are symmetric  

jiij ÐÐ   (S-25)

We define Ni as the number of moles of species i transported per m2 of crystalline material per second 

iii uqN   (S-26)

where   is the framework density with units of kg m-3. Multiplying both sides of equation (S-24) by 

iq , the M-S equations for n-component diffusion in zeolites, MOFs, and ZIFs take the form 13, 15, 16 

1

; 1, 2,..

j i

n
j i i ji i i

j ij i

x N x Nq N
i n

RT r Ð Ð






   

   (S-27)

The fluxes Ni in equations (S-27)  are defined in terms of the moles transported per m2 of the total 

surface of crystalline material.  
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3.2 Thermodynamic correction factors 

At thermodynamic equilibrium, the chemical potential of component i in the bulk fluid mixture equals 

the chemical potential of that component in the adsorbed phase. For the bulk fluid phase mixture we 

have 

ln1 1
; 1, 2,..i i i

i

f f
i n

RT r r f r

  
  

  
 (S-28)

The chemical potential gradients i r   can be related to the gradients of the molar loadings, qi, by 

defining thermodynamic correction factors ij 

1

; ; , 1,....
n

ji i i i
ij ij

j i j

qq q f
i j n

RT r r f q




 
    

   (S-29)

The thermodynamic correction factors ij can be calculated by differentiation of the model describing 

mixture adsorption equilibrium. Generally speaking, the Ideal Adsorbed Solution Theory (IAST) of 

Myers and Prausnitz2 is the preferred method for estimation of mixture adsorption equilibrium.  In some 

special case, the mixed-gas Langmuir model  

,

1

; 1,2,...
1

i i i
i n

i sat
i i

i

q b f
i n

q b f




  


 
(S-30)

may be of adequate accuracy. Analytic differentiation of equation (S-30) yields 

nji
q

q

V

i

satj

sati
ijij 2,1,;

,

, 






















 
(S-31)

where the fractional vacancy V is defined as 

1

1 1
n

V t i
i

  


     (S-32)

The elements of the matrix of thermodynamic factors ij can be calculated explicitly from information 

on the component loadings qi in the adsorbed phase; this is the persuasive advantage of the use of the 
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mixed-gas Langmuir model. By contrast, the IAST does not allow the calculation of ij explicitly from 

knowledge on the component loadings qi in the adsorbed phase; a numerical procedure is required.   

3.3 Explicit expression for the fluxes as function of loading gradients 

By defining an n-dimensional square matrix [B] with elements 

nji
Ð

x
B

Ð

x

Ð
B

ij

i
ij

n

j ij

j

i
ii

ij

....2,1,;;
1

1

 



 (S-33)

we can recast equation (S-27) into the following form 

1

; 1, 2,..
n

i i
ij j

j

q
B N i n

RT r





  

   (S-34)

Equation (S-34) can be re-written in n-dimensional matrix notation as 

           1
( )

q q
N B

r r
   

      
 

 (S-35)

We denote the inverse of [B] as   : 

 1[ ]B     (S-36)

Compliance with the Onsager Reciprocal Relations demands  

; , 1, 2, ....j ij i jin n i j n     (S-37)

If the correlation effects are considered to be of negligible importance, the first term on the right of 

equations (S-27) may be ignored; this results in a simplified set of equations 

1

; 1,2..
n

j
i i ij

j

q
N Ð i n

r





   

  (S-38)

Furthermore, if the thermodynamic coupling effects are also ignored, Equation (S-38) degenerates to a 

set of uncoupled flux relations  

; 1, 2..i
i i

q
N Ð i n

r
 

  


 (S-39)
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3.4 M-S formulation for binary mixture diffusion 

For binary mixture diffusion inside microporous crystalline materials the Maxwell-Stefan equations 

(S-27) are written  

1 1 2 1 1 2 1

12 1

2 2 1 2 2 1 2

12 2

q x N x N N

RT r Ð Ð

q x N x N N

RT r Ð Ð





 
  


 

  


 (S-40)

The first members on the right hand side of Equation (S-40) are required to quantify slowing-down 

effects that characterize binary mixture diffusion.7, 8, 17 There is no experimental technique for direct 

determination of the exchange coefficients Ð12, that quantify molecule-molecule interactions. 

In two-dimensional matrix notation, equation (S-29) take the form  

 
1 1 1

2 2 2

q q

RT r r
q q

RT r r





    
         

           

 (S-41)

For the mixed-gas Langmuir model, equation (S-30), we can derive simple analytic expressions for 

the four elements of the matrix of thermodynamic factors:18  




































12
,1

,2

1
,2

,1
2

212221

1211

1

1

1

1






sat

sat

sat

sat

q

q
q

q

 (S-42)

where the fractional occupancies, i, are defined by equation (S-30).  

Let us define the square matrix [B] 

1 2 1 1 22 1
1

12 121 12 12 1

1 2 2 12 1 2 1 2 2 1
2

12 1212 2 12 12 12

1 1
1

[ ] ; [ ]
1 1 1

x Ð x Ð Ðx x
Ð

Ð ÐÐ Ð Ð
B B

x Ð x Ðx x x Ð Ð x Ð
ÐÐ ÐÐ Ð Ð Ð Ð



                               

 (S-43)

In proceeding further, it is convenient to define a 22 dimensional square matrix   :  
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 















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1
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1
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1
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1
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1

1
1

1

Ð

Ðx
Ð

Ð

ÐÐx

Ð

ÐÐx

Ð

Ðx
Ð

Ð

Ðx

Ð

Ðx
Ð

x

ÐÐ

x
Ð

x

Ð

x

Ð
 (S-44)

Equation (S-40) can be re-cast into 2-dimensional matrix notation 

      

1 2 1 1 2 11
12 121 11 12

1 2 2 12 21 22 22 1 2 2 1
2

12 12
12 12

;

1

1 1

q
N

r

x Ð x Ð Ð qÐ
Ð ÐN r

x Ð x ÐN qx Ð Ð x Ð
ÐÐ Ð rÐ Ð






   


                                          

 (S-45)

The elements of  B  can be obtained by inverting the matrix   : 

2 1

1 12 1211 12 1

21 22 2 1

12 2 12

1

[ ]
1

x x

Ð Ð ÐB B

B B x x

Ð Ð Ð



               
 

 (S-46)

A 22 dimensional Fick diffusivity matrix  D  is defined as the product of     and the matrix of 

thermodynamic correction factors   : 

     

     

1 2 1 1 2
1

1 12 12 11 12

1 2 2 1 21 222 1 2 2 1
2

12 12
12 12

1
1

1 1

;

x Ð x Ð Ð
Ð

Ð Ð
D B

x Ð x Ð x Ð Ð x Ð
ÐÐ Ð Ð Ð

q
N D

r




  
  

                     


 


 (S-47)

3.5 Negligible correlations scenario for M-S diffusivities 

For values of 0121 ÐÐ , and 0122 ÐÐ , the contribution of the first right member of M-S 

Equation (S-40) can be ignored and correlations can be considered to be of negligible importance;  we 

derive 
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11 12 11 2

21 22 212 12

1

1 1 11 12

2 2 21 22 2

0
0; 0;

0

0

0

ÐÐ Ð

ÐÐ Ð

q
N Ð r
N Ð q

r



    
         

 
                           

 (S-48)

Equation (S-48) is valid, as a first approximation, for diffusion in cage-type zeolites with 8-ring 

windows (CHA, LTA, DDR, ERI) and ZIF-8; see Figure S-1, ane also earlier publications.9, 13, 19-24  

When correlation effects are negligible, the diffusional coupling effects are solely traceable to mixture 

adsorption thermodynamics, embodied in the matrix   . 

If the mixed-gas Langmuir model is used to describe mixture adsorption equilibrium, the matrix of 

thermodynamic correction factors is given by Equation (S-42). Combining equations (S-42)., and (S-48) 

we obtain the flux expression 

1,
12 1

2,1 1

2 2 2, 21 2
2 1

1,

1
0 1

0 1
1

sat

sat

sat

sat

q q
qN Ð r

N Ð q q

rq

 


 

 

                                 

 (S-49)

Equation (S-49) is essentially equivalent to the flux relation used by Habgood25 to model transient 

overshoots in the loading of N2 during transient uptake of N2/CH4 in LTA-4A zeolite. These flux 

relations  (S-49) are also incorporated into the models for describing the transient breakthroughs in fixed 

bed adsorbers by Ruthven, Farooq, Knaebel, and co-workers.26-29 

3.6 Ignoring thermodynamic coupling effects 

In the Henry regime of adsorption, i.e. at low component loading, thermodynamic correction factors 

may be adequately described by ij ij  , the Kronecker delta.  

1

11 12 1 1

21 22 2 2 2

01 0
;

00 1

q
N Ð r
N Ð q

r



 
                             
 

 (S-50)
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Indeed, the major objective of this article is to demonstrate the inadequacy of Equation (S-50) to 

model transient mixture uptake in microporous crystals, and transient breakthroughs in fixed bed 

adsorbers. 
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4 Transient breakthroughs in fixed bed adsorbers 

We first analyze the transient uptake of mixtures within a spherical micro-porous crystalline particle. 

4.1 Transient uptake inside microporous crystals 

The radial distribution of molar loadings, qi, within a spherical crystallite, of radius rc, is obtained 

from a solution of a set of differential equations describing the uptake 

 i
i Nr

rrt

trq 2
2

1),(







  (S-51)

The intra-crystalline fluxes Ni, in turn, are related to the radial gradients in the molar loadings by 

Equation (S-45), or the simplified Equation (S-48) for the negligible correlations scenario. At time t = 0, 

i.e. the initial conditions, the molar loadings  )0,(rqi  at all locations r within the crystal are uniform 

(zero loadings). For all times t ≥  0, the exterior of the crystal is brought into contact with a bulk gas 

mixture at partial pressures 0ip  that is maintained constant till the crystal reaches thermodynamic 

equilibrium with the surrounding gas mixture. At any time t, the component loadings at the surface of 

the particle *( , )i c iq r t q  is in equilibrium with the bulk phase gas mixture with partial pressures 0ip . In 

the general case, the component loadings are calculated using the Ideal Adsorbed Solution Theory 

(IAST) of Myers and Prausnitz.2 Alternatively, in some cases, the mixed-gas Langmuir equation (S-30) 

may be of sufficient accuracy. An important advantage of the use of the mixed-gas Langmuir model is 

that the matrix of the thermodynamic correction factors can be determined explicitly using Equation (S-

42). 

At any time t, during the transient approach to thermodynamic equilibrium, the spatial-averaged 

component loading within the crystallites of radius rc is calculated using 

drrtrq
r

tq
cr

i
c

i
2

03
),(

3
)(   (S-52)
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Summing equation (S-52) over all n species in the mixture allows calculation of the total average 

molar loading of the mixture within the crystallite 





n

i
it ztqztq

1

),(),(  (S-53)

The spatial-averaged )(tqi  and  ( , )tq t z  can be compared directly with experimental transient uptake 

data. 

There is no generally applicable analytical solution to describe transient diffusion of binary mixtures 

and the set of equations (S-45), (S-51), and (S-52), and (S-53) need to be solved numerically using 

robust computational techniques. However, see Krishna30 for simplified approaches to describe transient 

mixture uptake using the matrix generalization of the Geddes31 and Glueckauf32 models.  

Equations (S-51) are first subjected to finite volume discretization. One of two strategies can be 

adopted: (a) equi-volume discretization, or (b) equi-distant discretization; see Figure S-2. The choice of 

the discretization scheme used is crucially important in obtaining accurate, converged results. The 

choice of equi-volume slices is needed when the gradients of the loadings are particularly steep nearer to 

r = rc. For either strategy, about 20 – 150 slices were employed in the simulations presented in this 

work, depending on the guest/host combination. Combination of the discretized partial differential 

equations (S-51) along with algebraic equations describing mixture adsorption equilibrium (IAST or 

mixed-gas Langmuir model), results in a set of differential-algebraic equations (DAEs), which are 

solved using BESIRK.33 BESIRK is a sparse matrix solver, based on the semi-implicit Runge-Kutta 

method originally developed by Michelsen,34 and extended with the Bulirsch-Stoer extrapolation 

method.35 Use of BESIRK improves the numerical solution efficiency in solving the set of DAEs. The 

evaluation of the sparse Jacobian required in the numerical algorithm is largely based on analytic 

expressions.18 Further details of the numerical procedures used in this work, are provided by Krishna 

and co-workers;18, 36-38 interested readers are referred to our website that contains the numerical 

details.36  
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4.2 Modelling transient breakthroughs in fixed bed 

We describe below the simulation methodology used to perform transient breakthrough calculations 

for fixed bed adsorbers (see schematics in Figure S-2, and Figure S-3). The simulation methodology is 

the same as used in our earlier publications.15, 16, 39, 40 For an n-component gas mixture flowing through a 

fixed bed maintained under isothermal, isobaric, conditions, the molar concentrations in the gas phase at 

any position and instant of time are obtained by solving the following set of partial differential equations 

for each of the species i in the gas mixture15, 18, 26, 36 

   2

2

( , ) ( , ) 1 ( , )( , ) ( , )
0; 1,2,...ii i i

ax

v t z c t z q t zc t z c t z
D i n

z t z t

    
    


       (S-54)

In equation (S-54), t is the time, z is the distance along the adsorber,  is the framework density,  is 

the bed voidage, axD  is the axial dispersion coefficient, v is the interstitial gas velocity, and ),( ztqi  is 

the spatially averaged molar loading within the crystallites of radius rc, monitored at position z, and at 

time t. The time t = 0, corresponds to the time at which the feed mixture is injected at the inlet to the 

fixed bed. Prior to injection of the feed, it is assumed that an inert, non-adsorbing, gas flows through the 

fixed bed. In this model described by equation (S-54), the effects of all mechanisms that contribute to 

axial mixing are lumped into a single effect axial dispersion coefficient axD . Ruthven et al.26 state that 

more detailed models that include radial dispersion are generally not necessary. They also make the 

following remark “when mass transfer resistance is significantly greater than axial dispersion, one may 

neglect the axial dispersion term and assume plug flow”. This is the situation that manifests for 

kinetically controlled separations, the focus of the present article.Consequently, all of the analysis and 

breakthrough simulations were carried out using the plug flow assumption.  

The term 
( , )iq t z

t




 in equation (S-54) is determined by solving the set of equations (S-51), and (S-

52), and (S-53).  At any time t, and position z,  the component loadings at the outer surface of the 

particle ( , , )i cq r t z  is in equilibrium with the bulk phase gas mixture with partial pressures ( , )ip t z  in the 
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bulk gas mixture. In the general case, the component loadings ( , , )i cq r t z  are calculated using the Ideal 

Adsorbed Solution Theory (IAST) of Myers and Prausnitz.2 Alternatively, in some cases, the mixed-gas 

Langmuir equation (S-30) may be of sufficient accuracy. 

The interstitial gas velocity is related to the superficial gas velocity by 


u

v   (S-55)

For the adsorption phase of fixed-bed separations, the entire bed of crystalline particles is considered 

to be devoid of adsorbates at time t = 0, i.e. we have the initial condition 

0),0(;0  zqt i  (S-56)

At time, t = 0, the inlet to the adsorber, z = 0, is subjected to a step input of the n-component gas 

mixture and this step input is maintained till the end of the adsorption cycle when steady-state 

conditions are reached.  

00 ),0(;),0(;0 utuptpt ii   (S-57)

where 00 vu   is the superficial gas velocity at the inlet to the adsorber.  

For the simulations of the blowdown phase of fixed-bed operations, the fixed-bed is initially 

equilibrated with co-current flow of the feed gas mixture at the specified temperature and total pressure 

conditions.  At time t = 0 the vacuum blowdown operation commences. 

Typically, the adsorber length is divided into 100 slices, and each spherical crystallite was discretized 

into 20 - 150 equi-volume slices. The results thus obtained were confirmed to be of adequate accuracy. 

Combination of the discretized partial differential equations (PDEs) along with the algebraic equations 

describing mixture adsorption equilibrium (IAST, or mixed-gas Langmuir model, as appropriate), 

results in a set of differential-algebraic equations (DAEs), which are solved using BESIRK.33 BESIRK 

is a sparse matrix solver, based on the semi-implicit Runge-Kutta method originally developed by 

Michelsen,34 and extended with the Bulirsch-Stoer extrapolation method.35 Use of BESIRK improves 

the numerical solution efficiency in solving the set of DAEs. The evaluation of the sparse Jacobian 
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required in the numerical algorithm is largely based on analytic expressions.18 Further details of the 

numerical procedures used in this work, are provided by Krishna and co-workers;18, 36-38 interested 

readers are referred to our website that contains the numerical details.36  

For presenting the breakthrough simulation results, we use the dimensionless time, tv

L
  , obtained 

by dividing the actual time, t, by the characteristic time, 
L

v
, where L is the length of adsorber, v is the 

interstitial gas velocity.41 

 For all the simulations reported in this article we choose the following: adsorber length, L = 0.3 m; 

cross-sectional area, A = 1 m2; superficial gas velocity in the bed, u0 = 0.04 m s-1; voidage of the packed 

bed,  = 0.4. Also, the total pressures is assumed to be constant along the length of the fixed bed. Please 

note that since the superficial gas velocity is specified, the specification of the cross-sectional area of the 

tube, A, is not relevant in the simulation results presented. The total volume of the bed is LAVbed  . The 

volume of zeolite or MOF used in the simulations is   1LAVads  = 0.18 m3. If  is the framework 

density, the mass of the adsorbent in the bed is    1LAmads  kg. It is important to note that the 

volume of adsorbent, adsV , includes the pore volume of the adsorbent material.  In these breakthrough 

simulations we use the same volume of adsorbent in the breakthrough apparatus, i.e. (1 - ) A L = 0.18 

m3 = 180 L.  
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4.3 List of Figures for Transient breakthroughs in fixed bed adsorbers 

 

 

Figure S-2. Two different discretization schemes for a single spherical crystallite. 
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Figure S-3. Discretization scheme for fixed bed adsorber. 
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5 Separation of N2/CH4 mixtures using LTA-4A zeolite 

Many natural gas reserves contain nitrogen in concentrations ranging to about 20%.42 To meet 

pipeline specifications, the nitrogen level must be reduced to below 4%.43 A large majority of nitrogen 

removal facilities use cryogenic distillation, but such units are economical only for large capacity wells. 

For smaller reserves pressure swing adsorption technology has economic benefits, especially because 

the feed mixtures are available at high pressures.42, 43 It is desirable to use adsorbents in pressure swing 

adsorption (PSA) units that are selective to N2. For most known adsorbents, the adsorption selectivity 

for separation of N2/CH4 mixtures is in favor of CH4 due to its higher polarizability.  

One practical solution is to rely on diffusion selectivities by using microporous materials, such as 

LTA-4A zeolite, ETS-4 (ETS = Engelhard Titano Silicate; ETS-4 is also named as CTS-1 = Contracted 

Titano Silicate -1), and clinoptilolites, that have significantly higher diffusivities of N2, compared to that 

of CH4.
25, 43-46 

5.1 Transient uptake of N2/CH4 mixtures in LTA-4A zeolite 

The earliest study demonstrating the possibility of using LTA-4A zeolite, utilizing diffusion 

selectivities for separating  N2(1)/CH4(2) mixtures is contained in the classic paper of Habgood.25 LTA-

4A zeolite (also called 4A or NaA zeolite) contains extra-framework cations (containing 96Si, 96 Al, 96 

Na+ per unit cell; Si/Al=1). LTA-4A zeolite consists of cages of 743 Å3 volume, separated by 4.11 Å × 

4.47 Å 8-ring windows. The pore landscape and structural details of LTA-4A zeolite are provided in 

Figure S-4. The Na+ cations partially block the window sites, leading to low magnitudes of guest 

diffusivities. The partial blocking of the windows enhances efficacy of kinetic separations, because it 

significantly enhances the ratio of the diffusivities of mobile and tardier species. Molecules jump one-

at-a-time across the windows of LTA-4A. Extensive Molecular Dynamics (MD) simulations have 

confirmed that correlation effects are of negligible importance for mixture diffusion across cage-type 

zeolites such as CHA, LTA, DDR, ERI that consist of cages separated by windows in the 3.4 Å – 4.2 Å 

size range.7, 8, 17, 24 Consequently, the appropriate flux description is provided by Equation (S-48). 
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Figure S-5(a) presents simulations of transient uptake of 20/80 N2(1)/CH4(2) mixtures in crystallites 

of LTA-4A at 194 K with the bulk gas phase maintained at partial pressures p1 =20 kPa; p2 = 80 kPa. 

Nitrogen is a “pencil-like” molecule (4.4 Å  3.3 Å) that can hop length-wise across the narrow 

windows; the “spherical” CH4 (3.7 Å) is much more severely constrained and has a diffusivity that is 

21.7 times lower than that of N2. The adsorption strength of CH4, as reflected in the Langmuir “b” 

parameter, is higher than that of N2 by a factor 2.2; see unary isotherm data fits in Table S-1. The 

N2(1)/CH4(2) mixture constitutes a combination of more-mobile-less-strongly-adsorbed-N2 and tardier-

more-strongly-adsorbed-CH4. The continuous solid lines in Figure S-5(a) are Maxwell-Stefan model 

simulations based on Equation (S-48); these simulations display an overshoot in the uptake of the more 

mobile N2. The Maxwell-Stefan diffusivities used in the simulations are: 2
1 crÐ  = 1.56×10-5 s-1; 2

2 crÐ  

= 7.2×10-9 s-1; these values based on the diffusivity data provided by Habgood.25  During the initial 

stages of the transient uptake, the pores of LTA-4A are predominantly richer in the more mobile N2, but 

this is displaced by the more strongly adsorbed, tardier CH4 molecules at longer times. This results in an 

overshoot in the N2 uptake during the early stages of the transience. The dashed lines in Figure S-5(a) 

are the simulations based on Equation (S-50), in which the thermodynamic correction factors are 

assumed to be described by ij ij  , i.e. 



















10

01

2121

1211 ; in this scenario, no N2 overshoot is 

experienced. We conclude that the overshoots in the N2 uptake, that signal the phenomenon of uphill 

diffusion,12, 41 is engendered by thermodynamic coupling effects.  

Figure S-5(b) presents simulations of transient desorption process in which the initial loadings in the 

zeolite correspond to the final equilibrated loadings in Figure S-5(a), i.e. corresponding to the bulk gas 

phase maintained at partial pressures p1 =20 kPa; p2 = 80 kPa. At time t = 0, the bulk gas phase partial 

pressures are reduced to the values p1 =2 kPa; p2 = 8 kPa.  The continuous solid lines in Figure S-5(b) 

are Maxwell-Stefan model simulations based on Equation (S-48); these simulations show undershoot in 

the desorption of the mobile N2.  The dashed lines in Figure S-5(b) are the simulations based on 
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Equation (S-50), in which the thermodynamic correction factors are assumed to be described by ij ij 

, i.e. 



















10

01

2121

1211 ; in this scenario, no N2 undershoot is experienced. We conclude that the 

undershoot in the N2 uptake, that signal the phenomenon of uphill diffusion,12, 41 is engendered by 

thermodynamic coupling effects. 

Overshoots/undershoots during the adsorption/desorption phase of PSA operations have consequences 

for N2(1)/CH4(2) mixture separations in a fixed bed adsorber packed with LTA-4A adsorbent. 

5.2 Separating N2/CH4 mixtures in fixed bed adsorbers packed with LTA-4A 

We consider the separations of 20/80 N2(1)/CH4(2) mixtures in a fixed bed adsorber using LTA-4A 

zeolite operating at a total pressure of 100 kPa, and T = 194 K. Figure S-6(a) show the transient 

breakthrough simulations for 20/80 N2(1)/CH4(2) mixtures through fixed bed adsorber packed with 

LTA-4A crystals operating at 194 K, and total pressure pt = 100 kPa. The y-axis is the % CH4 at the 

adsorber outlet. The x-axis is the dimensionless time, Ltv , obtained by dividing the actual time, t, 

by the characteristic time, vL . The continuous solid lines are simulations taking due account of intra-

crystalline diffusion using Equation (S-48) with parameters: 2
1 crÐ  = 1.56×10-5 s-1; 2

2 crÐ  = 7.2×10-9 

s-1. The dashed lines are the corresponding simulations based on Equation (S-50), in which the 

thermodynamic correction factors are assumed to be described by ij ij  , the Kronecker delta. 

For the target purity of CH4 is 96%, corresponding to prescribed pipeline specification, we can 

determine the moles of 96%+ pure CH4 produced from a material balance on the adsorber.  Expressed 

per kg of LTA-4A zeolite in the packed bed, the respective productivities are 0.09 and 0.002 mol kg-1. 

Ignoring thermodynamic coupling effects severely underestimates the separation performance by a 

factor of about 50.  

Figure S-6(b) present simulations of the co-current blowdown process operating at deep vacuum 

corresponding to p1 =0.2 Pa; p2 = 0.8 Pa; the initial loadings in the adsorber correspond to the final 
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equilibrated loadings determined in Figure S-6(a).  During the co-current blowdown phase, the more 

mobile component, N2, exits the adsorber in higher proportions. The continuous solid lines are 

Maxwell-Stefan model simulations based on Equation (S-48).  The dashed lines are the simulations 

based on Equation (S-50), in which the thermodynamic correction factors are assumed to be described 

by ij ij  , the Kronecker delta. Properly accounting for thermodynamic coupling effects results in a 

gas mixture composition that is richer in the more mobile component, N2.  In other words, the purged 

gas mixture is richer in N2 due to the phenomena of uphill diffusion and transient undershoots 

experienced in Figure S-5(b). 
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5.3 List of Tables for Separation of N2/CH4 mixtures using LTA-4A zeolite 

 

Table S-1. 1-site Langmuir parameters for N2 and CH4 in LTA-4A zeolite at 194 K. These parameters 

have been fitted from the isotherm data scanned from the paper by Habgood25 

 

 qsat 

mol kg-1
 

b 
1Pa  

N2 3.6 
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CH4 3.6 
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Figure S-5. (a) Transient uptake of 20/80 N2(1)/CH4(2) mixture within LTA-4A crystals, exposed to 

binary gas mixtures at 194 K and total pressure in the bulk gas phase pt = 100 kPa. (b) Transient 

desorption of N2(1)/CH4(2) mixtures in LTA-4A crystals. The initial loadings are those corresponding to 

the equilibrated loadings in (a). At time t = 0, the bulk gas phase mixture is maintained at p1 = 2 kPa, 

and p2 = 8 kPa. The unary isotherms are provided in Table S-1. The continuous solid lines are Maxwell-

Stefan model simulations based on Equation (S-48). The dashed lines are the simulations based on 

Equation (S-50), in which the thermodynamic correction factors are assumed to be described by ij ij 

, the Kronecker delta. The Maxwell-Stefan diffusivities used in the simulations are: 2
1 crÐ  = 1.56×10-5 

s-1; 2
2 crÐ  = 7.2×10-9 s-1.  
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Figure S-6. (a) Transient breakthrough of 20/80 N2(1)/CH4(2) mixture in fixed bed adsorber packed 

with LTA-4A crystals operating at 194 K, and total pressure pt = 100 kPa. (b) Co-current blowdown of 

N2(1)/CH4(2) mixture in fixed bed adsorber packed with LTA-4A crystals operating at 194 K. The 

initial loadings correspond to the equilibrated loadings in (a). At time t = 0, the pressure is reduced to 

deep vacuum, pt = 1 Pa. The continuous solid lines are Maxwell-Stefan model simulations based on 

Equation (S-48). The dashed lines are the simulations based on Equation (S-50), in which the 

thermodynamic correction factors are assumed to be described by ij ij  , the Kronecker delta. The 

Maxwell-Stefan diffusivities used in the simulations are: 2
1 crÐ  = 1.56×10-5 s-1; 2

2 crÐ  = 7.2×10-9 s-1.  
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6 Separation of CO2/C2H6 mixtures with DDR zeolite 

DDR consists of cages of 277.8 Å3 volume, separated by 3.65 Å × 4.37 Å 8-ring windows; the pore 

landscapes and structural details are provided in Figure S-7, and Figure S-8. The guest molecules jump 

one-at-a-time across the narrow 8-ring windows. Consequently, correlation effects are of negligible 

importance; the intra-crystalline fluxes Ni, in turn, are related to the radial gradients in the molar 

loadings by Equation (S-48).  

Figure S-9(a) presents simulations of the transient uptake of CO2(1)/C2H6(2) gas mixtures within 

crystals of DDR zeolite at 298 K. The partial pressures in the bulk gas phase are  p1 = p2 = 20 kPa. The 

continuous solid lines are simulations of the transient uptake using the flux relations (S-48). The 

Maxwell-Stefan model displays overshoots in CO2 loadings during the early stages of transient uptake. 

The overshoots in the CO2 uptake signal the phenomenon of uphill diffusion, engendered by 

thermodynamic coupling.16, 47 In order to confirm that thermodynamic coupling effects are responsible 

for the overshoots, we also performed transient uptake in which the thermodynamic correction factors 

are assumed to be described by ij ij  , the Kronecker delta. The dashed lines in Figure S-9(a) 

represent the simulation results based on Equation (S-50); with this simplified model, no overshoots in 

the CO2 uptake are experienced. An important consequence of thermodynamic coupling effects is that 

supra-equilibrium loadings of CO2 are realized during the early transience.  

Figure S-9(b) presents simulations of transient desorption process in which the initial loadings in the 

zeolite correspond to the final equilibrated loadings in Figure S-9(a), i.e. corresponding to the bulk gas 

phase maintained at partial pressures p1 = p2 = 20 kPa. At time t = 0, the bulk gas phase partial pressures 

are reduced to the values p1 = p2 = 2 kPa.  The continuous solid lines in Figure S-9(b) are Maxwell-

Stefan model simulations based on Equation (S-48); these simulations show undershoot in the 

desorption of the mobile CO2.  The dashed lines in Figure S-9(b) are the simulations based on Equation 
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(S-50), in which the thermodynamic correction factors are assumed to be described by ij ij  , i.e. 



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
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2121

1211 ; in this scenario, no CO2 undershoot is experienced. We conclude that the 

undershoot in the CO2 uptake, that signals the phenomenon of uphill diffusion,12, 41 is engendered by 

thermodynamic coupling effects. 

6.1 Separating CO2/C2H6 mixtures in fixed bed adsorber packed with DDR zeolite 

The transient uptake simulations in Figure S-9(a,b) suggest the possibility of diffusion-selective 

purification of ethane by selective removal of CO2 present as impurities in mixtures with ethane.  

Figure S-10(a) show the transient breakthrough simulations for 1:1 CO2/C2H6 mixtures through fixed 

bed adsorber packed with DDR crystals operating at 298 K, and total pressure pt = 40 kPa. The y-axis is 

the % component at the adsorber outlet. The x-axis is the dimensionless time, Ltv , obtained by 

dividing the actual time, t, by the characteristic time, vL . The continuous solid lines are simulations 

taking due account of intra-crystalline diffusion using Equation (S-48) with parameters: 2
1 crÐ  = 

0.00125 s-1; 21 ÐÐ  = 1333.  

We note that C2H6 breaks through earlier and can be recovered in purified form during the early 

stages of the transient operations, prior to the breakthrough of CO2. The dashed lines in Figure S-10(a) 

are the simulations in which thermodynamic coupling effects are ignored and  Equation (S-50) is used to 

describe the transfer fluxes. In this scenario, the breakthrough of CO2 occurs earlier and therefore the 

productivity of purified C2H6 is lower. If we assume that the target purity of C2H6 is 90%, we can 

determine the moles of 90%+ pure C2H6 produced from a material balance on the adsorber.  Expressed 

per kg of DDR zeolite in the packed bed, the respective productivities are 0.18 and 0.054 mol kg-1, 

respectively. Ignoring thermodynamic coupling effects severely underestimates the separation 

performance.  

Figure S-10(b) presents simulations of the co-current blowdown of CO2(1)/C2H6(2) mixtures in fixed 

bed packed with DDR zeolite crystals. The initial loadings are those corresponding to the equilibrated 
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loadings in Figure S-10(a). At time t = 0, the bulk gas phase mixture is maintained at p1 = p2 = 0.1 Pa. 

The continuous solid lines are simulations taking due account of intra-crystalline diffusion using 

Equation (S-48). The dashed lines in Figure S-10(a) are the simulations in which thermodynamic 

coupling effects are ignored and  Equation (S-50) is used to describe the transfer fluxes. For simulations 

that include thermodynamic coupling, the composition of the purged gas mixture during co-current 

blowdown is richer in the more mobile CO2; this is directly attributable to uphill diffusion and the 

undershoot phenomena witnessed in Figure S-9(b). 
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6.2 List of Tables for Separation of CO2/C2H6 mixtures with DDR zeolite 

Table S-2. 1-site Langmuir parameters for CO2 and C2H6 in DDR zeolite at 298 K. These parameters 

have been fitted from the data scanned from Figure 36, Chapter 4 of the PhD dissertation of Binder.48  
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Figure S-9. (a) Transient uptake of CO2(1)/C2H6(2) mixture within DDR zeolite crystals at 298 K; the 

partial pressures in the bulk gas phase are  p1 = p2 = 20 kPa. (b) Transient desorption of CO2(1)/C2H6(2) 

mixtures in DDR zeolite crystals. The initial loadings are those corresponding to the equilibrated 

loadings in (a). At time t = 0, the bulk gas phase mixture is maintained at p1 = p2 = 2 kPa. The 

continuous solid lines are Maxwell-Stefan model simulations based on Equation (S-48), with 

parameters: 2
1 crÐ  = 0.00125 s-1; 21 ÐÐ  = 1333. The dashed lines are the simulations based on 

Equation (S-50), in which the thermodynamic correction factors are assumed to be described by ij ij 

, the Kronecker delta. The single-site Langmuir parameters are provided in Table S-2. On the basis of 

comparisons with IAST calculations, Krishna16 has established that the mixed-gas Langmuir model 

predicts the mixture adsorption equilibrium with good accuracy. 
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Figure S-10. (a) Transient breakthrough of CO2(1)/C2H6(2) mixture in fixed bed packed with DDR 

zeolite crystals at 298 K; the partial pressures in the bulk gas phase feed mixture are  p1 = p2 = 20 kPa. 

(b) Co-current blowdown of CO2(1)/C2H6(2) mixtures in fixed bed packed with DDR zeolite crystals. 

The initial loadings are those corresponding to the equilibrated loadings in (a). At time t = 0, the bulk 

gas phase mixture is maintained at p1 = p2 = 0.1 Pa. The continuous solid lines are simulations based on 

Equation (S-48) for the transfer fluxes, with parameters: 2
1 crÐ  = 0.00125 s-1; 21 ÐÐ  = 1333. The 

dashed lines are the simulations based on Equation (S-50), in which the thermodynamic correction 

factors are assumed to be described by ij ij  , the Kronecker delta. The single-site Langmuir 

parameters are provided in Table S-2. On the basis of comparisons with IAST calculations, Krishna16 

has established that the mixed-gas Langmuir model predicts the mixture adsorption equilibrium with 

good accuracy. 
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7 Separation of O2/N2 mixtures 

The separation of air to produce N2 and O2 of high purities is one of the most important industrial 

processes that uses pressure swing adsorption technology.26, 49 The process technologies are geared to 

either production of purified O2 or purified N2. Cryogenic distillation has been the common 

technologies for this separation, but adsorptive separations offer energy efficient alternatives. Purified 

O2 is required for a wide variety of applications that include portable adsorption units for medical 

applications and in space vehicles. Nitrogen is required in applications where it is desired or necessary 

to exclude oxygen. Typical industrial applications include preservation of fruit and produce during 

trucking, the blanketing of fuel tanks of fighter aircraft, the inerting of reactors in a number of 

pharmaceutical processes, laser cutting. N2 is required for use in laboratory analytical equipment such as 

GC, LC, LCMS, FTIR, ICP, and in glove boxes.  

Diffusion-selective separation of O2/N2 mixtures with LTA-4A zeolite are employed for production of 

purified N2 from air.28, 50 Diffusion limitations manifest in LTA-4A because the window regions are 

partially blocked by the cations; see pore landscape in Figure S-11.  

7.1 Transient uptake of O2/N2 mixtures in LTA-4A zeolite 

Figure S-12(a) presents the simulations of transient uptake of O2(1)/N2(2) mixture in LTA-4A zeolite 

at 298 K and total pressure of 600 kPa. The partial pressures of the components in the bulk gas phase 

are p1 = 126 kPa, p2 = 474 kPa. The continuous solid lines are Maxwell-Stefan model simulations based 

on Equation (S-48), that accounts for thermodynamic coupling. The O2 overshoot signals uphill 

diffusion.12,41 The dashed lines are the simulations based on Equation (S-50), in which the 

thermodynamic correction factors are assumed to be described by ij ij  , the Kronecker delta; in this 

scenario there is no O2 overshoot. The conclusion to be drawn is that the O2 overshoot is engendered by 

thermodynamic coupling effects.  
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Figure S-12(b) presents simulations of transient desorption process in which the initial loadings in the 

zeolite correspond to the final equilibrated loadings in Figure S-12(a), i.e. corresponding to the bulk gas 

phase maintained at partial pressures p1 = 126 kPa, p2 = 474 kPa. At time t = 0, the bulk gas phase 

partial pressures are reduced to the values p1 = 21 kPa, p2 = 79 kPa.  The continuous solid lines in 

Figure S-12(b) are Maxwell-Stefan model simulations based on Equation (S-48); these simulations 

show undershoot in the desorption of the more mobile O2. The dashed lines in Figure S-12(b) are the 

simulations based on Equation (S-50), in which the thermodynamic correction factors are assumed to be 

described by ij ij  , i.e. 
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1211 ; in this scenario, no O2 undershoot is experienced. We 

conclude that the undershoot in the O2 uptake, that signals the phenomenon of uphill diffusion,12, 41 is 

engendered by thermodynamic coupling effects. 

7.2 O2/N2 mixture separations in fixed bed adsorber packed with LTA-4A 

Diffusion-selective separations may be exploited for production of pure N2 relying on the significantly 

lower diffusivity of N2 as compared to O2, and uphill diffusion. To demonstrate the feasibility of this 

concept, Figure S-13(a) presents transient breakthrough simulations for a fixed bed operating at 298 K 

and total pressure of 600 kPa. The continuous solid lines are Maxwell-Stefan model simulations based 

on Equation (S-48), that accounts for thermodynamic coupling.28, 50 Neglecting thermodynamic 

coupling effects leads to lower productivity of purified N2, during the initial transience.  

For an assumed target purity of 95%+ N2, we can determine the moles of 95%+ pure N2 produced 

from a material balance on the adsorber. Expressed per kg of LTA-4A zeolite in the packed bed, the 

respective productivities are 0.066 and 0.036 mol kg-1. Ignoring thermodynamic coupling effects 

underestimates the separation performance by about 40%.  

Figure S-13(b) presents simulations of co-current blowdown of O2(1)/N2(2) mixtures in fixed bed 

packed with DDR zeolite crystals. The initial loadings are those corresponding to the equilibrated 

loadings in (a). At time t = 0, the bulk gas phase mixture is maintained at p1 =2.1 Pa, p2 = 7.9 Pa. 
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7.3 List of Tables for Separation of O2/N2 mixtures 

Table S-3. 1-site Langmuir parameters for O2 and N2 in LTA-4A zeolite at 298 K. These isotherm 

data are taken from Farooq et al.28, 50 These data are for RS-10, a modified version of LTA-4A that 

affords higher diffusion selectivity in favor of O2.  

 qsat 

mol kg-1
 

b 
1Pa  

O2 1.91 

 

5.6510-7 

N2 1.91 

 

1.1310-6 

 

On the basis of the information provided in Table 3 of Farooq et al.28 

The crystal framework density  = 1100 kg m-3;  

The Maxwell-Stefan diffusivities are 

2
1 crÐ  = 2.75×10-2 s-1; 2

2 cÐ r  = 7.5×10-4 s-1;  1 2 36.7Ð Ð  . 
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Figure S-12. (a) Transient uptake of 21/79 O2(1)/N2(2) mixture in LTA-4A zeolite at 298 K and total 

pressure of 600 kPa. The partial pressures of the components in the bulk gas phase are p1 = 126 kPa, p2 

= 474 kPa. (b) Transient desorption of 21/79 O2(1)/N2(2) mixture in LTA-4A zeolite at 298 K. The 

initial loadings are those corresponding to the final equilibrated loadings in (a). At time t = 0, the bulk 

gas phase mixture is maintained at p1 = 21 kPa, p2 = 79 kPa. The unary isotherms are provided in Table 

S-3. The continuous solid lines are Maxwell-Stefan model simulations based on Equation (S-48). The 

dashed lines are the simulations based on Equation (S-50), in which the thermodynamic correction 

factors are assumed to be described by ij ij  , the Kronecker delta. The Maxwell-Stefan diffusivities 

used in the simulations are: 2
1 crÐ  = 2.75×10-2 s-1; 2

2 cÐ r  = 7.5×10-4 s-1;  1 2 36.7Ð Ð  . 
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Figure S-13. (a) Transient breakthrough of 21/79 O2(1)/N2(2) feed mixture in a fixed bed adsorber 

packed with LTA-4A operating at a total pressure of 600 kPa and 298 K. The partial pressures of the 

components in the bulk gas phase at the inlet are p1 = 126 kPa, p2 = 474 kPa. (b) Co-current blowdown 

of O2(1)/N2(2) mixtures in fixed bed packed with DDR zeolite crystals. The initial loadings are those 

corresponding to the equilibrated loadings in (a). At time t = 0, the bulk gas phase mixture is maintained 

at partial pressures p1 =2.1 Pa, p2 = 7.9 Pa. The continuous solid lines are breakthrough simulations 

based on Equation (S-48). The dashed lines are the simulations based on Equation (S-50), in which the 

thermodynamic correction factors are assumed to be described by ij ij  , the Kronecker delta. The 

unary isotherms are provided in Table S-3. The Maxwell-Stefan diffusivities used in the simulations are: 

2
1 crÐ  = 2.75×10-2 s-1; 2

2 cÐ r  = 7.5×10-4 s-1;  1 2 36.7Ð Ð  . 
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8 Separation of C3H6/C3H8 mixtures 

Propene is an important feedstock in the petrochemical industry. Propene is mostly used to make 

polypropylene, which accounts for nearly two-thirds of global propylene consumption. Other outlets 

include acrylonitrile, propylene oxide, a number of alcohols, cumene and acrylic acid. Propene is a by-

product from the steam cracking of liquid feedstocks such as naphtha and liquefied petroleum gas 

(LPG), as well as off-gases produced in fluid catalytic cracking (FCC) units in refineries. It is also made 

via on-purpose technologies such as propane dehydrogenation and metathesis.  

Cryogenic distillation of C3H6/C3H8 mixtures is the currently used technology for making polymer 

grade propene (99.5% minimum purity).  90% pure propane is used for various purposes such as fuel for 

engines, oxy-gas torches, barbecues; this can be obtained as the bottoms product of the cryogenic 

distillation column.29  The boiling points are close to each other: propene (226 K), and propane (231.3 

K). Consequently the distillation columns are some of the largest and tallest distillation columns used in 

the petrochemical industries with about 150 - 200 trays, and operating at reflux ratios of about 15. In 

fact, the U.S. Department of Energy has established that propene/propane separation is the most energy-

intensive single distillation process practiced commercially.29  

A pressure swing adsorption (PSA) process can be an attractive alternative for propene/propane 

separation, because of its expected low energy demand. A variety of adsorbents have been investigated 

for this separation task.29, 51-53 With great potential for alkene/alkane separations are MOFs with 

coordinatively unsaturated metal centers that may be created by evacuation of frameworks that have 

metal-bound solvent molecules. This strategy has been employed to expose M2+ cation sites in 

M2(dobdc) [M = Mg, Mn, Co, Ni, Zn, Fe; dobdc4- = 2,5- dioxido-1,4-benzenedicarboxylate]; these 

MOFs are also referred to as M-MOF-74 and CPO-27-M. Unsaturated alkynes, and alkenes such as 

C2H2, C2H4, and C3H6 can bind with Fe2+ of FeMOF-74, with side-on attachment and  π-coordination; 
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54, 55 The capability of M-MOF-74 for the technologically important separations of C2H2/C2H4, 

C2H4/C2H6, and C3H6/C3H8 mixtures has been established in laboratory studies.54, 55 Other adsorbents 

that are also based on adsorption selectivity in favor of the unsaturated propene include: CuBTC,56 

LTA-4A zeolite,51, 52 and NaX (= 13X) zeolite.51, 53   

An important disadvantage of the C3H6/C3H8 separations with the adsorbents listed above is that the 

desired alkene product, required for production of polymer grade feedstock, can only be recovered in 

the desorption phase. It becomes necessary to operate with multiple beds involving five different steps; 

the C3H6 product of the desired purity is recovered in the final step by counter-current vacuum 

blowdown;52, 53, 57 see Figure S-14. 

The recovery of high purity C3H6 product in the final vacuum blowdown step is expected to be 

enhanced if C3H8 is (almost) excluded during the high pressure adsorption cycle. Near-total exclusion of 

C3H8 is achievable by kinetically based separations using cage-type zeolites with 8-ring windows. Due 

to the small cross-section of the propene molecule (see Figure S-15), kinetic separations, selective to 

propene, are possible using (a) all-silica CHA zeolite (all-silica CHA zeolite, also named SiCHA, or (b) 

ZIF-8. For both CHA zeolite, and ZIF-8 the adsorption equilibrium is in favor of propane, whereas 

diffusion favors propene. 

CHA zeolite consists of cages of volume 316 Å3, separated by 3.8 Å × 4.2 Å 8-ring windows; the pore 

landscape and structural details are provided in Figure S-16, and Figure S-17).29, 58-60 For CHA, the ratio 

of Maxwell-Stefan diffusivities, 21 ÐÐ  = 5000. The ratio of single-site Langmuir parameter 12 bb  = 

2.67 at 353 K. 

ZIF-8 has a cage-window SOD (sodalite) topology (see pore landscapes in Figure S-18, and Figure S-

19). The crystallographic size of the windows of ZIF-8 are 3.3 Å, but the windows are flexible. Due to 

subtle differences in bond lengths and bond angles, the diffusivity of  C3H6 (1) is significantly higher 

than that of C3H8 (2); Li et al.61 report the value of the ratio  21 ÐÐ  = 125 based on the data on pure 

component uptakes. In ZIF-8, the adsorption strength of the saturated propane is higher than that of 
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propene. From the unary isotherm data in Table S-5, the ratio of single-site Langmuir parameter 12 bb  

= 1.07 at 303 K.  

8.1 Transient uptake of C3H6/C3H8 within crystals of all-silica CHA 

Figure S-20(a) shows the simulations of transient uptake of 50/50 C3H6(1)/C3H8(2) mixtures within 

crystals of all-silica CHA at 353 K. The bulk gas mixture is maintained at partial pressures p1 = p2 = 50 

kPa. The continuous solid lines are Maxwell-Stefan model simulations based on Equation (S-48). The 

Maxwell-Stefan diffusivities are 2
1 crÐ  = 1.7×10-4 s-1; 2

2 cÐ r  = 3.4×10-8 s-1;  21 ÐÐ  = 5000. The 

more mobile C3H6 exhibits a pronounced overshoot in its approach to thermodynamic equilibrium. The 

attainment of supra-equilibrium loadings during the initial stages of transience signals the phenomenon 

of uphill diffusion, and enhanced separation. The dashed lines in Figure S-20(a)a are the simulations 

based on Equation (S-50), in which the thermodynamic correction factors are assumed to be described 

by ij ij  , the Kronecker delta. In this scenario, no C3H6 overshoot is observed indicating that 

thermodynamic coupling effects are the root cause of uphill diffusion.  

Figure S-20(b) presents simulations of transient desorption process in which the initial loadings in the 

zeolite correspond to the final equilibrated loadings in Figure S-20(a), i.e. corresponding to the bulk gas 

phase maintained at partial pressures p1 = p2 = 50 kPa.. At time t = 0, the bulk gas phase partial 

pressures are reduced to the values p1 = p2 = 5 kPa. The continuous solid lines in Figure S-20(b) are 

Maxwell-Stefan model simulations based on Equation (S-48); these simulations show undershoot in the 

desorption of the more mobile C3H6. The dashed lines in Figure S-20(b) are the simulations based on 

Equation (S-50), in which the thermodynamic correction factors are assumed to be described by ij ij 

, i.e. 
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1211 ; in this scenario, no C3H6 undershoot is experienced. We conclude that the 

undershoot in the C3H6 uptake, that signals the phenomenon of uphill diffusion,12, 41 is engendered by 

thermodynamic coupling effects. 
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8.2 Transient breakthrough of C3H6/C3H8 mixtures in fixed bed with CHA 

Figure S-21(a) show the simulations of transient breakthrough of 50/50 C3H6(1)/C3H8(2) mixtures in a 

fixed bed adsorber packed with crystals of all-silica CHA at 353 K and operating at a total pressure of 

100 kPa. The continuous solid lines are Maxwell-Stefan model simulations based on Equation (S-48). 

The simulations clearly show that 90%+ pure C3H8 can be collected during the earlier stages of 

transience. If thermodynamic coupling effects are ignored (these simulations are shown by the dashed 

lines), the time interval during which  90%+ pure C3H8 can be recovered is reduced by about an order of 

magnitude. Expressed per kg of CHA zeolite in the packed bed, the respective productivities of 90%+ 

pure C3H8 are 0.62 and 0.06 mol kg-1. Ignoring thermodynamic coupling effects underestimates the 

separation performance by a factor of about 10.  

Figure S-21(b) presents simulations of the co-current blowdown of C3H6(1)/C3H8(2) mixtures in fixed 

bed packed with CHA zeolite crystals. The initial loadings are those corresponding to the equilibrated 

loadings in Figure S-21(a). At time t = 0, the gas phase feed mixture is maintained at p1 = p2 = 0.1 Pa. 

The continuous solid lines are simulations taking due account of intra-crystalline diffusion using 

Equation (S-48). The dashed lines in Figure S-21(b) are the simulations in which thermodynamic 

coupling effects are ignored and Equation (S-50) is used to describe the transfer fluxes. For simulations 

that include thermodynamic coupling, the composition of the purged gas mixture during co-current 

blowdown is richer in the more mobile C3H6; this is directly attributable to uphill diffusion and the 

undershoot phenomena witnessed in Figure S-20(b). 

8.3 Transient uptake of C3H6/C3H8 within crystals of ZIF-8 

 Figure S-22(a) shows the simulations of transient uptake of 50/50 C3H6(1)/C3H8(2) mixtures within 

crystals of ZIF-8 at 303 K. The bulk gas mixture is maintained at partial pressures p1 = p2 = 50 kPa. The 

continuous solid lines are Maxwell-Stefan model simulations based on Equation (S-48). The Maxwell-

Stefan diffusivities 2
1 crÐ  = 1.5×10-2 s-1; 2

2 crÐ  = 1.2×10-4 s-1; 21 ÐÐ  = 125. The more mobile C3H6 

exhibits a pronounced overshoot in its approach to thermodynamic equilibrium. The attainment of 
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supra-equilibrium loadings during the initial stages of transience signals the phenomenon of uphill 

diffusion, and enhanced separation. The dashed lines in Figure S-22(a) are the simulations based on 

Equation (S-50), in which the thermodynamic correction factors are assumed to be described by ij ij 

, the Kronecker delta. In this scenario, no C3H6 overshoot is observed indicating that thermodynamic 

coupling effects are the root cause of uphill diffusion.  

Figure S-22(b) presents simulations of transient desorption process in which the initial loadings in the 

zeolite correspond to the final equilibrated loadings in Figure S-22(a), i.e. corresponding to the bulk gas 

phase maintained at partial pressures p1 = p2 = 50 kPa.. At time t = 0, the bulk gas phase partial 

pressures are reduced to the values p1 = p2 = 5 kPa.  The continuous solid lines in Figure S-22(b) are 

Maxwell-Stefan model simulations based on Equation (S-48); these simulations show undershoot in the 

desorption of the more mobile C3H6. The dashed lines in Figure S-22(b) are the simulations based on 

Equation (S-50), in which the thermodynamic correction factors are assumed to be described by ij ij 
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1211 ; in this scenario, no C3H6 undershoot is experienced. We conclude that the 

undershoot in the C3H6 uptake, that signals the phenomenon of uphill diffusion,12, 41 is engendered by 

thermodynamic coupling effects. 

8.4 Transient breakthrough of C3H6/C3H8 mixtures in fixed bed with ZIF-8 

Figure S-23(a) show the simulations of transient breakthrough of 50/50 C3H6(1)/C3H8(2) mixtures in a 

fixed bed adsorber packed with crystals of all-silica CHA at 353 K and operating at a total pressure of 

100 kPa. The continuous solid lines are Maxwell-Stefan model simulations based on Equation (S-48). 

The simulations clearly show that 90%+ pure C3H8 can be collected during the earlier stages of 

transience. If thermodynamic coupling effects are ignored (these simulations are shown by the dashed 

lines), the time interval during which  90%+ pure C3H8 can be recovered is reduced by about an order of 

magnitude. Expressed per kg of CHA zeolite in the packed bed, the respective productivities of 90%+ 
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pure C3H8 are 0.62 and 0.06 mol kg-1. Ignoring thermodynamic coupling effects underestimates the 

separation performance by a factor of about 10.  

Figure S-23(b) presents simulations of the co-current blowdown of C3H6(1)/C3H8(2) mixtures in fixed 

bed packed with CHA zeolite crystals. The initial loadings are those corresponding to the equilibrated 

loadings in Figure S-23(a). At time t = 0, the gas phase feed mixture is maintained at p1 = p2 = 0.1 Pa. 

The continuous solid lines are simulations taking due account of intra-crystalline diffusion using 

Equation (S-48). The dashed lines in Figure S-23(b) are the simulations in which thermodynamic 

coupling effects are ignored and Equation (S-50) is used to describe the transfer fluxes. For simulations 

that include thermodynamic coupling, the composition of the purged gas mixture during co-current 

blowdown is richer in the more mobile C3H6; this is directly attributable to uphill diffusion and the 

undershoot phenomena witnessed in Figure S-22(b). 
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8.5 List of Tables for Separation of C3H6/C3H8 mixtures 

Table S-4. 1-site Langmuir parameters for C3H6/, and C3H8 in all-silica CHA zeolite at 353 K. These 

isotherm data are taken from Table 4 of Khalighi et al.29  

 qsat 

mol kg-1
 

b 
1Pa  

C3H6 2.9 

 

310-5 

C3H8 2.9 

 

810-5 

 

On the basis of the information provided in Table 4 of Khalighi et al.:29 

The Maxwell-Stefan diffusivities are 

2
1 crÐ  = 1.7×10-4 s-1; 2

2 cÐ r  = 3.4×10-8 s-1;  21 ÐÐ  = 5000. 
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Table S-5. 1-site Langmuir parameters for propene and propane in ZIF-8.62 The T-dependent 

parameters are obtained by fitting the combined sets of pure component isotherm data of Li et al.61 and 

Böhme et al.63 determined for a variety of temperatures in the range 273 K to 408 K. 
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8.6 List of Figures for Separation of C3H6/C3H8 mixtures 

 

 

Figure S-14. Five-step P(V)SA process for separating C3H6/C3H8 mixtures.52, 53, 57 
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Figure S-19. Pore landscape and structural details of ZIF-8.  
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Figure S-20. (a) Simulations of transient uptake of 50/50 C3H6(1)/C3H8(2) mixtures within crystals of 

all-silica CHA at 353 K; the bulk gas mixture is maintained at partial pressures p1 =  p2 = 50 kPa. (b) 

Transient desorption of C3H6(1)/C3H8(2) mixtures in all silica CHA zeolite at 353 K. The initial 

loadings are those corresponding to the final equilibrated loadings in (a). At time t = 0, the bulk gas 

phase mixture is maintained at partial pressures p1 =  p2 = 5 kPa. The continuous solid lines are 

Maxwell-Stefan model simulations based on Equation (S-48). The dashed lines are the simulations 

based on Equation (S-50), in which the thermodynamic correction factors are assumed to be described 

by ij ij  , the Kronecker delta. The unary isotherms are provided in Table S-4. The Maxwell-Stefan 

diffusivities are 2
1 crÐ  = 1.7×10-4 s-1; 2

2 cÐ r  = 3.4×10-8 s-1;  21 ÐÐ  = 5000. 
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Figure S-21. (a) Simulations of transient breakthrough of 50/50 C3H6(1)/C3H8(2) mixtures in a fixed 

bed adsorber packed with crystals of all-silica CHA at 353 K; the bulk gas phase feed mixture is 

maintained at partial pressures p1 = p2 = 50 Pa. (b) Co-current blowdown of C3H6(1)/C3H8(2) mixtures 

in fixed bed packed with CHA zeolite crystals. The initial loadings are those corresponding to the 

equilibrated loadings in (a). At time t = 0, the bulk gas phase feed mixture is maintained at partial 

pressures p1 = p2 = 0.5 Pa. The continuous solid lines are Maxwell-Stefan model simulations based on 

Equation (S-48). The dashed lines are the simulations based on Equation (S-50), in which the 

thermodynamic correction factors are assumed to be described by ij ij  , the Kronecker delta. The 

unary isotherms are provided in Table S-4. The Maxwell-Stefan diffusivities are 2
1 crÐ  = 1.7×10-4 s-1; 

2
2 cÐ r  = 3.4×10-8 s-1;  21 ÐÐ  = 5000. 
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Figure S-22. (a) Simulations of transient uptake of 50/50 C3H6(1)/C3H8(2) mixtures within crystals of 

ZIF-8 at 303 K; the bulk gas mixture is maintained at partial pressures p1 =  p2 = 50 kPa. (b) Transient 

desorption of C3H6(1)/C3H8(2) mixtures in ZIF-8 at 303 K; the initial loadings are those corresponding 

to the final equilibrated loadings in (a). At time t = 0, the bulk gas phase mixture is maintained at partial 

pressures p1 = p2 = 5 kPa. The continuous solid lines are Maxwell-Stefan model simulations based on 

Equation (S-48). The dashed lines are the simulations based on Equation (S-50), in which the 

thermodynamic correction factors are assumed to be described by ij ij  , the Kronecker delta. The 

simulations use the isotherm parameters specified in Table S-5, along with 2
1 crÐ  = 1.5×10-2 s-1; 

2
2 crÐ  = 1.2×10-4 s-1; 21 ÐÐ  = 125. 

  

(a) Adsorption: 
pt = 0 kPa to pt = 40 kPa

(b) Desorption: 
pt = 40 kPa to pt = 4 kPa

square root of time, t1/2 / min1/2

0.1 1 10 100

C
O

2
 u

pt
ak

e 
/ m

ol
 k

g-1

0.0

0.1

0.2

0.3

0.4

0.5

C
2
H

6
 u

pt
ak

e 
/ 

m
o

l k
g

-1

0.0

0.2

0.4

0.6

0.8

1.0

CO2: including ij

CO2: assuming ij= ij

C2H6: including ij

C2H6: assuming ij= ij

C2H6

CO2

DDR;  298 K;
CO2(1)/C2H6(2); 

p1= p2 = 20 kPa

square root of time, t1/2 / min1/2

0.1 1 10
C

O
2
 lo

ad
in

g 
/ 

m
o

l k
g-1

0.00

0.05

0.10

0.15

0.20

C
2
H

6
 lo

ad
in

g 
/ 

m
ol

 k
g-1

0.0

0.2

0.4

0.6

0.8

1.0

CO2: including ij

CO2: assuming ij= ij

C2H6: including ij

C2H6: assuming ij= ij

C2H6

CO2 DDR; CO2(1)/C2H6(2); 

298 K; p1= p2 = 2 kPa



Separation of C3H6/C3H8 mixtures    

S-66 
 

 

 

Figure S-23. (a) Simulations of transient breakthrough of 50/50 C3H6(1)/C3H8(2) mixtures in a fixed 

bed adsorber packed with crystals of ZIF-8 at 303 K; the bulk gas phase feed mixture is maintained at 

partial pressures p1 = p2 = 50 Pa. (b) Co-current blowdown of C3H6(1)/C3H8(2) mixtures in fixed bed 

packed with ZIF-8 crystals. The initial loadings are those corresponding to the equilibrated loadings in 

(a). At time t = 0, the bulk gas phase feed mixture is maintained at partial pressures p1 = p2 = 0.5 Pa. The 

continuous solid lines are Maxwell-Stefan model simulations based on Equation (S-48). The dashed 

lines are the simulations based on Equation (S-50), in which the thermodynamic correction factors are 

assumed to be described by ij ij  , the Kronecker delta.. The simulations use the isotherm parameters 

specified in Table S-5, along with 2
1 crÐ  = 1.5×10-2 s-1; 2

2 crÐ  = 1.2×10-4 s-1; 21 ÐÐ  = 125.  
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9 Nomenclature 

Latin alphabet 

bi  Langmuir parameter, 1Pa   

[B]  matrix of inverse M-S coefficients, m-2 s 

ci  molar concentration of species i, mol m-3 

ct  total molar concentration in mixture, mol m-3 

ci0  molar concentration of species i in fluid mixture at inlet to adsorber, mol m-3 

Ði  Maxwell-Stefan diffusivity for molecule-wall interaction, m2 s-1 

Ðij  M-S exchange coefficient for n-component mixture, m2 s-1 

Ð12  M-S exchange coefficient for binary mixture, m2 s-1 

[D]  matrix of Fick diffusivities, m2 s-1 

fi  partial fugacity of species i, Pa 

n number of species in the mixture, dimensionless 

L  length of packed bed adsorber, m  

Ni molar flux of species i with respect to framework, mol m-2 s-1 

pi  partial pressure of species i in mixture, Pa 

pt  total system pressure, Pa 

qi  component molar loading of species i, mol kg-1 

qi,sat  molar loading of species i at saturation, mol kg-1 

qt  total molar loading in mixture, mol kg-1 

)(tqi   spatial-averaged component uptake of species i, mol kg-1 

r  radial direction coordinate, m  

rc  radius of crystallite, m  
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R  gas constant, 8.314 J mol-1 K-1  

t  time, s  

T  absolute temperature, K  

ui  velocity of motion of adsorbate species i with respect to the framework material, m s-1 

u  superficial gas velocity in packed bed, m s-1 

v  interstitial gas velocity in packed bed, m s-1 

xi   mole fraction of species i in adsorbed phase, dimensionless 

z  distance along the adsorber, m  

 

 

Greek alphabet 

ij  thermodynamic factors, dimensionless 

    matrix of thermodynamic factors, dimensionless 

 ij  Kronecker delta, dimensionless 

  voidage of packed bed, dimensionless 

i  fractional occupancy of component i, dimensionless 

t  fractional occupancy of adsorbed mixture, dimensionless 

V  fractional vacancy, dimensionless 

    matrix of Maxwell-Stefan diffusivities, m2 s-1  

i  molar chemical potential, J mol-1 

  framework density, kg m-3 

  time, dimensionless 

 

Subscripts 

i  referring to component i 
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t  referring to total mixture 

sat  referring to saturation conditions 
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