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multicomponent permeation across a zeolite membrane
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Abstract

We develop an analytic solution of the Maxwell–Stefan equations describing steady-state diffusion ofn-component mixtures across
a zeolite membrane. In the development of the analytic solution we assume Langmuirian behaviour of the pure components and that
the mixture sorption can be calculated from the multicomponent Langmuir isotherm. Explicit expressions are derived for calculation of
steady-state fluxes and the loading profiles in the membrane. The utility of the developed solution is illustrated by means of two illustrative
examples involving permeation of alkane mixtures across an MFI membrane.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

There is increasing interest in the use of zeolite mem-
branes for separation of mixtures relying on differences in
the permeation fluxes[1–3]. Zeolite membranes are also
used for in situ separation within a reactor[4]. The perme-
ation flux of a component is determined by the adsorption
and diffusion characteristics of all the components in the
mixture, and separation selectivities cannot be estimated
from single component permeation data alone[5]. The
proper description of zeolite membrane permeation must
take account of the subtle interplay between adsorption and
diffusion, and also the coupling between species diffusion
[5]. Due to coupling in the species diffusion, the faster
moving species are slowed down and, concomitantly, the
more sluggish species are accelerated[6,7].

It is now widely accepted that for proper description
of multicomponent diffusion across zeolite membranes, we
must use the Maxwell–Stefan (M–S) formulation[5,8–12].
Indeed, many recent studies have made use of the M–S equa-
tions to interpret measured experimental data on permeation
[13–16]. For singlecomponent permeation the M–S equa-
tions can be solved analytically, for the case in which the
boundary conditions on either side of the membrane are
fixed [17]. For two-component permeation, Kerkhof[18]
has presented apartial analytic solution. The major objec-
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tive of the present communication is to develop anexplicit
analyticexpression for calculation of the steady-state fluxes
for n-component permeation across a zeolite membrane. We
demonstrate the utility of the developed expression by con-
sidering two illustrative examples for separation of mixtures
of alkanes using an MFI membrane. The analytic expression
is compared with precise numerical solutions following the
procedure discussed elsewhere[3,10–12].

2. Model development

In the M–S formulation the chemical potential gradients
are written as linear functions of the fluxes[6–9,19–21]:

−ρ
θi

RT

∂µi

∂z
=

n∑
j=1
j �=i

qjNi − qiNj

qi,satqj,sat–Dij
+ Ni

qi,sat–Di

,

i = 1, 2, . . . , n (1)

The fractional occupancies are defined by

θi = qi

qi,sat
(2)

where qi is the molar loading of speciesi and qi,sat the
saturation loading.

We have to reckon in general with two types of Maxwell–
Stefan diffusivities:–Di and –Dij. The –Di are the diffusivi-
ties that reflect interactions between speciesi and the zeolite
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Nomenclature

bi parameter in the pure component
Langmuir adsorption isotherm (Pa−1)
[B] square matrix of inverse Maxwell–Stefan

coefficients (m−2 s)
[B(0)] [B] matrix at zero loading (m−2 s)

–Di Maxwell–Stefan diffusivity of species
i (m2/s)

–Dij Maxwell–Stefan diffusivity describing
interchange betweeni and j (m2/s)

–Di(0) Maxwell–Stefan diffusivity of species
i at zero loading (m2/s)

Ni molar flux of speciesi (mol m−2 s−1)
pi partial pressure of speciesi (Pa)
qi molar loading of componenti (mol kg−1)
qi,sat saturation loading of componenti (mol kg−1)
R gas constant (8.314 J mol−1 K−1)
t time (s)
T absolute temperature (K)
z distance coordinate along membrane (m)

Greek letters
[Γ ] matrix of thermodynamic factors (–)
Γ ij element of [Γ ] (–)
δ thickness of membrane (m)
δij Kronecker delta (–)
η dimensionless distance (–)
θi fractional occupancy of componenti (–)
θV fractional vacancy (–)
µi molar chemical potential (J mol−1)
πi dimensionless partial pressures,bipi (–)
ρ density of the membrane (kg m−3)

Subscripts
i, j components in mixture
sat referring to saturation conditions
V vacancy
0 upstream face of membrane
δ downstream face of membrane
η position along membrane

Vector and matrix notation
(·) component vector
[·] square matrix

matrix; they are also referred to as jump or “corrected” dif-
fusivities in the zeolite literature[11,22,23]. Experimental
and molecular dynamics (MD) simulation data for weakly
confined guest molecules in zeolitic hosts (e.g. methane, He,
Ne, Ar in MFI) show that–Di are practically independent of
the loading, i.e. occupancy[11,24–27]:

–Di = –Di(0) (3)

For diffusion of larger guest molecules, such as CF4, SF6 and
2-methylhexane (2-MH) in MFI a different loading depen-
dence of–Di has been observed in MD[27] and kinetic Monte
Carlo (KMC) simulations[28–30]. These studies show that
–Di decreases strongly with the loading and follows the re-
lation:

–Di = –Di(0)(1 − θ1 − θ2 − · · · − θn) = –Di(0)θV (4)

whereθV is the vacancy:

θV = (1 − θ1 − θ2 − · · · − θn) (5)

Whether a molecule follows scenario (3) or (4) depends on
the degree of confinement within the zeolite host, and on
adsorbate–adsorbate interactions[27,31,32].

Fig. 1 portrays the molecular jump processes in: (a)
intersecting channel structures, (b) cage-type structures,
separated by windows and (c) single-file diffusion in
one-dimensional channels. Site-to-site jump leaves behind
a vacancy. Subsequent jumps are more likely to fill this va-
cancy, thus producing “vacancy correlation” effects[7,31].
When the jump of speciesi creates a vacancy and this va-
cancy is filled by speciesj, the vacancy correlation effect is
captured by the term containing the “exchange” coefficients
–Dij in Eq. (1). The Onsager reciprocal relations demand
–Dij = –Dji . The net effect of this exchange is a slowing
down of a faster moving species due to interactions with a
species of lower mobility. Also, a species of lower mobility
is accelerated by interactions with another species of higher
mobility.

For estimation of the–Dij, Krishna and Wesselingh[8]
suggested the logarithmic interpolation formula

–Dij = [–Di]
θi/(θi+θj)[–Dj]

θj/(θi+θj) (6)

For the weak confinement scenario the exchange coefficient
is

–Dij = [–Di(0)]θi/(θi+θj)[–Dj(0)]θj/(θi+θj) (7)

and for strong confinement the exchange coefficient is given
by

–Dij = [–Di(0)]θi/(θi+θj)[–Dj(0)]θj/(θi+θj)θV (8)

The interpolation strategy (6) has been verified by compar-
ison with Monte Carlo and MD simulations[6,7].

For zeolite topologies with high connectivities, the ex-
change coefficient–Dij can be expected to be high. For facile
particle–particle exchange, i.e.–Dij → ∞, vacancy correla-
tion effects tend to get washed out. We see fromEq. (1)that
when–Dij → ∞, the flux relations simplify to give

Ni = −ρqi,sat–Di

θi

RT
∇µi, i = 1, 2, . . . , n (9)

The chemical potential gradients inEq. (1)may be expressed
in terms of the gradients of the occupancies by introduction
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Fig. 1. Pictorial representation of the molecular jumps in: (a) MFI structure, (b) cages separated by windows and (c) single-file diffusion in one-dimensional
channels.

of the matrix of thermodynamic factors [Γ ]

θi

RT

∂µi

∂z
=

n∑
j=1

Γij
∂θj

∂z
,

Γij ≡
(

qj,sat

qi,sat

)
qi

pi

∂pi

∂qj

≡ θi

pi

∂pi

∂θj

, i, j = 1, 2, . . . , n (10)

wherepi is the partial pressure of componenti. We assume
that the individual component loadings follow the multicom-
ponent Langmuir isotherm

θi = qi

qi,sat
= bipi

1 + ∑n
i=1bipi

≡ πi

1 + ∑n
i=1πi

,

i = 1, 2, . . . , n (11)

where we define the dimensionless partial pressures

πi ≡ bipi (12)

Carrying out the differentiation inEq. (10)the elements of
[Γ ] are

Γij = δij + θi

θV
, i, j = 1, 2, . . . , n (13)

whereδij is the Kronecker delta. The fractional vacancyθV
is also given by

θV = (1 − θ1 − θ2 − · · · − θn) = 1

1 + ∑n
j=1πj

(14)

Eq. (1)may be recast inton-dimensional matrix expressing
the fluxes explicitly as

(N) = −ρ[qsat][B]−1[Γ ]
∂(θ)

∂z
(15)

In Eq. (15)[qsat] is adiagonalmatrix of saturation capacities
qi,satand we define then-dimensional square matrix [B] with

elements

Bii = 1
–Di

+
n∑

j=1
j �=i

θj

–Dij
, i = 1, 2, . . . , n,

Bij = − θi

–Dij
, i, j (i �= j) = 1, 2, . . . , n (16)

For weak confinement, the matrix [B] = [B(0)], whose el-
ements are calculated from

Bii (0) = 1
–Di(0)

+
n∑

j=1
j �=i

θj

–Dij
, i = 1, 2, . . . , n,

Bij (0) = − θi

–Dij
, i, j (i �= j) = 1, 2, . . . , n (17)

For strong confinement, we have

[B] = [B(0)]
1

θV
(18)

The exchange coefficients have to be evaluated usingEq. (7).
Consider a zeolite layer of thicknessδ, initially unloaded,

subjected at timet = 0 to the boundary conditions (see also
Fig. 2):

• upstream face:

z = 0, pi = pi0, qi = qi0,

θi = θi0, πi = πi0, θV = θV0 (19)

• downstream face:

z = δ, pi = piδ, qi = qiδ,

θi = θiδ, πi = πiδ, θV = θVδ (20)
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Fig. 2. Schematic representation of zeolite membrane separation device.

The permeation fluxes are obtained by solving

∂qi

∂t
= −1

ρ

∂Ni

∂z
(21)

The steady-state permeation fluxes are given by

∂(N)

∂z
= ∂

∂z

(
−ρ[qsat][B]−1[Γ ]

∂(θ)

∂z

)
= (0) (22)

IntegratingEq. (22)shows that theNi arez-invariant, i.e.

(N) = −ρ

δ
[qsat][B0]−1[Γ0]

(
∂(θ)

∂η

)
η=0

= −ρ

δ
[qsat][Bδ]

−1[Γδ]

(
∂(θ)

∂η

)
η=1

(23)

where we have defined a dimensionless distance coordinate
along the membrane

η = z

δ
(24)

Let us focus on the calculation of [Γ ](∂(θ)/∂η). Using
Eqs. (10), (11) and (14)we may write

n∑
j=1

Γij
∂θj

∂η
=

n∑
j=1

θi

pi

∂pi

∂θj

∂θj

∂η
= θi

pi

∂pi

∂η

= bi(
1 + ∑n

j=1πj

) ∂pi

∂η
= 1(

1 + ∑n
j=1πj

) ∂πi

∂η

(25)

and so we may re-writeEq. (15)in the form

(N) = −ρ

δ
[qsat][B]−1 1(

1 + ∑n
j=1πj

) ∂(π)

∂η

= − ρ

δ
[qsat][B]−1θV

∂(π)

∂η
(26)

which yields, after re-arrangement

∂πi

∂η
= −


1 +

n∑
j=1

πj


 n∑

j=1

Bij
Njδ

ρqj,sat
= − 1

θV

n∑
j=1

Bij
Njδ

ρqj,sat

(27)

Summing (27) over then-species we obtain after introducing
Eq. (14)

∂(1/θV)

∂η
= −

(
1

θV

) n∑
i=1

n∑
j=1

Bij
Njδ

ρqj,sat
(28)

2.1. Analytic solution for weak confinement

For the weak confinement scenarioEq. (3)holds and the
summation term on the right-hand side ofEq. (28), after
substituting the expressions (17) forBij = Bij (0) simplifies
to give
n∑

i=1

n∑
j=1

Bij (0)
Njδ

ρqj,sat
=

n∑
i=1

Niδ

ρqi,sat–Di(0)
(29)

Let us define a dimensionless total fluxφt as

φt ≡
n∑

i=1

Niδ

ρqi,sat–Di(0)
(30)

We note that the off-diagonal elementsBij(0) (i �= j) do not
contribute toφt. As a consequenceφt is independent of the
loading and, therefore,η-invariant. Consequently, the linear
differential equation (28) can be solved for the boundary
conditions (19) and (20) by separation of variables to give
the vacancy profile within the membrane(

(1/θVη) − (1/θV0)

(1/θVδ) − (1/θV0)

)
= exp(−φtη) − 1

exp(−φt) − 1
(31)

where the termφt can be evaluated explicitly from

φt ≡
n∑

i=1

Niδ

ρqi,sat–Di(0)
= ln

(
θVδ

θV0

)
(32)

It remains to solveEq. (27)to obtain theπ-profiles within
the membrane. In order to do this we note that

φi ≡
n∑

j=1

Bij (0)
Njδ

ρqj,sat
(33)

are η-invariant for the special case of facile exchange,
i.e. –Dij → ∞. For finite –Dij, the assumption thatφi

are η-invariant is an excellentapproximation, as we shall
demonstrate later in the illustrative examples. Assumingφi

to be η-invariant we can solveEq. (27), after substituting
Eq. (31), to obtain the componentπ-profiles

(πiη − πi0) = exp(−φtη) − 1

exp(−φt) − 1
(πiδ − πi0),

i = 1, 2, . . . , n (34)
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Table 1
Input parameters used in the illustrative Examples A and B. The density of the zeoliteρ is taken to be 1800 kg/m3

Example T (K) Component bi (Pa−1) qi,sat (mol kg−1) –Di(0)/δ (m/s)

A 303 C1 2.2× 10−6 2.24 2.6× 10−5

C2 5.67× 10−5 1.85 3.75× 10−6

C3 6.5× 10−4 1.58 8.5× 10−6

n-C4 1.49× 10−2 1.61 2.5× 10−7

B 473 2-MP 1.27× 10−4 0.694 5× 10−10

2,2-DMB 2.71× 10−6 0.694 6.25× 10−12

The corresponding loading profiles are obtained from

θiη = θVηπiη, qi,η = θiηqi,sat, i = 1, 2, . . . , n (35)

DifferentiatingEq. (34)and evaluating at the upstream face,
we obtain after substituting intoEq. (26)

(N) = ρ

δ
θV0

−φt

exp(−φt) − 1
[qsat][B0(0)]−1(π0 − πδ) (36)

where the subscripts 0 andδ emphasise the fact that the rel-
evant parameters are evaluated at the upstream and down-
stream conditions, respectively. Substituting the expression
(32) for φt we get after re-arrangement

(N) = ρ

δ

ln(θVδ/θV0)

(1/θV0) − (1/θVδ)
[qsat][B0(0)]−1(π0 − πδ) (37)

which allows explicit evaluation of the fluxes for the weak
confinement scenario.

To illustrate the applicability of our analytic solution
developed above let us consider permeation of a mixture
of light alkanes, methane (C1), ethane (C2), propane (C3)
and n-butane (n-C4) across an MFI membrane operating
at 303 K. The Langmuir parameters and diffusivities of
the components are specified inTable 1(Example A). The
downstream partial pressures of all components are fixed
at 0.1 Pa. The partial pressures of C1, C2 and C3 in the
upstream compartment are maintained at 85, 9, and 4 kPa,
respectively. The partial pressure ofn-C4 in the upstream
compartment is varied in the range 1–2000 Pa. The numer-
ical solution of the set of equations, for finite and infinite
exchange coefficients–Dij, is presented as open symbols
in Fig. 3; the details of the numerical procedure are avail-
able in earlier publications[3,10] and are on our web site:
http://www.ct-cr4.chem.uva.nl/zeolites/. Calculations of the
fluxes usingEq. (37), for finite and infinite exchange co-
efficients–Dij, are shown as continuous lines. For infinite–
Dij, the analytic solution given byEq. (37) is exact, and
there is precise correspondence between analytic and nu-
merical solutions as is to be expected. For finite–Dij, the
analytic solution given byEq. (37) is also seen to be in
excellent agreement with the numerical solution for all four
components; this agreement points to the goodness of the
assumption thatφi is η-invariant in deriving the component
loading profiles,Eq. (34). The results presented inFig. 3
show that the fluxes of C1–C3 are all suppressed when
the upstream partial pressure ofn-C4 is increased; this is

becausen-C4 has much stronger adsorption strength and
“hinders” the other species. We also note that finite inter-
change–Dij tends to lead to significant lowering of the fluxes
of C1 and C2. However, the flux ofn-C4 is enhanced due
to finite interchange–Dij. The experimental work of van de
Graaf [13] has emphasised the importance of accounting
for finite interchange–Dij during permeation of light alkanes
across an MFI membrane.

In order to appreciate the reasons behind the excellent
agreement between numerical and analytic solutions, let us
examine the component loading profiles for the case where
the partial pressures in the upstream compartment are at 85,
9, 4 and 2 kPa, respectively, for the four components; see
Fig. 4. The open symbols represent the profiles obtained
from the precise numerical solution. The continuous lines
represent the analytic solution given byEq. (34). We note
that even though the analytic solution deviates from the pre-
cise numerical solution as we proceed downstream in the
membrane layer, the gradients of the loading at the upstream
face are virtually the same. Therefore, evaluating the fluxes
by using the loading gradients at the upstream face, rather
than at the downstream face, yields accurate results for the
fluxes followingEq. (37).

2.2. Analytic solution for strong confinement

For strong confinement we need to introduce the loading
dependencies (4), (8) and (18) and the flux expression is

(N) = −ρθV[qsat][B(0)]−1[Γ ]
∂(θ)

∂z
(38)

with the summation

n∑
i=1

n∑
j=1

Bij
Njδ

ρqj,sat
= 1

θV

n∑
i=1

n∑
j=1

Bij (0)
Njδ

ρqj,sat

= 1

θV

n∑
i=1

Niδ

ρqi,sat–Di(0)
= φt

θV
(39)

where theη-invariantφt is defined by the same expression
(30) as before. SubstitutingEq. (39)into Eq. (28)we obtain
the differential equation describing the vacancy profile

∂(1/θV)

∂η
= −

(
1

θV

)2

φt,
∂θV

∂η
= φt (40)

http://www.ct-cr4.chem.uva.nl/zeolites/
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web site:http://www.ct-cr4.chem.uva.nl/zeolites/. The continuous lines represent calculations followingEq. (37). The weak confinement scenario prevails.
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which is a linear differential equation that can be solved
for the boundary conditions (19) and (20) by separation of
variables to give the profile(

θVη − θV0

θVδ − θV0

)
= η (41)

where the termφt can be evaluated explicitly from

φt = θVδ − θV0 (42)

With theassumptionof η-invariantφi, defined byEq. (33),
the component loading profiles are linear:

θiη = θi0 + η(θiδ − θi0),

qi,η = θiηqi,sat, i = 1, 2, . . . , n (43)

the above equation represents the exact solution for facile
exchange, i.e.–Dij → ∞.

Differentiating Eq. (43) and evaluating at the upstream
face, we obtain after substituting intoEq. (26)

(N) = ρ

δ
θV0θVδ[qsat][B0(0)]−1(π0 − πδ) (44)
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pressure of 2-MP is varied in the range 0.1–50 kPa. In (c) and (d) the upstream partial pressure of 2-MP is maintained at 50 kPa and the partial pressure
of 2,2-DMB is varied in the range 0.1–50 kPa. Open symbols represent precise numerical solutions using the techniques described in our web site:
http://www.ct-cr4.chem.uva.nl/zeolites/. The continuous lines represent calculations followingEq. (44). The strong confinement scenario prevails.

where the subscripts 0 andδ emphasise the fact that the rel-
evant parameters are evaluated at the upstream and down-
stream conditions, respectively.

To illustrate the applicability ofEq. (44)let us consider
permeation of a mixture of 2-methylpentane (2-MP) and
2,2-dimethylbutane (2,2-DMB) across an MFI membrane
operating at 473 K. The Langmuir parameters and diffusivi-
ties of the components are specified inTable 1(Example B).
The downstream partial pressures of both components are
fixed at 0.1 Pa. Two cases are examined. In the first case (see
Fig. 5(a) and (b)), the upstream partial pressure of 2,2-DMB
is maintained at 50 kPa and the partial pressure of 2-MP
is varied in the range 0.1–50 kPa. In the second case (see
Fig. 5(c) and (d)), the upstream partial pressure of 2-MP is
maintained at 50 kPa and the partial pressure of 2,2-DMB is
varied in the range 0.1–50 kPa. The numerical solution of the
set of equations, for finite and infinite exchange coefficients
–Dij, is presented as open symbols inFig. 5; the details of
the numerical procedure are available in earlier publications
[3,10]. The calculation of the fluxes usingEq. (44)for finite
and infinite exchange coefficients–Dij are shown as contin-
uous lines. For infinite–Dij, the analytic solution given by

http://www.ct-cr4.chem.uva.nl/zeolites/
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Fig. 6. Component loading profiles for 2-MP and 2,2-DMB. The upstream
partial pressures of 2-MP and 2,2-DMB are both 50 kPa. Open sym-
bols represent precise numerical solutions using the techniques described
in our web site:http://www.ct-cr4.chem.uva.nl/zeolites/. The continuous
lines represent calculations followingEqs. (43) and (44). The strong con-
finement scenario prevails.

Eq. (44), is exact, and there is precise correspondence be-
tween analytic and numerical solutions, as is to be expected.
For finite–Dij, the analytic solution given byEq. (44), is also
seem to be in excellent agreement with the numerical solu-
tion; this agreement points to the goodness of the assump-
tion thatφi is η-invariant in deriving the component loading
profiles,Eq. (43).

In order to appreciate the reasons behind this good agree-
ment, let us examine the component loading profiles for the
case where the partial pressures in the upstream compart-
ment are 50 kPa for both components; seeFig. 6. The open
symbols represent the profiles obtained from the precise nu-
merical solution. The continuous lines represent the analytic
solution given byEq. (43). We note that even though the an-
alytic solution deviates from the precise numerical solution
as we proceed downstream in the membrane layer, the gradi-
ents of the component loadings at the upstream face are the
same. Therefore, evaluating the fluxes by using the loading
gradients at the upstream face, rather than at the downstream
face, yields accurate results for the fluxes followingEq. (44).

3. Comparison with experiment

In order to stress the practical utility, and limitations, of
the analytic model developed above we consider the experi-
mental data of van de Graaf et al.[13] for the ethane selec-
tivity for permeation of 50–50 mixtures of methane–ethane
across an MFI membrane at 303 K. For varying total hydro-
carbons pressure in the upstream compartment (see data in
Fig. 6(b) of Ref.[13]) the experimental values of the ethane
selectivity, defined as the ratio of the permeation fluxes of
ethane with respect to methane, are shown as open symbols
in Fig. 7. Also shown inFig. 7 are the analytic model cal-
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Fig. 7. Ethane selectivity for permeation of 50–50 mixtures of
methane–ethane across an MFI membrane at 303 K. The experimental
data in Fig. 6(b) of Ref.[13] are compared with the analytic model for fi-
nite exchange (solid lines) and facile exchange (dashed lines). We assume
weak confinement scenario. The dot-dashed lines are the calculations of
the numerical solution in which the mixture loadings are calculated using
the IAST. The parameter values are the same as used in Example A and
listed in Table 1.

culations for the ethane selectivity usingEq. (37)for weak
confinement, for finite exchange (shown as solid lines) and
facile exchange (shown as dashed lines). The data inputs are
the same as used for Example A inTable 1. The facile ex-
change model severely underestimates the ethane selectiv-
ity, and predicts ethane selectivity values of the order of 3.
On the other hand, the finite exchange model takes proper
account of the slowing down of the more mobile methane,
leading to significantly higher selectivities of the order of
10, much closer to the experimental values of around 8.

It is important to stress here that the analytic model de-
veloped in this paper is restricted to the use of the multi-
component Langmuir equations (11) for calculating mixture
loadings. For mixtures with different saturation capacities,
the multicomponent Langmuir model is not thermodynami-
cally consistent and for more accurate calculations we should
use the ideal adsorbed solution theory (IAST) of Myers and
Prausnitz[33]; this point has been stressed by Kapteijn et al.
[9]. Calculations of the ethane selectivity incorporating the
IAST, following the numerical solutions described on our
web site:http://www.ct-cr4.chem.uva.nl/zeolites/are shown
in Fig. 7as dotted lines. We note that much better agreement
with the experimental data is obtained with the IAST.

4. Conclusions

Analytic solutions have been derived for the explicit cal-
culation of the permeation fluxes across a zeolite membrane.

http://www.ct-cr4.chem.uva.nl/zeolites/
http://www.ct-cr4.chem.uva.nl/zeolites/
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Diffusion within the membrane layer is described by the
Maxwell–Stefan equations. The loading dependence of the
M–S diffusivities of the pure components,–Di, are assumed
to follow either the weak or strong confinement scenarios,
described byEqs. (3) and (4), respectively. The derived an-
alytic solutions areexactfor the case of infinite exchange–
Dij. The illustrative examples show that the calculation of
the fluxes usingEq. (37)for weak confinement, orEq. (44)
for strong confinement, are in excellent agreement with pre-
cise numerical calculations for both finite and infinite–Dij.

The developed analytic expressions can be easily incor-
porated into design procedures for membrane separation
devices and membrane reactors. For mixtures with widely
different saturation capacities, calculations of our analytic
Langmuir model may be less accurate than the more rigor-
ous IAST, for which numerical solutions will be required.
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