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ABSTRACT

Using the Maxwell-Stefan (M-S) diffusion equations as a basis, we derive simple analytic expression
for the estimation of component permeances of mixtures across micro- and mesoporous membranes
on the basis of unary permeation data. The analytic procedure uses two simplifying assumptions: (1)
downstream pressures are negligibly small in comparison to upstream pressures, and (2) adsorption
equilibrium within the pores can be described by Henry law coefficients. Two limiting scenarios are con-
sidered in estimating the M-S exchange coefficients, D;: (1) correlations negligible, and (2) correlations
dominant. In the correlations negligible scenario, the permeances of each component in the mixture equal
that of the corresponding pure components. For the correlations dominant scenario, the permeances in
the mixture are significantly different from the pure component values; the differences being dictated
not only by mobilities of the species within the pores, but also by the adsorption equilibrium. The results
of this study underlines the strong influence of diffusional correlations on the mixture permeances and

permeation selectivities.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

A wide variety of micro- and mesoporous materials are of poten-
tial use in membrane separation applications [1-8]. Examples of
microporous materials include zeolites (crystalline aluminosili-
cates), carbon nanotubes (CNTs), carbon molecular sieves (CMS),
metal-organic frameworks (MOFs), zeolitic imidazolate frame-
works (ZIFs), and titanosilicates (such as ETS-4, and ETS-10).
Examples of mesoporous materials include SBA-16, MCM-41, and
Vycor glass.

For modeling n-component mixture diffusion inside either
micro- or mesopores, it is commonly accepted that the fundamen-
tally correct approach is to relate the fluxes N;, defined in terms of
the cross-sectional area of the membrane, to the chemical poten-
tial gradients Vu; by use of the Maxwell-Stefan (M-S) equations
[7-11]
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i=1,2,...,n (1)
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where ¢ represents the fractional pore volume of the porous mate-
rial, and the concentrations ¢; are defined in terms of moles per m3
of accessible pore volume. The x; in Eq. (1) are the component mole
fractions of the adsorbed phase within the micropores

i=1,2,...,n (2)

The D; characterize species i-wall interactions in the broadest
sense. In many cases the b; corresponds to the value of the pure
component i; consequently this can be estimated from unary per-
meation data. In some exceptional cases the D; in the mixture
can be lower than that of pure components [12-14]. The D;; are
exchange coefficients representing interaction between compo-
nents i with component j. At the molecular level, the D;; reflect
how the facility for transport of species i correlates with that
of species j. Conformity with the Onsager reciprocal relations
prescribes

In some of published formulations on multicomponent diffusion
in zeolites [15,16], the M-S equations are set up differently using
loadings expressed as moles per kg of framework. A detailed com-
parison of the earlier approaches with the current one, using Eq.
(1), is provided by Krishna and Van Baten [9]; see the supple-
mentary material accompanying their paper. There are several
important advantages in using the current approach using moles
per accessible pore volume, ¢;. Firstly, Eq. (1), are applicable equally
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Fig. 1. The M-S binary exchange coefficients D12, for diffusion of equimolar (¢; =c;)
binary mixtures (a) CH4(1)-H2(2), and (b) CH4(1)-Ar(2), in zeolites, MOFs, and 2 nm
silica pore at 300K as a function of the total concentration, ¢;. The Dy, for binary
fluid phase mixture diffusion, obtained from independent MD simulations, are also
presented in square symbols.

to micro- and mesoporous materials, as explained in our earlier
papers [9,10,17-20]. Furthermore, the use of the current formula-
tion allows a much clearer interpretation of the M-S diffusivities Dj;,
that quantify correlation effects. The diffusivities D;; are relatable to
the corresponding M-S diffusivity in the binary fluid mixture, with
species i and j. Within mesopores, the D;; can be identified with
the corresponding fluid phase diffusivity, D; g, when compared at
the same total molar concentration ¢; within the pores. For micro-
porous materials, the D;; are lower than the corresponding fluid
phase diffusivity by a factor, F, that depends on the degree of con-
finement within the micropores. To illustrate this, Fig. 1a compares
the MD simulated data on D1, for CH4(1)-H3(2) mixture diffusion
in MFI zeolite with the corresponding diffusivity in a binary fluid
mixture, Dq, 5. Within the 0.55 nm pores of MFI zeolite, the D3 is
about a tenth of the value for the corresponding fluid mixture, when
compared at the total molar concentration ¢; within the pores, i.e.
F=0.1. The stronger the degree of confinement, the smaller is the
value of F. This is illustrated in Fig. 1b by the MD simulated D1,
data for CH4(1)-Ar (2), in zeolites, MOFs, and 2 nm silica pore. For
the 2 nm silica pore, the Py, is practically the same as the fluid
phase Dy, . For microporous zeolites and MOFs, the D1, values are
significantly lower. The factor F is higher, relatively speaking, in
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Fig. 2. The degree of correlations, D1 /P12, for CH4(1)-Ar(2) mixture diffusion a vari-
ety of (a) zeolites, MOFs, and (b) silica mesopores of different diameters. The data
are culled from earlier publications [9,10,16,31].

more open structures such as CuBTC and FAU than within the more
constrained pores of MFI zeolite.

One major problem in the calculation of the N; lies in the proper
estimation of the exchange coefficients D;;. The relative contribu-
tions of the first and second right members of Eq. (1) are dictated by
the degree of correlations, defined as D;/Dj;. The higher the degree
of correlations, the more important is the contribution of the first
right member. As a consequence, Eq. (1) becomes more strongly
coupled if the degree of correlations is higher. Using experimental
data alone, there is no procedure to determine the D;/D;;. Molecular
dynamics (MD) simulations of mixture diffusion in a wide variety
of micro- and mesoporous materials show that, depending on the
pore size, connectivity, and topology the D;/Dj; can vary by a few
orders of magnitude [6]. As illustration, Fig. 2 presents the MD sim-
ulation data for D1/D12 in CH4(1)-Ar(2) mixtures for a variety of
zeolites (BEA (intersecting channels of 0.72 nm and 0.56 nm), MFI
(intersecting channels of 0.51 and 0.55 nm), FAU (0.73 nm window
opening), LTA (0.41 nm window)), MOFs (CuBTC (0.9 nm window
aperture), IRMOF-1 (0.8 nm window opening)), and silica meso-
pores as a function of the total mixture concentration within the
pores, ¢¢. At ¢;=10kmolm—3, for example, D;/D1, has the lowest
value of 0.01 for LTA that consists of cages separated by narrow win-
dows of 0.41 nm size. The correlations in LTA are low because only
one molecule at a time can hop from one cage to the adjoining one.
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Fig. 3. The degree of correlations, D;/D;;, for CH, diffusion a variety of (a) zeolites,
MOFs, and (b) silica mesopores of different diameters. The data are culled from
earlier publications [9,10,16,31].

For “open” structures such as CuBTC, IRMOF-1, and FAU, D /D1, ~ 1.
Within the intersecting channel topology of MFI, correlations are
still higher and D/D1; ~ 2. The highest degree of correlations are
for mesopores; for example for a 10 nm pore, B /P, ~ 10.

For any given material, the D;/D;; increases with increasing pore
concentration. As the concentration within the pores increases,
the jumps of individual molecules become increasingly correlated
because the number of vacant sites will decrease, and the proba-
bility of unsuccessful jumps will increase.

MD simulations have also shown that the degree of correla-
tions in the mixture can be estimated on the basis of the degree of
correlations for the individual pure components, defined by D;/D;;.
Data for pure CHy in a variety of zeolites, MOFs, and silica meso-
pores show that the b;/D;; has a similar hierarchy and concentration
dependence as for mixture diffusion; see Fig. 3.

In the literature it has been suggested that the exchange coef-
ficient in the mixture can be estimated on the basis of the pure
component self-exchange coefficients, D;;, using an interpolation
formula [9]

D1y = (D11)(P22)? (4)

Though this interpolation formula has been verified on the basis of
MD simulations [9], the major obstacle to its use in practice is that
information on the degree of correlations for pure components are
also not accessible experimentally. A different procedure for esti-

mate the exchange coefficient is to relate P, to the M-S diffusivity
of the corresponding fluid mixture. For diffusion within mesopores,
the D, can be identified with the corresponding M-S diffusivity for
a fluid phase binary mixture [9,10], evaluated at the same total con-
centration, ¢;, as within the pores. For micropore diffusion the Dj;
are lower than the corresponding fluid phase diffusivity by a factor;
this factor can be in the range 0.01-1, depending on the degree of
confinement [9,10].

The approach taken in the present communication is to develop
and analyze limiting scenarios for the degree of correlations. The
primary objective is to derive a simplified analytic procedure for
the estimation of the steady-state fluxes N; for two scenarios: cor-
relations negligible and correlations dominant. The derived analytic
expressions allow explicit calculation of the N; from unary perme-
ation data; these serve as “bounding” values. We demonstrate the
utility of the developed expressions for screening purposes.

2. Development of simplified analytic expressions

The first step is to re-write Eq. (1) in a more practically useful
form. The chemical potential gradients Vy; can be related to the
more conventional gradients of concentrations within the pores by
defining thermodynamic correction factors I';

n
Ci Ci Bpi ..
LV = Vi P R =1....
V=Y Vg T pidg M=l (5)
j=1
If the adsorption equilibrium is represented by the single-site Lang-
muir isotherm

0= G _ bipi .
' Ci,sat 1+ Z?:] bipi

the matrix [ /"] can be determined by differentiation of Eq. (6).
By defining an n-dimensional square matrix [B] with elements

i=1,2,...,n (6)

n
LI
b, " L.y’

Bj=—nl; i,j=1,2,....,m (7)

Bii = D
ij

j#i

the M-S equation (1) can be re-written to relate the fluxes N;
explicitly to the gradients of the concentration gradients using n-
dimensional matrices

(N) = —¢[A]IT1V(c) = ~¢[B] ' [I"]V(c) (8)
where additionally, we define the square matrix [A]
[A]=8" 9)

For steady-state permeation of mixtures across a membrane, the
set of coupled equations (5)-(9) need to be solved numerically in
the general case [21]. Explicit analytic expressions are available for
some special cases [22].

In proceeding forward with our theoretical development, we
shall make two further assumptions: (1) that the downstream par-
tial pressures are negligibly small in relation to the upstream values,
and (2) that adsorption equilibrium is describable by a simple
Henry’s law
¢ =Kipii  Ki=DbiCisar (10)
In the Henry regime, the non-diagonal terms of [I"] vanish.

For steady-state conditions, Eq. (8) can be integrated across the
membrane thickness £ to obtain the fluxes for binary mixtures
explicitly in terms of the partial pressures p; in the upstream com-
partment
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N1 = Z(A11Kip1 + A12K3p2);

IS

N; = %(AﬂKlpl + A Kop;)
(11)

In deriving equation (11), the elements of square matrix [A] are

assumed to be independent of the adsorbed phase compositions x;.

This is a good assumption to make in the general case
The corresponding expressions for the permeances, defined by

N;

I, =- 12
i=3 (12)
are
¢ AuKipr + ApkGps | ¢ AnKipr + Axplopy
I = > ; I = =
L P1 ¢ p2

(13)

The permeances in the mixture can be calculated explicitly pro-
vided we are able to estimate the elements of [A].

We can identify two limiting scenarios. In the correlations neg-
ligible scenario we take D;/D;; — 0. This simplification yields

Aj=D;;  Ayi+#j)=0;

i,j=1,2,...,n; correlationsnegligible (14)

and Eq. (13) simplifies to yield expressions for the mixture per-
meances that are equal to the corresponding values for the pure
components

i,j=1,2,...,n;

II; = %DIK,- =I1°% correlations negligible(15)

The membrane permeation selectivity, Sperm, is
biK; .

E = l'p = correlations negligible (16)
P Bk’ e

Sperm =

and this can also be determined from unary permeances. Eq. (15)
is an expected result. If correlation effects are assumed to be
negligible, the permeances in the mixture equal that of the pure
components.

At the other extreme we have the correlations dominant sce-
nario D;/D 1 > 1. In this case the following explicit expressions for
[A] can be derived, as shown in previous work [16,17]

€1
A =A =
B 27 (c1/P1) + (c2/D2)
Ay = Ay = m; correlations dominant (17)

Inserting Eq. (17) into (13) yields, after simplification and introduc-
tion of the definition of the pure component permeances
Ih = 0 & 0y
(K1x1/117) + (Kax2 / 115)
_ K; .
(Kyx1 /TT9) + (Kpxa /T19)

correlations dominant (18)

T,

The adsorbed phase mole fractions x; can be estimated by combin-
ing Egs. (2) and (10). Eq. (18) shows that the permeances in the
mixture are directly influenced adsorption equilibrium.

Eq. (18) can be generalized for n-component mixtures

I = 0 Kio 0y’
(K]X]/H1)+(K2X2/Hz)+ o+ (Knxn/I1})

i=1,2,...,n; correlationsdominant (19)

The permeation selectivity in the correlations dominant is

o K.

Sperm = oK correlations dominant (20)

Eq.(20) shows that when correlations are dominant, the differences
in the diffusivities of the component species are washed out and
the permeation selectivity is governed purely by the adsorption
selectivity.

3. Illustrative examples

To illustrate the application of the simplified analytic expres-
sions derived above, let us consider permeation of CH4-H
mixtures across a ZIF-8 membrane at a temperature T=300K.
The parameter values, estimated on the basis of the data in
Ref. [6], are: porosity, ¢=0.476; thickness, £ =40pum; dif-
fusivities D1 =5x10""m2s!; P;=7.5x109m2s~!; Langmuir
parameters, by =4.43 x 10-7 Pa~1; b, =1.71 x 108 Pa~!; saturation
capacities, ¢1 sqr = 18.5 kmol m=3; ¢ 54 =37 kmol m—3. To begin with
we analyse the ZIF-8 membrane performance with the assumption
that nothing is known about the degree of correlations.

The dashed and continuous lines in Fig. 4a represent the calcu-
lations of Sperm using Eqgs. (16) and (20). The correlations negligible
scenario yields Sperm =0.082, showing that the membrane will be
Hj-selective. At the other extreme, in the correlations dominant
scenario, Sperm=12.4, i.e. the membrane will be CHy-selective.
Also shown in Fig. 4a are the calculations using an exact numer-
ical solution for varying degrees of correlations for each species:
b;/b;; =0.26;, 1.06;, 106; and 1006;, whereby we take cater for a
linear dependence of the degrees of correlations on the fractional
occupancy 8;, on the basis of the data such as that presented in Fig. 3.
The Dy, is determined using the interpolation formula given by Eq.
(4). The exact numerical solutions, obtained using the procedures
described in our earlier work [21], lie between the two extreme
scenarios. The strong influence of correlations on Sperm is evident,
and the data demonstrate that by increasing the degree of diffu-
sional correlations within the pores, we can reverse the selectivity
of the membrane.

Correlations have the effect of slowing down the more mobile
H,. To underline this, Fig. 4b presents the calculations of the
permeance of H; for three different values of the degrees of cor-
relations for each species: D;/D;;=0.26;, 1.00;, 106; and 1006;.
The H, permeance is reduced by two orders of magnitude with
increasing degree of correlations. With increasing upstream pres-
sure, p;, the permeance also decreases because of increased
occupancy and correlations. The simplified expressions in Egs.
(15) and (18) provide the upper and lower bounds for the
permeance of hydrogen.

The windows separating the cages of ZIF-8 are 0.34 nm in size,
and only one molecule at a time can hop between cages; there-
fore the correlation effects are expected to be negligibly small.
In this regard the correlation characteristics of ZIF-8 is similar
to that of LTA, and CHA. Indeed, the experimental data of Bux
et al. [23], obtained with upstream pressures varying between
0.1 and 0.2 MPa, show that the ZIF-8 membrane is H,-selective.
Their experimental data also show that the permeance of H, in the
mixture is only 15% lower than the unary permeance value. This
indicates that the correlations negligible scenario is a reasonable
approximation.

If we need the membrane to be CHy-selective we should choose
carbon nanotubes, MFI or mesoporous membranes, ensuring that
b1/Dq; is large [6,24].

The correlations negligible scenario is also a good approxima-
tion for cage-type zeolites such as CHA, DDR, LTA, TSC, ERI, ITQ-29
that consist of cages separated by 8-ring windows of dimensions in
the 3.6-4.2 A range [10,17,25,26]. To illustrate this we consider the
data on the permeance of CO, across a SAPO-34 membrane. SAPO-
34 is a structural analog of CHA zeolite with a window dimension
of 3.77 A [26], and we expect the diffusion of CO, to be practically
uncorrelated to its partner species. Fig. 5 presents the data of Li et al.
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Fig. 4. Comparison of the (a) membrane permeation selectivity, Syerm, and (b) per-
meance [1; of H, for CH4—H; mixture diffusion across ZIF-8 at 300K for three
different values of 0.26;, 1.06;, 106; and 1006;. The exchange coefficient Dy, is cal-
culated using the interpolation formula given by Eq. (4). The symbols show the
calculations using an exact numerical solution of the M-S equations, along with
single-site Langmuir adsorption equilibrium. The dashed and continuous lines rep-
resent the correlations negligible and correlations dominant scenario calculations.
In these calculations the upstream partial pressures are taken to be equal, p; =p.

[27] on the permeances I1; of (a) CO,, and (b) CH4 across a SAPO-34
membrane at 295K, as a function of the upstream partial pressures.
The unary permeances of both CO, and CH4 are found to have
values close to their permeances in CO,-CH4, CO,-N,, CO,-Hy,
CH4-N;, and CO,-CH4-N; mixtures, confirming that Eq. (15) is a
good approximation.

In order to illustrate an application of the correlations dominant
scenario described by Egs. (19) and (20), let us consider the experi-
mental data presented by White et al. [28] for separation of CO, (1)
and N; (2) using an ultrathin NaY membrane. From Table 1 of White
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Fig. 5. Data of Li et al. [27] on the permeances I1; of (a) CO2, and (b) CH4 across a
SAPO-34 membrane at 295K, as a function of the upstream partial pressures. The
unary permeance is compared with permeances in equimolar CO,-CHy4, CO2-N,,
CO,-H3, CH4-N3, and CO,-CH4—-N, mixtures.

et al. [28], the pure component permeance data for membrane B at
303K are 79 =9.6 x 1078; [19 =5.1 x 10" °mol m?s~!Pa~!.
For predictions of the permeation selectivity, Sperm, data on adsorp-
tion equilibrium is required; this is not provided in White et al.
[28]. For this purpose, we carried out Configurational-Bias Monte
Carlo (CBMC) simulations of the adsorption equilibrium for CO, /N,
mixtures in NaY using the force field and simulation techniques as
described in our previous papers [6,29]. The CBMC data on the K;
are presented in Fig. 6a. It is important to note that though the data
on the K; are not constant beyond the Henry regime, the ratio K7 /K>
is practically independent of pressure. Combining this information
with the data on unary permeances, the predictions of Sperm, for
the two limiting scenarios are shown in Fig. 6b. The experimentally
observed value of Sperm=503 is in good agreement with that
anticipated by the dominant correlations scenario. This result is to
be expected because diffusional correlations are strong within NaY
[6]. For CO, /N, separation, it is essential to choose a pore topology
and pore size that yields extremely high degree of correlations.
Structures such as LTA, CHA, DDR and ZIF-8 are not suitable for this
separation.

For transport of a variety of mixtures across MFI membranes the
correlation effects cannot be ignored, as has been demonstrated in
the published literature [7,21]. The correlation dominant scenario
provides a good description of mixture diffusion in MFI, especially
at high pore concentrations [17].
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Fig. 6. (a) Configurational-Bias Monte Carlo simulations of the equilibrium con-
stants K; for CO,/N; adsorption in NaY at 303 K. (b) Calculation of the membrane
permeation selectivity, Sperm, using Eqs. (15) and (18), along with unary permeances
determined experimentally by White et al. [28].

4. Conclusions

Using the Maxwell-Stefan equations as a basis, we have
derived simplified expressions for fluxes and permeances of binary
mixtures. Two limiting scenarios have been identified. For the
correlations negligible scenario, the working expressions for the
permeances and permeation selectivities are given by Egs. (15)
and (16). For the correlations dominant scenario, the correspond-
ing expressions for the permeances and permeation selectivities
are given by Eqs. (18) and (20). The results of this study underline
the strong influence of diffusional correlations on the mixture per-
meances; these effects can be strong enough to cause a reversal of
selectivity.

The developed simplified procedure is particularly useful for
preliminary screening purposes. For more accurate designs, the
more accurate models described in earlier work [21,22,30] need
to be used.
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Nomenclature

b; parameter in the pure component Langmuir adsorp-
tion isotherm, Pa~!

[B] matrix of inverse M-S coefficients, defined by Eq.
(7),m2%s

Ci pore concentration of species i, mol m—3

Cisat saturation capacity of species i, molm—3

Ct total pore concentration in mixture, mol m—3

p; M-S diffusivity of species i, m?s~!

by M-S exchange coefficient, m% s~!

Dijs M-S diffusivity in binary i-j fluid mixture, m2 s—!
factor defined by F=D ;;/D ; 5, dimensionless

[ identity matrix, dimensionless

K; Henry coefficient for species i, molm~—3 Pa~!

£ thickness of membrane, m

Di partial pressure of species i in upstream compart-
ment, Pa

Dt total system pressure in upstream compartment, Pa

n number of components in mixture, dimensionless

N; molar flux of species i defined in terms of the mem-
brane area, molm=2s1

R gas constant, 8.314J mol~1 K1

Sperm permeation selectivity, dimensionless

T absolute temperature, K

X; mole fraction of species i based on loading within

pore, dimensionless

Greek letters

3jj Kronecker delta, dimensionless

[A] matrix defined by Eq. (9), m?s~!

Ay elements of [A], m2s~!

[I'] matrix of thermodynamic factors, dimensionless
ry element of [ "], dimensionless

¢ fractional pore volume, dimensionless

IT; permeance of species i in mixture mol m—2s~1!Pa~!
m? permeance of pure component i, molm~2s~1Pa~!
Ui molar chemical potential, ] mol~!

0; fractional occupancy of component i, dimensionless
Subscripts

i referring to component i

j referring to component j

sat referring to saturation conditions

t referring to total mixture

Superscripts

0 referring to pure component

Vector and matrix notation

0 component vector
[ square matrix
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