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A computational fluid dynamics model was de®eloped for gas-solid fluidized beds
containing a mixture of two particle species. To calculate stresses of the solid phase, the
kinetic theory of granular flow was extended to consider a binary mixture of smooth,
nearly elastic, spheres. The de®eloped model was simulated to demonstrate key features
of binary mixture fluidization. Bed expansion with a binary mixture of different size
particles, but with identical densities, was much higher than that of a system consisting
of mono-sized particles of the same mean size as the bimodal mixture. Minimum flu-
idization ®elocity for the binary particle system was significantly lowered. The mixing
beha®ior of the binary mixture of particles, characterized by the mixing index, increased
with increasing superficial gas ®elocity. For a binary mixture of particles of larger size
with lower density and smaller size with higher density, larger, lighter particles segregated
to the top of the fluid bed, while smaller, hea®ier particles segregated to the bottom.
With increasing fluidization ®elocity, this segregation pattern re®ersed and ‘‘ in®ersion’’
occurred. The drag and gra®ity force difference between small, hea®y particles and large,
light particles was dominant at low gas ®elocities. With an increase in gas ®elocity,
howe®er, the gradients in granular temperature and pressure became dominant terms in
the equations for the relati®e force and thus ®elocity between two different particle species.

Introduction
It is well known in practice that the particle size distribu-

Ž .tion PSD plays an important role in the behavior of gas-
solid mixtures. Many researchers have studied the effect of
the PSD on the hydrodynamic behavior of fluidized beds. For

Ž .instance, De Groot and In Drinkenberg 1967 concluded that
the bed expansion of industrial fluidized beds may increase
by a factor of two when a large PSD is employed instead of a
monodisperse distribution.
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Ž .Grace and Sun 1991 performed numerous fluidized-bed
experiments with a monodisperse, a bimodal, and a wide par-
ticle-sizerweight distribution of Geldart type A particles.

Ž .Grace and Sun 1991 studied the influence of ‘‘fines’’ on the
hydrodynamics in the fluidized bed. They defined fines as
particles with a diameter less than approximately 40 mm. They
reported that the minimum fluidization velocity was higher
with the wide or bimodal PSD vs. the monodisperse PSD with
the same mean size. Also, as previously concluded by De

Ž .Groot 1967 , the bed expansion was larger for a wide or bi-
modal PSD than for a monodisperse PSD. This difference of
bed expansion is small around the minimum fluidization ve-
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locity and increased with increasing superficial gas velocity.
Ž .Although the experiments of Grace and Sun 1991 were car-

ried out with small particles of Geldart A type, their results
present a good qualitative description of the different types
of behavior of fluidized beds with a monodisperse PSD and a
bimodal PSD.

In a fluidized-bed reactor, the mixing action is produced by
the rising of bubbles, whose associated wake and drift leads
to the motion of particles. The bubbles in a fluidized bed
containing a binary mixture also cause segregation. In flu-
idized beds containing a binary particle mixture, either by
size or density, complete mixing is only achieved under spe-

Ž .cific hydrodynamic conditions. Wu and Baeyens 1998 exper-
imentally studied the effect of a bimodal PSD on the mixing
action in fluidized beds with fairly large particle types, both
Geldart B and D type particles. They defined a mixing index
M

X
Ms 1Ž .² :X

where X is the concentration of largerrheavier particles in
² :the top region of the dense bed, and X is the average con-

centration of largerrheavier particles in the entire bed. M
equal to 1 corresponds to perfect mixing. Wu and Baeyens
Ž .1998 correlated the mixing index to the superficial gas ve-

Ž .locity, the bed aspect ratio HrD , the minimum fluidizationT
velocity of the smaller and larger particles, and the particle
diameter ratio. The mixing index was small for gas velocities
near the minimum fluidization velocity, and increased with
gas velocity. The scatter on their correlation was, however,
very large.

Ž .Rasul et al. 1999 studied the different types of segrega-
tion occurring in fluidized beds containing a bimodal PSD, by
studying the ‘‘segregation potential’’ of fluidized beds con-
taining a bimodal PSD. Specifically, they studied the case of
a binary mixture with small, heavy particles and large, lighter
particles. At a low fluidization gas velocity, the small, heavy
particles were preferentially segregated at the bottom of the
fluidized bed, and large, lighter particles were at the top. With
increasing gas velocity, ‘‘inversion’’can occur. This means that
the small, heavy particles moved preferentially upward in the
bed and the light, larger particles moved downward.

The main objective of our work is to simulate the flow be-
havior of fluidized beds containing a bimodal PSD and to
compare this flow behavior with that of fluidized beds con-
taining a monodisperse PSD. The simulation predictions are
compared with the experimental data and observations of the
authors mentioned above. The details of the physics behind
the previous experimental results are elucidated via the simu-
lations.

Governing Equations
The two-fluid model is applied to describe the flow of the

dense gas-solid mixture. The continuity equations of the gas
phase and the particle mixture phase are

­eg
q=? e u s0 2Ž . Ž .g g­ t

­es
q=? e u s0 3Ž . Ž .s s­ t

where u is the gas-phase velocity and e is the gas-phaseg g
volume fraction. The momentum balances for the gas phase

Ž .and the particle mixture follow Jackson 1997

­ u g
r e q u =u se =?t ye =P y b u y u qe r gŽ .g g g g g g g g s g g­ t

4Ž .

­ u s
r e q u =u se =?t ye =P q=? P q b u y uŽ .s s s s s g s s g s­ t

qe r g 5Ž .s s

where P is the gas-phase pressure, g is the gravity accelera-
tion, b is the interphase momentum transfer coefficient, tg
is the gas-phase shear stress tensor which is assumed Newto-
nian, and P is the solids-phase stress tensor with a kinetics

Ž .and collisional contribution given by kinetic theory and also
a frictional contribution

P s P q P q P 6Ž .s s ,kinetic s ,collision s ,friction

Ž .Pirog 1998 proposed the following modification of the Wen
Ž .and Yu 1966 equation for the drag force exerting on a par-

ticle in the vicinity of other particles

< <e e r u y u3 g s, i s g s
b s f e ,e C 7Ž . Ž .i i s, A s , B D4 ds

Ž .where f e is the hindered settling velocity function, whichi s
Ž .is defined as f e ,e sVrV . V is the actual settlingi s, A s, B i i,0 i

velocity for the particle in the suspension and V is the set-i,0
tling velocity of an isolated particle. The drag coefficient pro-

Ž .posed by Rowe 1961 is employed

24° 0.687
1q0.15 1ye ReŽ .� 4s pRe 1yeŽ .p s~C s 8Ž .D if 1ye Re -1,000Ž .s p¢0.44 if 1ye Re G1,000Ž .s p

In the case of a bimodal particle mixture, is A or B, and the
total interphase momentum transfer coefficient is b s b qA

Ž .b . Pirog 1998 proposed for the settling velocity functionB
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for species i in a bimodal suspension

a i qf e ,e s 1ye 9Ž . Ž .Ž .Łi s, A s , B s ,q
q s A , B

where a are empirically determined constants in the formi j
of

2s sj j
a s a q a q a 10Ž .i j 0 1 2ž / ž /s si i

Ž .Values for a , a , and a are given by Pirog 1998 for differ-0 1 2
ent particles and solids volume fractions based on the results
of his settling experiments.

Kinetic Theory for a Bimodal Particle Mixture
In order to describe solid-phase stresses in the framework

of the two-fluid model for dense gas-solids flows typically
concepts from kinetic theory are employed. The kinetic the-
ory for granular materials has been developed by Jenkins and

Ž . Ž .Savage 1983 , Lun et al. 1984 , and others, analogous to the
Ž .kinetic theory of gases Chapman and Cowling, 1970 , ac-

counting for the inelastic nature of particle-particle colli-
sions. This theory has been used by many researchers to suc-
cessfully describe both dense and dilute dry particulate flows,
as well as dense and dilute fluidized particulate flows. Al-
most all work to date has considered monodisperse particu-

Ž .late systems. However, Jenkins and Mancini 1987 have de-
veloped kinetic theory for a mixture of bimodal disks and a
mixture of bimodal spheres assuming a Maxwellian velocity
distribution of the disks or spheres. Lopez de Haro et al.
Ž .1983 have developed kinetic theory for a gas consisting of a
mixture of multiple components, employing a revised Enskog

Ž .method Van Beijeren and Ernst, 1973 . Using the approach
Ž .of Lopez de Haro et al. 1983 as a basis, Jenkins and Mancini

Ž . Ž . Ž .1989 , Zamankhan 1995 , and Arnarson and Willits 1998
developed kinetic theory for a binary particle mixture of
spheres involving perturbations to the Maxwellian velocity
distribution. These latter theories, with modifications out-
lined below, are used in this work to describe the solid-phase
stress and fluctuating velocities of the bimodal particle mix.

We consider a mixture of smooth, nearly elastic spheres of
two different species A and B. These spheres have mass m ,i
number density n , radius s , and velocity c , where i is ei-i i i
ther species A or B. The mass density r is given by thei
product of m and n . The number density n and the massi i
density r of the mixture are given by the sum of the corre-
sponding densities of the two constituents. The mean velocity

² :of each species is denoted by u ' c . The mass averagei i
velocity of the mixture can be written as

1
u s r u q r u 11Ž . Ž .s A A B Br

The peculiar velocity of each species is defined as: C ' c yi i
u . The diffusion velocity © , which is absent from the kinetics i
theory for monodisperse mixture of particles, is defined as

² : ² :© ' C s c y u 12Ž .i i i s

It then follows that

r © q r © s0 13Ž .A A B B

The granular temperature is related to the peculiar velocity
and, unlike the monosized particle theory, also to the mass of
the individual particle specie

1
2² :T s m C 14Ž .i i i3

ŽThe mixture temperature can be written as T s1rn n T qA A
.n T . The mixture balance of granular energy isB B

3 ­ T 3
n q=? Tu y T =? n © q n © sy=? qŽ .Ž .s A A B B2 ­ t 2

y P :=u q F q r g ? h © q n ©B yg 15Ž .Ž . Ž .Ýs s i i A A B
k s A , B

where q is the mixture energy flux, P is the total solids stresss
tensor of the mixture, F is the total drag force acting oni
species i, and g is the rate of granular energy dissipation.
The first term on the lefthand side denotes the time de-
pendency of the mixture granular energy, the second term is
the convection of the mixture granular energy, and the third
term denotes the convection of mixture granular energy due
to the relative species movement. On the righthand side, the
first term denotes the diffusion of the mixture granular en-
ergy along the gradients in the mixture granular temperature,
the second term is the creation of a mixture granular energy
due to shear in the particle phase, the third term denotes the
creation or dissipation of mixture granular energy due to ex-
ternal forces, and the last term is the dissipation of granular
energy due to inelastic particle-particle collisions.

The mixture energy flux is defined as

1
2² :qs r C C q q 16Ž .Ý Ýi i i ikž /2is A , B k s A , B

The first term on the righthand side is a transport or kinetic
contribution to the mixture energy flux, and the second term
q is a collisional contribution.ik
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Similarly, the kinetic and collisional contributions to the
solid-phase stress tensor are given as

² :P s r C C q P 17Ž .Ý Ýs,kineticqcollision i i i i kž /
is A , B k s A , B

where the first term represents the kinetic or transport con-
tribution to the pressure tensor and the second part P theik
collisional contribution. Using the revised Enskog theory, the
equations for the pressure tensor and the energy flux can be

Žexpressed in terms of particle and flow parameters as Jenkins
.and Mancini, 1989

1
² :r C C s n TIy n Tb Dy =u I 18Ž .i i i i i i0 sž /3

2 8
3 3P s ps n n TIy n n ps g Tik ik i k i k ik ik3 15

2m m 1i k
= b q M q s ? Dy =u I 19Ž .i0 k i ik s(m p T 3ik

and

1 5 2T
2² :r C C s n a =Ti i i i i1(2 4 mi

35 T
q n nt d q a = ln T 20Ž . Ž .Ž .i i0 i i0(2 2mi

2T 2 1
3q s2 n n s p g M M a y s =Tik i k ik ik ik ki i1 i k( (m 3 p Mi ki

3T 2
3y n n ps g( i k ik ik2 3

1
? nt d q a = ln T M y MŽ .Ž .i0 i i0 i k k i(mi

1
q nt d q a = ln T 21Ž .Ž .k0 k k 0(mk

where s 's qs , m ' m q m , and M ' m rm . Forik i k ik i k ik i ik
Ž .the coefficient b , Jenkins and Mancini 1989 give for i/ ki0

2 4 32 2 4
2b n q K q K M q p M M r2m s n q K q K M'i i ii ik ki ik ki ik ik k kk ik ikž / ž /5 5 3 5 5

b s5 22Ž .i0 512
4'g n n T b b y s p M M rmŽ .ik i k i k ik ik ik ik9

p M M 2 2m n g pik ki i k kk2 2b s40s q q8s 23Ž .i ik kk( (ž /2m 3 5m n g mik k i ik k

where K '2r3p n n g s 3. For the coefficients a and t ,ik i k ik ik i0 i0
there has been some confusion in the literature. Arnarson

Ž . Ž .and Willits 1998 claim that Jenkins and Mancini 1989 , Za-
Ž . Ž .mankhan 1997 , and Hsiau and Hunt 1996 have developed

incorrect expressions for these coefficients.
Ž .Moreover, Kincaid et al. 1987 have investigated the con-

vergence of the orders of the Enskog approximation and
found that the first-order Enskog approximation is not accu-
rate, even for small differences in particle size andror mass.

Ž .Therefore, Arnarson and Willits 1998 calculate the neces-
sary coefficients correctly and up to the second order. With
i/ k their results are

1
3r2 3r2a s m m n M a y M a 24' Ž .Ž .i0 i k k k k i i1 i k k12 r

15 a n K q13M M n Ki i i ik ki k k
a syi1 2 22 ž /' a a y169M M8 p n n g s M' i k ik kii k ik ik ki

25Ž .
2n g sk kk kk2 2 'a s15M q8 M M q6M q2 2 26Ž .i ki ik ki ik 2n g s M'i ik ik ik

1 3mk3r2 3r2t s m m n M t qM t q' Ž .i0 i k k k k i i1 i k k1 2'2 r 8 p rn g s M'i ik ik ki

27Ž .

23 M' a y13Mki i ik
t s 28Ž .i1 2 22 ž /' a a y169M M8 p n n g s i k ik kii k ik ik

2 8
3 3K s1q p n g s q M M p n g s 29Ž .i i ii ii ik ki k ik ik5 5

Ž .Because Jenkins and Mancini 1989 and Arnarson and
Ž .Willits 1998 have only used bimodal kinetic theory to study

the case of steady homogeneous shear, contributions to the
total solids stress tensor linear in =? u were not considered.s
When this term does play a role, the solids stress must be
extended with a contribution incorporating the solids bulk
viscosity. The bulk viscosity contribution can be expressed as
Ž .Bird et al., 1960

2
P s ly m tr D I 30Ž .Ž .s,bulk ž /3

where l is the solids bulk viscosity and m is the solids shear
viscosity, which can be determined from Eqs. 19 and 18 by
considering the terms linear in D. Following the derivation
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for a binary mixture of gas molecules by Lopez de Haro and
Ž .Cohen 1984 , an equation for the bulk viscosity of elastic

spheres can be derived

2 2Tm mi k
ls K s 31Ž .Ý Ý ik ik(3 p mikis A , B k s A , B

For nearly elastic particles, the perturbation on the
Maxwellian velocity distribution can be employed to derive
an expression for the total rate of energy dissipation. Jenkins

Ž .and Mancini 1989 present the rate of energy dissipation in
the lowest Enskog approximation. In the second-order En-
skog approximation, it can be written as

3m 2p m Tk ik2 2g s 2 g s n n 1y eŽ .Ý Ý ik ik i k ik (m m mik i kis A , B k s A , B

32Ž .

where e is the coefficient of restitution for a collision ofik
particle species i with particle species k. For the diffusion

Ž .velocity of each specie, Jenkins and Mancini 1989 give

T
© sy nt d q a = ln T 33Ž .Ž .i i0 i i0(2mi

dependent on the diffusion force

r F q r g F q r gi i i k k
d sy =P q r yi k ž /nrT m mi k

1 n ­m ­mi i i
q n q2 M K q K = ln T q =n q =nŽ .i ik ik ii k iž /n nT ­ n ­ nk i

34Ž .

ŽUsing the thermodynamic relationships Reed and Gub-
.bins, 1973

­ A ­ A
P sy m siž / ž /­ V ­ NT , N kk T , Nk / i

and by using the dependency of P and m on T , it can bei
shown that

d sy d 35Ž .A B

Because the chemical potential m is only dependent uponi
T , n , and ni k

­m ­m ­mi i i
=m s =n q =n q =T 36Ž .i k i­ n ­ n ­ Tk i

The latter equation can be used to replace the derivatives
in n and n in Eq. 34, and rewrite Eq. 34 in terms of deriva-i k
tives depending upon the location only.

To date, all authors investigating binary particle mixtures
Ž .use the radial distribution function of Mansoori et al. 1971

2 21 3s s j s s ji k 2 i k 2
g s q q2ik 2 3ž /1ye s qs s qs1ye 1yeŽ . Ž .s i k i ks s

37Ž .

Ž p p.where j s4p n s q n s r3, and thus e 'j . This ex-p A A B B s 3
pression, however, does not tend to infinity when the total
solids volume fraction e approaches the maximum packings
of spheres. Therefore, we propose a similar radial distribu-
tion function which has the correct limit for the solids volume
fraction when approaching the maximum packing limit for a
bimodal mixture of spheres

1 3s s ji k 2
g s qik e 2s s qs ei k s1y 1yes,max ž /es,max

2 2s s ji k 2
q2 38Ž .3ž /s qs ei k s

1yž /es,max

where e is the maximum solids volume fraction. The twos,max
radial distribution functions are compared in Figure 1. At
high solids volume fraction, which often occurs in fluidized
beds, the difference in radial distribution functions is large.

The chemical potential is a function of the radial distribu-
Žtion function and for a binary gaseous mixture Reed and

Figure 1. Radial distribution function of Mansoori et al.
( )1971 compared to the radial distribution
function proposed in this work, for a 50rrrrr50
mix with s s250 mm and s s100 mm.A B
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.Gubbins, 1973

r L 2i
m s kT ln y p kTi int 3qi

­ 1V3= N N s g dVHÝ Ý a b a b a b2ž /­ N V`i a s A , B b s A , B T ,V , Nk / i

39Ž .

where N and N are the total number of particles of eachA B
species, and thus n s N rV. Equation 39 has been solvedA A
with the new radial distribution function given in Eq. 38 us-

Ž .ing Mathematica Wolfram, 1988 , and the result is given in
Ž .Appendix A. Shauly et al. 1988 use a semi-empirical model

to predict the increase in the maximum solids volume frac-
tion with different compositions of the binary mixture

3r2e 3 e es,max s , A s , B3r2< <s 1q b 40Ž .ž / ž /e 2 e es,max,mono s s

Ž . Ž .with bs s ys r s qs and e is the maximumA B A B s,max,mono
solids volume fraction in the case of a monodisperse particle
mixture equal to 0.65. Figure 2 shows an example of the vari-
ation of e as a function of mixture composition.s,max

Figure 2. Maximum solids volume fraction, e of as,ma x
mixture with s s250 mm and s s100 mmA B
as a function of mixture composition.

Frictional Stress
In regions with very high solids volume fractions, as fre-

quently present in fluidized beds, sustained contacts between
particles occur. These frictional stresses must be accounted
for in the description of the total solids-phase stress. The
frictional stress is added to the kinetic and collisional contri-
butions to the stress given by kinetic theory when the solid
volume fraction exceeds some kick-in value e . The fric-s,min

Ž .tional stress is in a Newtonian form Johnson et al., 1990
and is added to the total stress tensor when e )e , ands s,min
the frictional stress is described by

TP Iqm =©q =© if e )eŽ .Ž .f f s s ,minP s 41Ž .s,friction ½ 0 if e Fes s ,min

where P represents the normal frictional stress and m rep-f f
resents the frictional shear viscosity. For the normal fric-
tional stress, the semi-empirical equation of Johnson and

Ž .Jackson 1987 is employed

q
e yeŽ .s s ,min

P s Fr 42Ž .pf
e yeŽ .s,max s

Ž .The values proposed by Johnson et al. 1990 for the empiri-
cal material constants are Fr s0.05 Nmy2, qs2, and ps5,
for particles similar to those studied in this work. The fric-
tional shear viscosity is related to the frictional normal stress

Ž .by the linear law proposed by Coulomb 1776

m s P sin f 43Ž .f f

where f represents the angle of internal friction. This fric-
tional stress model assumes a monodisperse PSD and does
not contribute to or initiate segregation.

Simulations
The CFD model as just described is used to simulate two-

dimensional gas-solid fluidized beds at different superficial
gas velocities and with different particle weights and sizes. In
summary, the solution of the eight primary variables u , u ,s g
n , n , T , and P, is achieved by solving the nine Eqs. 2, 3, 4,a b
5, 13, and 15.

Simulations of fluidized beds have been performed with a
bimodal PSD for two cases of particles and mixture proper-
ties, as given in Table 1. In Case 1, we have also performed a

Table 1. Physical Properties of the Binary and Monodisperse Particle Systems

Dia. Dens. U Terminal Avg. Avg.m f
y3Ž . Ž . Ž . Ž . Ž .Particles 2 s mm kg ?m mrs Vel. mrs Mass Fract. Vol. Fract.

Bimodal Mixture: Case 1
Glass beads 500 2,640 0.19 20 0.5 0.21
Glass beads 200 2,640 0.04 3.2 0.5 0.21

Monodisperse mixture with same Sauter mean diameter
Glass beads 485 2,640 0.18 19 1.0 0.42

Bimodal Mixture: Case 2
Polystyrene 500 1,150 0.09 8.2 0.30 0.21
Glass beads 200 2,640 0.04 3.2 0.70 0.21
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Table 2. System Properties and Computational Parameters

Parameter Description Value
3Ž .r kgrm Gas density 1.28g

y5Ž .m Pa ? s Gas viscosity 1.7=10g
e Coefficient of restitution 0.9
e Wall coefficient of restitution 0.9w
a Empirical constant Eq. 10 11.280
a Empirical constant Eq. 10 y9.691
a Empirical constant Eq. 10 1.492
e Maximum monodispersemax

solids volume fraction 0.65
f Angle of internal friction 28

Ž .D m Inner column diameter 0.15T
Ž .H m Column height 0.3t
Ž .H m Height at minimum 0.16m f

fluidization
Ž .e m solids volume fraction 0.42s,m f

at minimum fluidization
y2Ž .D x m x mesh spacing 1.00=10
y2Ž .D y m y mesh spacing 1.00=10
y5Ž .D t s Timestep 1.00=10

simulation of a fluidized bed with a monodisperse PSD ex-
hibiting the same Sauter mean diameter as the bimodal PSD.
The employed fluidization and computational parameters are
given in Table 2. The calculation of the minimum fluidization
velocities is based upon the empirical correlation of Wen and

Ž .Yu 1966 . Due to the coarseness of the particles, the mini-
mum fluidization velocity is equal to the minimum bubbling
velocity.

The simulations in this work were carried out with the
commercial CFD code CFX 4.2 from AEA Technology, Har-
well, U.K. The equations for the solids-phase stress for the
bimodal particle mixture, the solids mixture temperature, the
drag on the particle mixture, and the diffusion velocities were
implemented into this code. For solving the differential equa-

Ž .tions, the higher-order total variation diminishing TVD
scheme Superbee is employed. This scheme is a modification
of the higher-order upwind scheme. The SIMPLE algorithm
is used to correct the pressure from the gas phase velocities
Ž .Patankar, 1980 . The gas phase is assumed to be compress-
ible and the calculated pressure is used to determine the
gas-phase density.

Initially, the bottom part of the fluidized bed is filled with
a random mixture of two particles at rest with a uniform solids
volume fraction. In Case 1, the mass fraction is set 0.5 for
both the large and small particles. In Case 2, the solids vol-
ume fraction is set equal; the mass fractions are not equal
because the density of each species is different.

Limiting case validation runs were performed with the CFD
code describing the bimodal particle mixture by setting the
volume fraction of one particle species to 10y5 and the other
to a realistic value; hence, the hydrodynamics of the flow
should be completely determined by the particle species with
the large volume fraction. The results in terms of bed expan-
sion and bubble size gave results at two simulated superficial
gas velocities equal to the CFD code employing the granular
kinetic theory for a monodisperse particle mixture, as em-

Ž .ployed by Van Wachem et al. 1998, 2000 . The computa-
tional effort for a run with the CFD code describing the bi-
modal particle mixture, however, is increased by one order of
magnitude over a run involving the monodisperse particle

mixture. Because of the magnitude of the required computa-
tional effort, each simulation has been performed up to 14 s
of real time. One simulation takes almost four weeks of com-
putational time on a 166 Mhz IBM RS 6000 computer. Hence,
on these short time-scales, it was impossible to obtain good
statistics on bubble behavior or on the dynamics of the pres-
sure fluctuations.

Boundary Conditions
All the simulations were carried out in a two-dimensional

Cartesian space in which front and back wall effects are ne-
glected. The left and right walls of the fluidized bed are
treated as no-slip boundaries for the gas phase and free-slip
boundaries for the particle mixture. The boundary condition
for the mixture temperature follows the equation of Johnson

Ž .and Jackson 1987 for a monosized particle configuration,
but is corrected for the difference in definition of the mixture

Ž .temperature Eq. 14

3Tn
pres( re 3Ts nX 2 2< <n ? qs w u y 1y eŽ .slip w1r3 2 ree ss

6e 1ys,max ž /es,max

44Ž .

where wX is the specularity coefficient. The first term repre-
sents the generation of mixture temperature due to particle
slip at the wall, while the second term represents dissipation
of fluctuating energy due to inelastic particle-wall collisions.
Simulations performed with an adiabatic boundary condition

Ž .at the wall =T s0 show very similar results.
The boundary condition at the top of the free-board

Ž .fluid-phase outlet is a pressure boundary; the pressure at
this boundary is fixed to a reference value. Neumann bound-
ary conditions are applied to the gas flow, requiring fully de-
veloped gas flow. The solids volume fraction is held constant
to 10y6 at the outlet to ensure convergence and a meaningful
finite valued solids velocity field in the free-board. In this
way, the whole freeboard is filled with a very small number of
particles, which does not influence the behavior of the flu-
idized bed.

At the bottom of the fluidized bed, Dirichlet boundary
conditions are employed for the gas phase in which the su-
perficial gas velocity is specified. The bottom is made impen-
etrable for the solids phase by setting the solids axial velocity
to zero.

Results and Discussion
Bimodal mixture Case 1

Figure 3 shows a visual representation of the total solids
volume fraction and the relative diffusion velocity of the larger
species for bimodal mixture Case I. It can be clearly seen
that the time-dependent segregation mainly occurs in and
near voids, and that bubbles are the cause of this segregation
behavior. The relative diffusion velocity is much larger in and
near voids than in the dense particulate phase, because parti-
cles have space to ‘‘ vibrate’’ and can move much more easily.
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Figure 3. Total solids volume fraction indicating the
bubbles and the bed surface with contour
lines and indicating the relative velocity of the
larger particles.

Figure 4 shows that the bed expansion is larger in the flu-
idized bed with a bimodal mixture than in the fluidized bed
with a monodisperse mixture. This result is consistent with

Ž . Ž .the results of De Groot 1967 and Grace and Sun 1991 .
The difference in bed expansion is mainly due to the upward
diffusion of the smaller particle species. For the case pre-
sented in Figure 4, a layer of small particles dominates the
mixtures top 25% of the bed.

Figure 5, which gives the variation in bed expansion as a
function of the fluidization velocity, shows the difference in

Figure 4. Strip-averaged solids volume fraction as a
function of bed height for the bimodal mixture

(and the monodisperse mixture Case 1 Table
)1 at Us0.27 mrrrrrs.

For the bimodal mixture, the total solids volume fraction and
the solids volume fraction of the individual large and small
particle species are shown.

Figure 5. Predicted bed expansion as a function of su-
perficial gas velocity for the bimodal particle

( )mixture Case 1 Table 1 compared with a
monodisperse particle mixture.

the bed expansion between the bimodal and the monodis-
perse case. The difference in the bed expansion between the
bimodal and monodisperse cases with increasing gas velocity
reaches a maximum and then begins to decrease as the parti-
cle mixing in the bimodal case improves, as well presented in
Figure 6. The minimum fluidization velocity of the bimodal
mixture determined from the simulation results is U s0.14m f
mrs, whereas the minimum fluidization velocity of the equiv-
alent monodisperse mixture is U s0.19 mrs. This observa-m f

Ž .tion also agrees with the studies done by De Groot 1967
Ž .and Grace and Sun 1991 . Part of the difference between

the bed expansion behavior and the shift of the minimum
fluidization velocity can be explained because the gravity force

Ž .depends on a different type of averaging see Eq. 9 .

Figure 6. Predicted mixing index as a function of super-
ficial gas velocity for the bimodal particle mix-

( )ture Case 1 Table 1 .
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Figure 7. Strip- and 4 s time-averaged solids volume
fraction of the bimodal mixture Case 2 flu-
idized bed at Us1.08 mrrrrrs.
The lines are drawn to guide the eye.

Figure 6 shows the result of the computation of the mixing
index based on the simulations of the bimodal mixture Case
1. The mixing index was determined by dividing the solids
volume fraction of the large particles in the top 25% of the
fluidized bed by the average solids volume fraction of the
large particles in the entire bed. At velocities above the mini-
mum fluidization velocity, the predicted mixing index in-
creases with superficial gas velocity, conforming with the ex-

Ž .periments and observations of Wu and Baeyens 1998 . The
thickness of the layer of finer species occurring in the top of
the bed decreases with increasing superficial gas velocity and
the top layer of particles in the fluidized bed is more well
mixed.

Bimodal mixture Case 2
Two simulations were performed of a fluidized bed con-

taining the bimodal particle mixture of different solid sizes
and densities. Figure 7 shows the last four seconds of four-
teen seconds s time-averaged solids volume fraction as a
function of bed height with a fluidization velocity of Us1.08
mrs. It is clearly seen that the larger, lighter particles segre-
gate to the top of the fluidized bed and the smaller and heav-
ier particles segregate downwards. Due to the short time av-
eraging, the spread on the points is fairly large.

The results for a higher gas velocity, Us1.85 mrs, shown
in Figure 8, show the opposite segregation behavior. Due to
the much larger granular temperature and granular tempera-
ture gradients, the diffusion force is directed in the opposite
direction compared to the diffusion force at the lower gas
velocity. Both averages were determined in the interval be-
tween 10 and 14 s of real time. Although these times are
much too short to predict the final segregated state and a
quantative comparison with the literature is therefore not
possible, the trends shown are the same as reported by Rasul

Ž .et al. 1999 .
Ž .Rasul et al. 1999 gave empirical rules of thumb when in-

version can take place, but from the kinetic theory of a bi-

Figure 8. Strip- and 4 s time-averaged solids volume
fraction of the bimodal mixture Case 2 flu-
idized bed at Us1.85 mrrrrrs.
The lines are drawn to guide the eye.

nary mixture of particles, inversion can be easily explained.
The diffusion force and diffusion velocity, described by Eqs.
33 and 34, are dependent on four quantities: the gradient in
granular pressure, the gradient in granular temperature, the
gradient in chemical potential, and the difference in drag and
gravity force between one particle species and the other. In

Ž .the case that Rasul et al. 1999 studied, the drag and gravity
force difference between the small and heavy particles and
the large and light particles is dominant at low gas velocity.
At low gas velocity, both the gravity force and the upward
drag force lead to a much smaller upward force for the small
and heavy particles. Hence, the diffusion force and thus the
diffusion velocity cause a downward movement of the small
and heavy particles. When the gas velocity is increased, how-
ever, the gradients in granular temperature and granular
pressure become dominant terms in the equations for the dif-
fusion force and the diffusion velocity.

Conclusions
In this article we describe a CFD model for gas-fluidized

beds containing a bimodal particle-size distribution. In the
fluidized bed, the particle phase stress, associated with parti-
cle velocity fluctuations, is predicted by means of the granu-
lar kinetic theory for a binary mixture of smooth, nearly elas-
tic spheres.

The employed CFD model correctly predicts the increased
bed expansion compared to fluidized beds with a monodis-
perse particle-size distribution, as observed in experiments by

Ž .de Groot 1967 . Related to this, the minimum fluidization
velocity is also significantly lowered in the simulations with a
bimodal particle-size distribution, as experimentally observed

Ž .by Grace and Sun 1991 . The CFD model with a bimodal
particle-size distribution is also able to show inversion, as ob-

Ž .served by Rasul et al. 1999 . The five physical effects derived
from first principles causing inversion are presented, based
upon the granular kinetic theory for a bimodal mixture.
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Finally, it is noted that the calculation times for the bi-
modal mixture are extremely large, increased by an order of
magnitude of a monodisperse simulation. Therefore, with
current computational power, it is not possible to predict the
behavior of fluidized beds containing a bimodal mixture over
a time-scale of even a few seconds of fluidized beds with a
realistic size in a timely fashion.
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Notation
Asfree energy, kg ?m2 ? sy2

bsempirical constant
csparticle velocity, m ? sy1

Cspeculiar particle velocity, m ? sy1

C sdrag coefficientD
dsparticle diameter, m
dsdiffusion force, my7

D sinner column diameter, mT
T y1w Ž . xDsrate of strain tensor s1r2 =uq =u , s

F sexternal forcerdrag force, N
Fr sempirical material constant, N ?my2

g sradial distribution function
g sgravitational constant, m ? sy2

Hsheight in fluidized bed, m
msparticle mass, kg
Msmixing index
nsnormal vector, m
nsnumber density, my3

psempirical material constant
P snormal pressure, N ?my2

Re sparticle Reynolds numberp
qsempirical material constant
qsmixture energy flux, kg ?m2 ? sy3

T sgranular temperature, kg ?m2 ? sy2

usaverage velocity, m ? sy1

Ussuperficial gas velocity, m ? sy1

©sdiffusion velocity, m ? sy1

V svolume of a particle, m3

X ssmall species volume fraction

Greek letters
b sinterphase drag constant, kg ?my3 ? sy1

g srate of granular energy dissipation, kg ?m ? sy3

e svolume fraction
f sangle of internal friction
wX sspecularity coefficient
lsbulk viscosity, Pa ? s
msshear viscosity, Pa ? s

m schemical potentiali
r sdensity
s sparticle radius, m

y2t sviscous stress tensor, N ?m

Subscripts
Asfirst particle species
Bssecond particle species
g sgas phase
isith particle species

kskth particle species
iksemploy properties of species i and k

max or msmaximum
mf sat minimum fluidization

minsminimum; kick-in value
monosmonodisperse particle size distribution

sssolids mixture
slipsslip

wswall
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Appendix A
The chemical potential for the radial distribution coeffi-

cient is defined in Eq. 39. i indicates one particle species,
Ž .and k the other i/ k . n is defined as NrV where N isi i i

the total number of particles for each specie. The meaning of
the symbols can be found in the Notation section, and max
has been abbreviated to m. The result for species i is

1
m sT ln n yŽ .i i 43 3s n q n sŽ .i i k k

2e s 2
m i

? 3½ 3 34p s n q n s y3eŽ .i i k k m

43 3 2 3 3 3 2? 4p s n q n s 32s p s n q n s s nŽ . Ž . Ž½i i k k i i i k k i i

q n2 s 3 y9e 4 s 2n q n s 2 s 8n3ys 6n2n s 2. Ž . Žk k m i i k k i i i i k k

q4s 5n2n s 3qs 3n n2 s 5y3s n3 s 7q2n3 s 8.i i k k i i k k i k k k k

3 3 3 7 3 3q3e s n q n s s n 9q10s n pŽ . Ž .m i i k k i i i i

qs 4n2n 27q40s 3n p s 3ys 3n n2 9q10s 3n p s 4Ž . Ž .i i k i i k i i k i i k

q2s 2n n2 9q25s 3n p s 5y18s n3 s 6Ž .i i k i i k i k k

y n3 20s 3n p y9 s 7q20s 2n n3ps 8y30s n4ps 9Ž .k i i k i i k k i k k

34 10 3 3 5 2 2q20n ps y48e p s n q n s s n n psŽ .k k m i i k k i i k k

q2s 3n n2ps 4 y2s 2n n2ps 5y n3ps 7
i i k k i i k k k k

4 2 3 2 3 3qs n 1y3n ps qs n s 1q3n psŽ . Ž .i i k k i k k k k

22 3 3 10 4 2 8 3 2 2y2e s n q n s 4s n p y16s n n p sŽ . Žm i i k k i i i i k k

y20s 6n2n2p 2s 4 q24s 2n n2ps 5 3q n ps 3Ž .i i k k i i k k k k

q12n3ps 7 3q2n ps 3 q6s 7n3p 3q8n ps 3Ž . Ž .k k k k i i k k

q9s 4n2 12n ps 3y1 y2s 3n n2ps 4 27q20n ps 3Ž . Ž .i i k k i i k k k k

q2s 5n2n ps 2 26n ps 3y9Ž .i i k k k k

2 3 3 3ys n s 9q2n ps 45q22n ps 4Ž .i k k k k k k

10 4 7 2q 2ye e y1 s n y2s n 2 e� ŽŽ . Ž .m m i i i i m

y2 e y1 n y n n s 3q e y3 e s 6n2n2 s 44. Ž . Ž .m i k k k m m i i k k

ye 5e y6 s 5n2n2 s 5qs 4n n2 9e y10 n q4nwŽ . Ž .m m i i k k i i k m i k

x 6 2 3 3 7y6e n s q2e s n n sm k k m i i k k
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